1. A. OctanumH, . A. Tepéwun, H. KO. Koponés

[ThaHnuMeTpUs
B 3aa4ax






Conepxkanne

1. Knaccmyeckue TeMpl

[1.1. PapHoOenpeHHBIN TPEYTOJBHUK| . . . . . . . . . . . .

(1.2. OKpy2KHOCTU W BHOUCAHHBIC YIJIBI . . . . . . . . . . .
[1.3. IlomoOme| . . . . . . . . . . . . ... ... ...
(1.4. Ilapanmesorpamm u Tparmerus . . . . . . . . . . . ..

(1.5. OnmcaHHBIN YeTBIPEXYTOIbHUK| . . . . . . . . . . . . .

[1.6. BHeBmmcanHadg OKPY>KHOCTB| . . . « o o o o o . . . . .

(1.7. MeTpuyeckue cOOTHOIIEHUS B TPEYTOJILHUKE, . . . . .

(1.8. Ilpmmenenume Tpuronomerpum| . . . . . . . . . .. ..

(1.9. Ilmomazme| . . . . . . . . . . ... ...

(1.10. MeTpuieckne cooTHOIIIEHNSA B Y€THIPEXYTOJbHUKE| . .

[2. I'eomerpuyeckue nmpeodbpa3oBaHUsI
2.1. JBmkenwmst . . . . . ...
2.2, Tomorermdl . . . . . . . . . . ... ...
(3. BexTopbl m KoopamHaTHI|
[3.1. Cioxkenne BEKTOPOB M YMHOYKEHUE BEKTOPA Ha IUCJIO|
[3.2. Teopembr Yesor u Menenasa. . . . . . . . ... .. ..
[3.3. CxkasigpHoe mpomsBegeHme . . . . . . . . . . . .. ..
[3.4. Merox koopyiuuat|. . . . . .. ...
[3.5. YpaBHeHHE TPAMOWM| . . . . . . . . . .. ... ...
[3.6. YpaBHEHUE OKPYZKHOCTH| . . . . . o o o o o o v 0o .
[3.7. Bekropnoe mpomsBesenne| . . . . ... ... ... L.
[4. HepaBeHcCTBa M 3KCTpPEeMYMbl|

[4.1. T'eomerpudeckne HEpaBeHCTBA| . . . . . . . . . . . ..

[4.2. DxcTpeMasibHBbIE 3a/1a9n: KJIACCUIECKUN TTOIXO/I|

[4.3. DKcTpemaJibHBIE 3aJIa9n: aHAJTUTHICCKII T10J1X0 1|

99
96

140
[I41]

144
149



3 Conepxkanne
(5. Maccol m bapulleHTpb]| 153
[5.1. Teomerpust macc|. . . . . . . ... ... ... .. ... 154
[5.2. MowmenT mueprmm| . . . . . ... 160
[5.3.  OTpunaresbHble MacChl U OAPUIIEHTPUIECKIE KOOPIH- |
| HATBI . .« « v v v o o e e e e e e e 164
[6. TomosinuTenabHbIe pa3aeJibl 174
[6.1. OKpYKHOCTB JIEBATH TOYEK U NpsMad Jilaepa . . . .
[6.2. OpueHTHpPOBAHHBIC VIVIBI . . . . . . . . .« . . . . . . 180
6.3. Cumemmanal . . . . . ... .. ... ... .. ... 184
[6.4. MM3oronasphoe compsizkenme] . . . . . ... .. .. .. 1911
[6.5. Kommuercnpre umenal . . . . . ... L 197
[6.6. TIpamast Cumconal . . . . . . . . .. ... ... .. ..
[6.7.  AdduHHbIE TPEOOPA3OBAHUSA . . . . . . . . . . . . . . 213
[6.8. WMuBepcus] . . . . . . ... ... 219
[6.9. IlpoekTuBuble mpeobpazoBanms] . . . . . . . . . . .. 220
[6.10. /IBoitHble OTHOINIEHNST U rapMOHUYECKHe 4eTBepKH| . . [238

7. YKazaHuda 1 HOoACKA3KH| 248




BBenenue

OTa KHUTa IPeCTaB/IgeT cO00t COOPHUK 33129 110 OCHOBHBIM TEMaM
mwiannmerpun. Crojila OTHOCATCS KaK KJIACCUIECKNe, BKJIIOUEHHBIE B
JIIOOYIO MMPOrpaMMYy IKOJBLHOT'O KYPCa, TEMBI, TaK U «IIPOIBUHYTHICY,
OOBIYHO M3yvaeMble Ha CHEIKypcaxX W KPyKKax JJIsd ITKOJbHHUKOB,
MHTEPECYIOINAXCA MeOMEeTPHUeH.

3aIa"HIK MAJIO TIOJIXOIUT JIjIst IEPBUYHOTO U3y YeHUsT 6a30BOro Kypca
IJIAHUMETPHUH, HO XOPOIIIO j1omnoJiHsieT ero. OcHoBHBIE (haKThI 13 CTAH-
JTApTHOT'O TTKOJIBHOT'O Kypca T€OMETPUHN XOTh U MEPEYNCIEHbI BO BBe-
JIEHUSX K IEPBBIM pa3jiesiaM, HO CKOpee CJIyKaT HallOMUHAHUEM Yh-
TaTesI0 U IPEJINoJIaraloTcsd n3BeCTHbIMU. B dacTHOCTH, 3a/1a4u T1ep-
BBIX Pa3/Ie/IoB, KOHEYHO, CTPYNIUPOBAHBI TI0 TeEMaM B COOTBETCTBUM
€ 3aroJIOBKaAMM 3TUX PA3/eJI0B, HO B HUX BIIOJTHE MOTYT BCTpPEYATbHCS
381491, UCTIOJIB3YOIINe CTaHIapTHBIE (haKThl M3 IPYTUX Pa3/IesioB (B
TOM YHCJIe CIeIyIONHX 3a JanHbiMu). K npumepy, B pasjeie o pas-
HOOEJIDEHHOM TPEYTOJIbHUKE IPU PEIIeHUN 33729 MOI'YT OKa3aThCs
ITOJIE3HBIMIA U3BECTHBIE CBOMCTBA BIUCAHHBIX YIJIOB, XOTSI COOTBET-
CTBYIOIIUI pa3jes UIET cpaldy 1ocJe JIanHoro. B cBa3m ¢ atum pac-
npejiesieHne 3aJ1a4 110 MEePBBIM pa3jiejlaM CJeJlyeT, cKopee, BOCIIpH-
HUMAaTh KaK pa3je/IeHre 110 TeMaM U CIOXKeTaM, a IM0JIb30BAThCS TIPHU
peIennn 3a3/1a4 CJIe/IyeT BCEM, YTO U3yY€eHO B IIKOJILHOI IIpOrpaMMe.
CkazaHHOe, OJHAKO, yKe Ky/la B MEHbIIIEH CTEIeHN KacaeTcs IMOCIe]I-
HUX Pa3/eJIOB KHUTH (B OCOOEHHOCTH — IIOCJIE/Hel TiaBbl 6, comep-
JKaITeil TOMOTHUTEIbHBIE PA3IETb). DTH Pase/bl TaJeK0 He BCera
XOPOITIO 3HAKOMBI YHTATEISAM, HE yIVIYOJSABIIMMCH B ILJIAHUMETPHUIO
JTaJIbIlle U3y9aeMoro B IKOJIe MaTeprasia. B HUX cBejieHns U3 TOCIe-
JIYIOIIUX Pa3/Ie/0B OOBIYHO HE UCHOJIb3YIOTCS (XOTs U3 HPEbLILY X
pas3esioB — B MOJTHOM OObEME: OHU CIUTAIOTCS YK MPOTiIeHHBIMN ).
BoJibmmucTBO pa3/iesioB NCob30Baa0Ch aBTOPAMU B Pa3HOe BpeMs
IIPU TTPOBEIEHNN KPYKKOB II0 JIOTIOJTHUTETBHBIM pa3jejaM TeoMeT-
puUu! JJIsI TIOJITOTOBKY IMTKOJIBHUKOB K OJIUMIINA/IaM M PACITAPEHUS X
MaTEMaTUYIECKOTO KPYT030Pa.

Ko Bcem 3aa9aM HallMCaHbl YKa3aHUA WJIM DEHICHUA (3aqaCTy10 -
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JIOCTATOYHO Kparkue). duraresro, KOHEUHO, CJIe/lyeT HAYMHATD Pa-
00Ty ¢ 3aJa9aMu, MOIBITABIINCH CHAYAIA CAMOCTOSTEIHHO OTHICKATH
penienue. EC.HI/I HUKaKue JJIUTeJIbHbIC IIOIIBITKM HMU K Y€MYy HE IIpH-
BOJAT — MOYKHO BOCIIOJIb30BAThCS yKasaHUAME. [Ipm sTOoM Bpemst
B JIIOOOM ciIydae He OBLIO MOTPadeHo 3psi: MPOIECC YCEPIHOIO pas-
MBIIIIJIEHUS HaJl BOSHUKAIOMIMMU KOHCTPYKIUSIME YK€ IOyYIUTeseH.
B ciyuae ke, Korja yjgada comyTCTBOBAJIA YUTATENO, U 33/a9a Obl-
JIa, peleHa, IoCMOTPeTh KOMMEHTaPUU U yKa3aHUd OOBIYHO CTOUT: B
HUX MO2KET COAepzKaThCA JOIIOJTHUTE/IbHasA IIOJIESHaA I/IH(bOpMaLU/ISL B
TOM 4ncje 006 000OIIEHUSIX TOJILKO UTO PEIIEHHON 3a1a4n. /1oBoIbHO
[10JIe3HO OBIBAET B TOM YHCJIE U BEPHYTHCS Uepe3 HEKOTOPOe BpeMs K
3a/1avaM yrKe PEIICHHBIM 1 PAa300PAaHHBIM U, HE 3arJIsIbIBas HUKY/IA,
IIOBTOPHUTDH PENIEHNs BCEX ITUX 3aJ1a9 CAMOCTOATEILHO.

OrmeTnM, 9TO MHOTHE 33JIa9l JIOMYCKAIOT PellleHre PA3HBIMU MeTO-
JIaMU, U B PsJie CJAYy9IaeB Cpa3y HECKOJbKO MPUHITUIUAILHO Pa3JIMY-
HBIX PEIIeHn OKA3BIBAIOTCS JOCTATOIHO d(PHEKTHBIMU U KPACUBbI-
mvu. [lo sTuM npuawmHaM YuTaTe/ b HAWIET HEKOTOPBIE W3 3aJad B
HECKOJIbKMX pazjesax cpasy. Bo3Bpar K yxKe periéHHbIM 3ajadaM,
HO C JIDYIUX HO3UIUN U B3TJIsSJ[ HA HUX IO/ JPYTUM YIJIOM BO MHO-
roMm hOPMUPYIOT Y unuTaTesis 6ojiee MOJTHYIO KAPTUHY IIPE/IMeTa U 110~
Ka3bIBACT TECHYIO B3ANMOCBS3b PA3/IMIHBIX TEM, UX HEOTICTUMOCTH
JIPYT OT JIpyTa.

Muorue u3 3a/1at4, BKIIOYEHHBIX B KHUT'Y, BCTPEUYAJIUCH CPEJIN IIPE/I-
JIOZKEHHBIX MTKOJIbHUKAM Ha OJIUMIINAIaX PA3IMIHOrO YPOBHS U BCTY-
[UTEJIbHBIX MCIBITAHUSX B By3bl. HekoTOpble W3 337129 MOTYT ObITh
HaWJIEHbl B PsJie JIPYTUX 3aIa9HUKOB. JacTh 3a/ad HMPUIYMAHbl 1
JUYIHO aBTOpamu KHUTH. K GOoJIbITOMY COXKaJeHNIO, yKa3aTh BCE UC-
TOYHUKHU 33Jia9 HE MPEJCTAB/ISIETC BO3MOXKHBIM, & YaCTb U BOBCE
crasia (OJBKIOPOM, U ODOUTH MX CTOPOHOI HPU M3YyUEHUU HEKOTO-
pbIX TeM HeJib3d. 1Ipm 9TOM B MMEHHBIX TeopeMax WU TeopeMax,
CBSI3aHHBIX C MMEHHBIMH OObeKTaMU (TOYKAME, MPAMBIME U T. II.),
uHMOPMAIIIO O TOM, KOMY 3TH (DAKThl U KOHCTPYKIIUU HTPHUITHCHIBA-
I0TCsI, ABTOPBI 33JIAYHAKA CTAPAJINCh YKa3bIBATH (pa3yMeercs, TaM,
rje UM 3ta nH(OpMaIys OblIa U3BECTHA).



[Ipeynpeaum yuraresisd, YTO HEKOTOPbIE M3 3a/a4, BKJIIOYEHHBIX B
9Ty KHHTY, JOCTaTOYHO CJIOKHBL. He Bcerjia 3aaun B pasesiax pac-
IOJIOZKEHBI TI0 BO3PACTAHUIO CJIOKHOCTH (J1a 1 caMa CJI0KHOCTD B JIaH-
HOM CJIyd9ae JIOCTATOYHO CyOheKTHBHA), HO MOCJIe/IHIE 3a/Iadi Pas3/ie-
JIOB — 3a4aCTyIO JIOBOJILHO Tpy/iHble. [Ipn 3TOM upe3BbIuaitHo TPYy/I-
HBIE 331291 OTMeUeHbI cuMBoJIoM (*) mepes yeiaosuem. Tem e meHee
3a/a41 110/ IIEPBBIMK HOMEPaMU ITPaKTUIC€CKU BCEr/Jla — .HI/I60 pa3Mu-
HOUHBIE (M JIOJKHBI PEIIAThCs OTHOCUTEIBHO MIPOCTO), JUbO comep-
2KaT TeOpeTu4veCKue CbaKTbI, VIIOMAHYTbIE€ BO BBEJACHUAX K pagjie/laM
6e3 nokazarenbcTBa. OTMETHM Tak:Ke, 9TO B KHUTE PHUCYTCTBYET
HEKOTOPOE, XOTs M OYeHb MaJioe, KOJMYECTBO 33/1a9 110 CTEPEeOMeT-
pun. 3aJa9HUK B IEJOM ITOCBANIEH ILJIAHUMETPHUH, HO B OTJIE/IbHBIX
cIydasgxX aBTOpaM XOTeJOCh TMOKa3aTh PeKTHbIE 0O0OIIEHN WU
KpacCuBble IIPUMEPHI IIPUMEHEHNd U3Y4YCHHOU TEXHUKU U B CTEepeo-
MEeTPHYECKIX BOIIPOCAX, €CIIU 9TO MPEICTABIIAIOCH OY€Hb YMECTHBIM.

B 3aBepirenne BBejeHust KPATKO OCTAHOBUMCS Ha HCIOJIL3YEMBIX B
KHUTe 0D03HAYEHUSIX, KOTOPbIE MPEJIIOIAral0TC OOIMETPUHATBIMUA 1
u3BecTHbIME duTaTe/ 0. CUMBOJIBL («KBAHTOPBI») V 1 3 03HAYAIOT
«Jytst ii0boro» u «cymectsyers. [log dopmymamu AN B u AU B
MOHUMAIOTCH TIepecedenue n obbeunenne Muoxkects A u B coorset-
cTBeHHO, hopmysa & € A 03HAYAET, UYTO T ABJIAETCA FJIEMEHTOM MHO-
xkecrtBa A, a cumsou ) obosHaudaer mycroe MHOXKeCTBO. JIBoeTounme
B popMysIax 3a9acTyiO CJAEIyeT IUTaTh KAK «TaKhe, YTO» WU «JIJIsi
KoTOporo» (K mpumepy, 3ammch {n € N : n/2 € N} unrepnperupy-
eTcs KaK «MHOYKECTBO HATYDPAJbHBIX YUCEN I TAKUX, UTO N/2 TaKkKe
eCcThb HaTypaJbHOe 4duciaoy). Ilog omobpascenuem f w3 MHOXKeCTBa
A BO MHOXKeCTBO B MOHMMAETCS 3aKOH WJIN MPABUJIO, IO KOTOPOMY
KayKJIOMY JIEMEHTY & U3 A CTaBUTCS € IMHCTBEHHBIN 9JIEMEHT U3 MHO-
kectBa B, obosnadaemsrit f (). [Ipu sTom 6yaem mmcars f: A — B,
a TO 00CTOATE/ILCTBO, ITO X TOJ JIEHCTBHEM 3TOr0 OTOOpakeHus f
mepexoauT B v1eMentT f(z), OyJeMm 3amuceiBaTh B BHje T — f(x).
Dnemenr f(z) € B HasbiBaeTcs 06pazom saemernma x nod deticmeu-
em f, a snement x mias f(x) HasbBaeTcs npoobpazom (IpoodPa3oB
Yy Pa3HBIX JIEMEHTOB y € B MOXKeT OBbITh HECKOJILKO, a MOXKET U He
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Mp1 OyieM TIpU3HATEIbHBI TUTATEISIM 38 JII0ObIe TIPEJIJIOKEHUS U 3a-
MedaHus 10 jJgaHHoil Kaure. CBA3aThCd ¢ HaAMU MOXKHO II0 aJipecy
geomproblembook@gmail.com

Pa6ora mam sToit KHUroil Bestach npu nojaepkke douaza HIP, Moc-
KOBCKOI'O (DU3MKO-TEXHUIECKOIO MHCTUTYTA (HAIMOHAJIBLHOIO UCCTIe-
JIOBATEILCKOrO yHUBepcuTera), a Ttakxke Ponyma passutusg Dusrex-
IITKOJI.

Asmopuot


mailto:geomproblembook@gmail.com

I'maBa 1

Kiaccnueckme TeMbl
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1.1. PaBHOOeapeHHBIT TPEYTOJbHUK

Onpenenenne 1.1.1. TpeyroysbHUK C JABYMs PABHBIMU CTOPOHAMM
HA3BIBACTCS PAGHOOEIDEHHBIM.

IIpn sTOM paBHBIE CTOPOHBI HA3BIBAIOTCA 00KO6HLMU CIMOPOHAMU, &
TPETbsI CTOPOHA — OCHOBAHUEM PABHOOEOPEHH020 MPEY20ALHUKA.

YacTHbIM ciiydaeM paBHOOEIPEHHOTO TPEYTOJIbHUKA SIBJISICTCS PaB-
HOCTODOHHUIT TPEYTOJIbHUK (y HErO PaBHBI BCE TPU CTOPOHBI).

Teopema 1.1.1 (CpoiicTBO paBHOOEIPEHHOTO TPEYTOJBHUKA). B A10-
O0M PaBHOOEIPEHHOM MPEYLONDHUKE!

a) yaavl NPu OCHOBAHUU PAGHDL;

6) meduana, bucceKMpuca U 8ulCOMa, NPOBEIEHHBIE K 0CHOBAHUI,
cosnadarom.

Teopema 1.1.2 (Ilpusnak paBHOOEIPEHHOrO TpeyroJbHUKA). Ecau
6 mpeyzoavnukre ABC evinosnaemea A1060€e u3 cAedytowus yciroeu:

a) yeav, npu sepwunaxr A u C' pashoi;

6) buccexkmpuca u 6vicoma, 6vxodsuLue U3 sepuuns, B, cosnada-
rom;

6) 6vicoma u meduana, urodausue u3 sepwuns, B, cognadarom;

2) meduana u buccexkmpuca, surodsuue u3 eepwuns. B, coena-
darom,

mo amom mpey2oivhuk pashobedpennoit, npuwém AB = BC.

Hexkoropsie jipyrue cBoiicTBa 1 IpU3HAKN PABHOOEIPEHHOI'O TPEYTOJIb-
HUKAa YUTaTeJb HAUIET cpe/ii MIPUBEIEHHBIX HUKE 3a/a4.
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Sagaan

1.

10.

JIBe BBICOTBI TPEYTOIBHUKA PaBHBL. /loKaKuTe, 9TO TpEyTrOJbHIK
paBHOOEIPEHHBIIA.

Jlokaxkute, 9T0 y paBHOOEIPEHHOI'O TPEYTOJIbHUKA:

i.  OMCCeKTPHCHI YIVIOB IIPU OCHOBAHUYU PaBHBI;
ii. MeJMaHBI, IPOBEJIEHHBIE U3 TEX YK€ BEPIIUH, TAKXKE PABHBL.

[Iycts AE u C'D — 6uccekTpuchl PABHOOEIPEHHOTO TPEYTOJILHUKA
ABC (AB = BC). Hokaxure, uro ZBED = 2/AED.

Menmnana TpeyroJbHAKA JIEJUT TIOooJIaM ero epumerp. Jlokaxku-
Te, YTO TPEYTrOJbHUK PABHOOEIPEHHBII.

OKpy?KHOCTB, IIOCTPOEHHAST HA CTOPOHE TPEYTOJIbHUKA KAK HA JTHa-
MeTpe, TPOXOJIUT Yepe3 cepeuHy Jpyroit croponbl. Jlokaxkure,
YTO TPEYTOJIbHUK PABHOOEIPEHHBIN.

BuccekTpuch!l yryioB pu OJIHOM OCHOBAHUU TpAIENUU IE€peceKa-
IOTCS Ha JIPYTOM e€ OCHOBaHWU. /loKazKuTe, 9TO BTOPOe OCHOBaHUe
paBHO cymMMe OOKOBBIX CTOPOH.

VY 1ByXx paBHOOEIPEHHBIX TPEYTOJHLHUKOB PABHBI OCHOBAHUS U Pa-
JINYCBI OMUCAHHBIX OKpY2KHOCTEH. O0sA3aTeILHO T 9T TPEYTOJIb-
HUKU DABHBI!

Ha cBoit nenb poxkjenus Bacuiamca Kynwiaa TpeyrobHBIA Tu-
por, KOTOPBIil OHa pas3pes3asa M0 KaxKJI0il OMCCEeKTpuce W IOJIy-
qmita 6 KyckoB. Onozmasmiemy Mropio jocrajcs Kycok B dopme
IPSIMOYTOJIBHOTO TPEYTO/JIbHUKA, HA OCHOBAHUU Y€rOo OH 3asiBUJI,
qT0 mUpor umesa (Gpopmy paBHOOEIpPEHHOrO TpeyroJjbHuKa. [Ipas
s Urops?

Bapon Mrionxraysen yTBepzKaaJi, ITO CMOI Pa3pe3aTh HEKOTOPBIi
paBHOOEIPEHHBIN TPEYTOJILHUK Ha TPU TPEYTOJbLHUKA TaK, 9TO U3
JIIOOBIX JIBYX MOYKHO CJIOKHTH PaBHOOEIPEHHBIN TpeyrobuuK. He
XBacTaJs i O6apoH?!

JlBe Meuanbl TPEyroJbHUKA paBHbL. JloKaxKuTe, 9TO TPEyroJib-
HUK PaBHOOEIPEHHBII.
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11.

12.

13.

14.

15.

16.

17.

18.

Beicora AK, 6uccekrpuca BL u memunana CM TpeyroJbHUKA
ABC nepecekatorcs B Touke P, nmpuuém AP = BP. Jlokaxure,
910 Tpeyroabuuk ABC — paBHOCTOPOHHUIA.

Han paBaoGenpennsiii rpeyronbuank ABC (AB = AC). Ha menb-
meit jgyre AB ommcaHHOW OKOJIO HENO OKPYKHOCTH B3dATa TOUYKA
D. Ha npogomkennn orpeska AD 3a Touky D BbiOpana Touka F
TaK, 9To TOYKu A m E jexkar B OJIHOI MOJIYILIOCKOCTU OTHOCH-
tesibHO BC'. OnmcanHast OKpyKHOCTE Tpeyrosbanka BDE niepe-
cekaer croporny AB B Touke F. Jlokaxkure, ato npsmbeie EF u
BC napaJuie/ibHbl.

Bosmokno s, 9To0bI O/iHa OMCCEKTpHUca TPeyroJibHUKa Je/IHIa
IOTIOJIAM JIPYTYIO OUCCEKTPUCY !

Meduaroti naruyronsauka ABCDE Ha30BéM OTPE30K, COETUHSI-
OIIUI BEPIIMHY C CePeIMHOI mpoTuBoOsIexkaieil ctoponsr (A — ¢
cepequnoit C'D; B — ¢ cepenunoit DE u . 1.). Jokaxwure, 9ro
€CJI YeThbIpe MEJIMAHbBI BBIITYKJIOTO MSATUYTOJbHUKA MEPIEHTUKY-
JISIPHBI CTOPOHAM, K KOTOPBIM OHU IIPOBEJICHDI, TO TAKUM YK€ CBOIi-
CTBOM 00JIQAET U MATasl MeINaHa.

Jlan paBaoGeapennsrit tpeyronbank ABC, B koropom AB = BC.
B ommcannoit okpyxkuocTH {2 Tpeyrosibauka A BC' poBeeH na-
merp C'C’. Tlpsmas, npoxopgias depe3 Touky C mapaJiieabHo
BC', nepecekaer orpesku AB u AC' B toukax M u P coorBer-
crBerHo. Jlokaxkure, auro M — cepemauna orpeska C'P.

Pagubie otpeskun AB u C'D nepecekatorcs B Touke K. VzBecTHO,
aro AC || BD. Jlokaxure, uro tpeyroabiuku AKC u BKD
paBHOOEIpeHHbIE.

B BbBIIYyKIOM 4YeTBIPEXYTOJILHUKE CEMb U3 BOCHBMH OTPE3KOB, CO-
€JIMHSOIINX BEPIINHBI C CEPEJMHAMU ITPOTUBOIIOJIOXKHBIX CTOPOH,
paBHbI. /loKaxkuTe, 9TO BCe BOCEMb OTPE3KOB PaBHBI.

Ha croponax AB u BC' tpeyronsuuka ABC BeiOpanbl Touku M
u N coorBerctBenno. Orpeskun AN u C'M mepecekatoTcst B TOY-
ke P, mpuuém AP = C'P. Obsa3arensro ju tpeyroabuuk ABC
paBHOOEIPEHHBII, €CIn
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19.

20.

21.

22.

23.

24.

25.

i. AM =CN,;
ii. BM = BN?

B npsamoyrosbaom Tpeyrosibanke ABC ¢ npsmbim yriiom C' yros
A pasen 30°, Touka [ — menTp Buucanuoii okpyxuocru ABC,
D — Touka nepecedenusi orpeska Bl ¢ 3Toit okpy)KHOCTBIO. [lo-
Kaxkute, 9T0 orpe3ku Al u C'D nepneHuKy/IsipHbI.

B rtpeyronbuuke ABC yros C' — upsamoii. Ha karere C'B kak
Ha JIaMeTpe BO BHEINIHIOI CTOPOHY IOCTPOEHA, MOJIyOKPYZKHOCTD,
a Touka N — cepejmHa 9TOH MOIYyOKpyKHOCTH. JloKaxKkuTe, 110
npsamasg AN penut nonojam 6uccekrpucy yria C.

B tpeyrombauke ABC cropona AC mammenbinas. Ha croponax
AB u CB Baarol Touku K u L coorBercTBenHo, npuaém KA =
= AC = CL. Tllyctb M — touka niepecevenuss AL u KC, a [ —
IEHTD BImcanuoit B rpeyroiabuuk ABC okpyxkuoctu. Jlokaxure,
aro npamas M I neprienukyasgpua npamoit AC.

Ha 6okoBbix croponax AB u AC paBHOGEIPEHHOTO TPEYTOJILHUKA
ABC ormernin Touku K u L coorBercrBeHHO Tak, uto AK = CL

n ZALK + ZLKB = 60°. [lokaxnre, uro KL = BC.

Haiiure Bce paBHOOE/IpEHHBIE TPEYTOJLHUKH, KOTOPBIE HEJIb3s
pa3pe3arb Ha TPU PABHOOEIPEHHBIX TPEYTOJbHUKA C OJUHAKOBBI-
MU OOKOBBIMU CTOPOHAMM.

B pasuobespennom tpeyrosbiuke ABC (AB = BC) ¢ yriom
ZABC = 20° na cropone AB ormeuena touka [) Takasi, 9TO

BD = AC'. Haitnqure ZBCD.

(Teopema IlImetinepa—/lemyca) Jlokaxkure, 9To eciu jaBe GUCCEK-
TPHUCHI TPEYTOJbLHUKA PABHBI, TO OH PABHOGEIPEHHBIIA.
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1.2. OXpy>KHOCTH U BITMCAHHbBIE YTJIbI

Onpegenenue 1.2.1. Yoy Ha3BIBAETCS 6NUCAHHBIM 8 OKPYHCHOCTND,
€CJI eTO BEPINHA JIEYKUT Ha ITOU OKPYKHOCTH, & CTOPOHBI TTepece-
KaloT ee€.

Teopema 1.2.1 (O BumcanHOM yriie). Beauwuna 6nucaHno20 yaia
PABHA NONOBUHE Y2A060T BEAUMUNBL AY2U, HA KOMOPYIO 0N ONUPGEM-
CA.

Caedemeue. Bemmanubl BIUCAHHBIX YTJIOB, OIMPAIOIINXCS Ha PABHDIE
Jayru (B 9aCTHOCTH, HA OJHY U TY K€ JIyTy), PABHBI, & BETHINHBI
BIIMCAHHBIX YIJIOB, OMUPAIOIINXCS HA PAaBHbIE XOPJIbI (B Y4aCTHOCTH,
Ha OJIHY W Ty K€ XOpJy), Jub0 paBHbI, JUOO COCTABISIOT B CyMMe
180°.

Teopema 1.2.2 (O6 yrie ¢ BepmuHON BHYTpU Kpyra). Beauwuna
Y2na ¢ BEPUUHOT BHYMPU KPY2a PASHA NOAYCYMME Y2A06bLL BEAUMUN,
dye, 00Ha u3 KOMOPLLT HATOOUMCA SHYMPU IMO20 Y2Aa, 6 OpY2as —
BHYMPU Y2Ad, 6EPMUKANGHOZ0 C OGHHBIM.

Teopema 1.2.3 (O6 yrue ¢ BepummHoii BHe Kpyra). Beauwuna yeaa
¢ 6epwunOTl 6HE KpY2a (CHUMAEMCA, 4Mo CMOPOHBL Y2Aa NEPEeceKa-
10m Kpy2) pasHa MoOYAI0 NOAYPAZHOCTIU Y2A06bLT GEAUNUN 06YT Jye,
HATOOAULULCA GHYMPU IMO20 Y2Aa.

Teopema 1.2.4 (O6 yriie Mexk 1y KacaTeJbHON u XopIoii). Beauwuna
Yera MerHcdy Kacamesvrol K OKPYHCHOCNU U Topdot, Nposedénnol
Yepe3 MoKy KacaMus, PasHa NOA0GUHE Y2A060T BEAUNUHDL JY2U, Hi-
TOOAWETCA 8 IMOM Y2ie.

Caedcmeue. Benmanna, yriia MexKTy KacaTesJbHOW K OKPYZKHOCTH W
XOP/IOH, MTPOBEJIEHHON Yepe3 TOYKY KacaHWs, paBHA BeJUIWHE BIH-
CAHHOTO yIJIa, OMUPAONIErocs Ha YTy, YKa3aHHYIO B (hOPMYJTUPOBKE
TeopeMbl 00 yIJIe MKy KAcaTeJIbHON U XOP/IOH.

Onpenenenue 1.2.2. MHOroyroJibHUK Ha3bIBACTCH GNUCAHHOGIM 6
OKPYIHCHOCTb, €CJIU BCE €0 BEPIIUHBI JIesKaT Ha 3TOI OKPYZKHOCTU.
OTa OKPYKHOCTH HA3BIBAETCH ONUCAHHOT OKOAO MHO20Y20NDHUKG.
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Teopema 1.2.5. Muozoyzorvnuk ABAAEMCA BNUCGHHBIM M0204 U
MoAbKo Mo2da, K020a CePEOUHHDLE NEPNEHIUKYAADPDL KO BCEM €20 CMO-
POHAM NEPECEKAOMCA 8 00HOT Mouke. YKa3aHHaAA MOUKa, ECAU OHA
cywecmeyem, 6ydem UeHmpom OKPYHCHOCMU, ONUCGHHOT 0KOAO MHO-
20Y20NbHUKQ.

Teopema 1.2.6 (Kpurepuit BiimcaHHOCTH 9€TBIPDEXYTOJIbHUKA). /A4
mMo20, YMobvl YeMuPETY20AbHUK ObLA BNUCAHHBIM, HEoOX00UMO U Jo-
CAMOYHO, YMOObL CYMMA KAKUT-O 08YT €20 NPOMUBONONONHCHDIT
ya.n08 oviaa pasra 180°.

Omnpenenenne 1.2.3. [oBopsr, uro ompesok AB euden us deyx mo-
wex C' u D nod odunarxoswvim yenom, ecmu LACB = ZADB.

Teopema 1.2.7 ([locrarodHoe ycjioBre BIUCAHHOCTH Y€ THIPEXYTOJIb-
HUKA). Ecau Kakaa-mo cmopona unykiozo wemulpery2oivnuka 6uo-
HA U3 06YT €20 0CMABWUTCA GEPWUH N00 00UHAKOBLLM Y2A0M, MO
0KO0A0 IMO20 YEMBPETY20ALHUKE MOHCHO ONUCAND OKPYHCHOCTD.

Sagaun

1. Bepmmnua A octpoyromsroro Tpeyroibunka ABC' coenmHeHa OT-
peskoM ¢ 1ieHTpoMm (O ommcaHHOW OKpyzKHOCTH. V3 BepmmHbl A
nposejena Boicora AH. dokaxure, uro /BAH = ZOAC.

2. JlBe okpyKHOCTH TIepecekatoTcs B Toukax P u (. [Ipsimast, mepe-
cekaroIas 0Tpe3ok P(), moc/ie10BaTeIbHO IEPECEKAeT ST OKPY K-
noctu B Toukax A, B, C' u D. Jlokaxure, uro ZAPB = ZCQD.

3. Jlmaromanu pasuoGeapennoii Tpamenun ABCD ¢ 60KoBO#t cTO-
poroit AB mnepecekatorcss B Touke P. Jlokaxkure, aro menrp O
eé OINMCaHHON OKPY:KHOCTH JIEXKUT Ha OIUCAHHONW OKPYKHOCTU

AAPB.

4. Ha oxkpyxuoctn mganbl Toukn A, B, C', D B yKa3saHHOM IOPsIJIKE;
Ay, By, Ci u Dy — cepemqunnl nyr AB, BC, CD u DA coorBer-
creerno. Jlokaxkure, auto A1Cy L B1D;.
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10.

11.

12.

Ha okpyxkuoctu B3sarer Touku A, C, B, Ay, C', B; B yKa3zaHHOM
TTOPsIJIKE.

i. Jokaxkwure, aro ecimm npsimbie AA;, BBy, CC) saBiasiorcs
ouccektpucamu yriioB AABC, TO OHU SIBJIAIOTCA BBICOTAMEI

AAlBlCl.

ii. Jlokaxkure, uro ecou upsmbie AAy, BBy u CC) saBiasiorcs
BeicoTaMu AABC', T0 OHU SIBIAIOTCA OMCCEKTPUCAMU YTJIOB

AAlBlCl.

JlokaxkuTe, 9TO TIpsIMasi, coeuHAOmMas cepeanubl nyr AB u AC,
rie A, B uw C — Tpu TOYKH OJHON OKPYKHOCTH, OTCEKAeT Ha
xopaax AB n AC paBHble OTPE3KH, CINTas OT TOUYKH A.

JlBe paBHbIe OKpYKHOCTH IepecekaioTcs B Toukax A u B. Touka
P ornuuna or A u B u JeXKUT Ha OFHON U3 OKpY:KHOCTEi, a X u
Y — Bropsie Toukn nepecedenus PA u PB ¢ apyroit oKpy»KHO-
crbio. /lokarkure, 9To mpsiMas, Mpoxojdinas depe3 P u nepren-
nukyaspaas AB, peaut ogay u3 ayr XY IMOmoJaM.

OkpyKHOCTB Sy poxouT depes neHTp O OKpyKHOCTH S U 1epe-
cekaeT eé B Toukax A n B. Uepes3 Touky A mpoBejeHa KacaTeb-
Hasg K OKpyKHOCTH S3. Touka D — BTOpasi TOUYKa IepecevueHnst
9TOI KacaTeIbHON ¢ OKPYKHOCTBIO S1. Jlokaxkure, ato AD = AB.

JIBe OKpY’KHOCTHU IIepecevdeHbl MpsMoil £, L
KaK yKasaHo Ha pucyHnke. /lokaxkutre, 4To p M
LABC = ZDEM. /A C— D \

Junaronasu Brucanuoro dersipéxyroibunka ABC D nepecekatoT-
ca B touke (. Ommcannabie okpyxHOocTH AAOB 1 ACOD T1e-
pecekatorcsts B Touke M Ha cropone AD. [lokaxkure, 9TO TOYKa
O — nentp Buucannoit okpyzxuoctu ABMC.

Jlokaxkurte, 9TO €cjiu OUCCEKTPHUCHI YIJIOB BBIITYKJIOTO YETHIPEX-
YIOJIbHUKA 00Pa3yioT YeThIPEXYTOJIBHUK, TO 9TOT YEThIPEXYTO/Ib-
HUK BIIMCAHHBIN.

Ha croponax AB, BC, CD u DA upsmoyroisuuka ABC'D B3s-

ThI coOoTBeTCTBeHHO ToukM K, L, M, N, oTiudable OT BEpIIUH.
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13.

14.

15.

16.

17.

18.

19.

Ussectno, uro KL || MN uw KM 1 NL. Jokaxure, 910 TOU-
Ka 1epecedeHns: orpeskoB KM u LN nexut Ha jauaroHaan BD
IPSIMOYTOJILHUKA.

ABCD — BumcaHHBIH 4YeTBIPEXYTOJIBHUK, TUATOHAIN KOTOPOTO
MepIeHIuKy/IsIpHbl, a P — Touka mx mepecedenus. Jlokakure,
YTO IpsiMasi, MPOBeJICHHAs n3 Todku P mneprenaukyiaspao BC,
JeuT cTopory AD morosam.

B ocrpoyroasaom Tpeyrosbauke ABC' uepe3 mentp O omnmcan-
HO# OKpyzKHOCTH ¥ Bepruabl B n C' mpoBejeHa OKpy:KHOCTD ).
[Iycte OK — munamerp okpy:kuoctu €2, D u F — To4ku repece-
JeHust 3TOi okpyzkHOCTH ¢ TpaMbiMu AB nu AC coOTBETCTBEHHO.
Hokaxure, uro ADK F — mapaJiiejiorpamm.

JIBe OKPY2KHOCTHU wq U Wy IepecekatoTcst B Toukax A u B. K #aum
gepe3 ToUKy A mpoBojsiTCs KacarejabHble {1 U {5 COOTBETCTBEH-
Ho. IleprieHuKy/Ispbl, NPOBEICHHBIC U3 TOYKH B K IpAMbIM {5 1
{1, BTOpUIHO TIepPeceKaroT OKPYKHOCTU Wy U Wo COOTBETCTBEHHO B
toukax K u N. Jlokaxkure, aro Touku K, A u N jexkar Ha oIHOI
OPAMOIA.

K 1By™m okpyzKHOCTSM, TlepecekatormmMmcsd B Toukax K u M, mnpo-
BejeHa obmast KacareabHas. Jlokaxkure, aro eciim A u B — Toukn
kacanus, To cymma yriioB AM B u AK B pasua 180°.

Tpeyronsuuk ABC' Brmcan B OKpyKHOCTh. Touka D — cepeinHa
nyru AC', ve copep:xkaeit Touky B, a Touku K u L BeiOpanbr Ha
croporax AB u C'B cooTBeTcTBEeHHO Tak, uTo K L mapaJieiabHa
AC. Tlycrs K’ u L' — mouku nepecedenust npsmbix DK n DL
COOTBETCTBEHHO € OKPY2KHOCTHIO. JlOKaxKuTe, 4TO BOKPYT HeThI-
péxyrosbanuka K LL'K' M0OXKHO onmcarh OKPYZKHOCTb.

Yeroipéxyronbuuk ABC D — puucanusiii. Ha ero quaronasisx AC
u BD ormerwin touku K u L coorBercTBeHHO TaK, uto AK = AB
u DL = DC'. Hokazxkure, aro npsambie K L nu AD napaJiiebHbL.

Ha okpyzxnocru ¢ quamerpom AB Boiopansl Touku C' u D. Ilycrs
XY — nuamerp, npoxojsriuit uepes cepequny K xopmast C'D, Tou-
ka M — upoeknus Touku X Ha npamyio AC, a touka N — mpo-
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20.

21.

22.

23.

24.

25.

26.

27.

28.

exrus Touku Y Ha npamyo BD. Jlokaxure, aro Touku M, N u
K nexar Ha OJIHON TTPAMOIA.

JlokaxKuTe, 9TO OKPYZKHOCTH, OIMCAHHBIE OKOJIO TPEX TPEYTOJIb-
HUKOB, OTCEKaeMbIX OT OCTPOYI'OJILHOI'O TPEYIOJIbHUKA CPEIHUMU
JIMHUASIMHA, UMEIOT OOIIYIO TOYKY.

Papnocroponnne tpeyronpaukn ABC u PQ) R pacrooykeHbl Tax,
qto BepinuHa C' 1e2KUT Ha ctopoHe P(Q), a BepruHa R — Ha cTO-
pore AB, npudeMm Touku B u () jiexKar 1o OJHy CTOPOHY OT IIps-

moit C'R. Jlokaxure, aro AP || BQ.

Ha croponax AC' u BC' tpeyronbuuka ABC BO BHEIIHIOW CTO-
pony noctpoenbl kBajaparel AC A1 As u BC By By. Jlokazkure, 9T0
npsimbie A1 B, Ay By u AB; nepecekaioTcst B OJIHOIl TOUKE.

Ha runorenyse AB npsimoyrosibaoro rpeyroibunka A BC Bo BHer-
HIOIO CTOPOHY ITOCTPOEH KBaJIpaT ¢ nmeHTpoM B Touke O. Jlokazku-
te, ato C'O — GucceKTpuca MpsiMoro yria.

Tpu npsimbre npoxogdT depe3 Touky O u 06pa3yioT MONAPHO yT-
Jibl B 60°. U3 npousBosibHOit Touku M, ornuunoit or O, ormyitie-
HBI TIEPIEHIUKYIAPDI Ha 9TH NpsaMble. J[okazkuTe, 9T0 OCHOBaHUS
MEePIEH/INKYJITPOB ABISIIOTCS BEPITMHAMHI TPABUJIBHOTO TPEYTOTh-
HUKA.

B tpeyromsuuke ABC' yron B pasen 60°, ouccektpucet AA; u
C'Cy nepecekarorcs B Touke I. Jlokaxkure, aro A, = IC].

B Tpeyrosbsnuke ABC nposenennl ouccekrpucsl AA; u CCY, ne-
Y

pecekaroruecs B Touke I. Okazajioch, uro A; BC| I — BIucaHHbBIR

gerbipexyroiabank. Haitqure [A; u ICy, ectu A;Ch = 1.

O,H,Ha nus ,ZLI/IaI‘OHa.HeI"/'I BIIMCAHHOT'O Y€TBIPEXYT'OJIbHUKa ABJIACTCA
AuaMeTpPOM. ILOK&)KI/ITG, 9TO IPOEKIHU IIPOTHUBOIIOJIOZKHBIX CTO-
POH 3TOIr'0 qupréXyFOJIbHI/IKa Ha APYTYIO AuaroHaJib paBHDBI.

Yepes epmuast A, B, C'; D BOUCAHHOTO 9€THIPEXYTOTBHAKA, JTHA-
rOHAJIX KOTOPOI'0 B3aUMHO I[EPHEHINKYIAPHBI, IIPOBEICHbI Kaca-
TeJIbHbIE K ONUCAHHON OKpyzkHOCTH. /oKaxkuTe, 4T0 00pazoBaH-
HbIIl UMU YEeTBIPEXYTOJIbHUK — BIMCAHHBIIA.
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29.

30.

31.

32.

33.

34.

35.

[Iycth I — 1meHTp OKPY2KHOCTH, BIUCAHHOI B Tpeyrojbuuk ABC.
OKpyKHOCTB, OIMCaHHasT OKOJIO TpeyroabanKa BIC, nepecekaer
npsimbie AB n AC' B Toukax E u F' coorBercrBenHo. lokazkure,
uro npsmas FF Kacaercs OKpY:KHOCTH, BIIMCAHHON B TPEYTOJIb-

muk ABC.

JIBe OKpY>KHOCTH KacaroTCsl APYT JAPyra BHEITHAM 00Pa30M B TOU-
ke D. [Ipamas KacaeTcst OJHOI U3 9TUX OKPYKHOCTE B TOoUke A
u mepecekaeTr pyryio B Ttoukax B u C. Jlokaxkure, 910 TOUKa A
paBHOy1ajIeHa OT 1paMbix BD u C'D.

Brmcannasi oOKpy»KHOCTb Tpeyroyibauka A As Az Kacaercs cTOpoH
As Az, A3A1 m A1 Ay B Toukax Sy, Se u S3 coorBercTBeHHO. IlycTh
Iy, Iy, I3 — 1eHTPBbI BIUCAHHBIX OKPYXKHOCTEH TPEYTOJHHUKOB
A15583, AyS357 n A351S5 coorBercTBeHHO. JloKaxKuTe, 9TO Ipsi-
Mmbie 1157, 1595, 1353 nnepecekaioTcst B OJIHOM TOYKE.

[Iycts BuncarHas okpyzkaHOCTE AABC Kacaercs ero cropon AB,
AC un BC B Toukax D, E' u F' coorBercrBenno. [Ipsmas, Koropast
IIPOXOJIUT Yepe3 TOUKY F' U IEeHTP 9TON OKPYKHOCTH, IIepeceKaeT
orpe3ok DFE B Ttouke L. Jlokaxkure, uro npsmas AL mnpoxomur
yepe3 cepeuHy cTroponbl BC.

(Teopema ITrosemest) /Tokazkure, 9TO €€ 9eTHIPEXYTOTBHUK BITH-
CaH B OKPY?KHOCTb, TO CyMMa IIPOU3BEJIEHUil JIJTMH JBYX [Iap €ro
POTUBOIIOJIOKHBIX CTOPOH PaBHA IPOU3BEJEHUIO JJINH €ro Jua-
ronaJe.

Cupase o u obparnoe yrBepkeHue. Teopema [ltosiemes B mosiHoi
dopMyJIIPOBKE, BEPOSITHO, HanboJiee KOPOTKO JTOKA3BIBAETCSI C MTOMO-
mpIo IpeobpasoBanus nasepcnn (eM. paszer 6.8). B ykazannsx K 9Toit
3a/lav€e IIPUBEACHO N aJIbTEPHATUBHOE JTOKA3aTECJILCTBO, UCIIOJIL3YIOIIee
upsimyio Cumcona.

Buccekrpuca yrina A tpeyroisuuka ABC' iepecekaeT OImuCcaHHYO
OKpyKHOCTH B Touke D. /lokaxkure, uro AB + AC < 2AD.

Ha ayre CD onucannoit okpykuoctu Kpajpara ABCD B3asrta
touka P. Jlokazure, aro PA + PC = v/2PB.
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36.

37.

38.

39.

40.

Yeroipéxyroabauk ABC D Brmcan B OKpYzKHOCTB €2 ¢ rieHTpoMm O,
npuuaéMm O ue yiexxut Ha guaronaisx AC u BD, HoO JIe:KUT BHYyTpU
qeThIpEXyrobHuKa. OnucanHas OKPYXKHOCTH ()] TPEyroJbHUKA
AOC mpoxonut depe3 cepeauny auaronann BD. Jlokaxxnure, 110
ommcaHHas OKPYKHOCTEH {1y Tpeyrosbanka BOD npoxoauT dyepes
cepequny auaronann AC.

Ha pmnaronamm AC pomba ABCD B3sTa npou3BojibHas TOUKa F,
orimaHast oT Touek A u C, a vHa npambix AB u BC' — touku N n
M cooreercrBenno, npuuém A = NEu CE = ME. Ilycrs K —
TouKa tnepecedenusi npamMbix AM u C'N. Jlokaxkure, 9TO TOUKH
K, E'u D nexar Ha OJHOI IPSIMOIi.

B tpeyronpauke ABC' na npogomkennsx ctopoHn AB u CB 3a
TOYKY B B34TBI COOTBeTCTBeHHO TOUKM () m P Ttak, aro AC =
= PC = AQ. Jlokaxkure, 9T0 OMICAHHBIE OKPY?KHOCTH TPEYTOJIb-
nukoB ABP u C' B() niepecekatorcsi Ha buccekTpuce yria A.

(EI'9) B octpoyrosbHoM Tpeyrosbauke A BC IpoBeieHbI BHICOTBI
AK u CM. Ha aux u3 touek M n K OIyIIeHbI EPIEH UK Y/ISIPbI
MFE n KH coorBercrBenno. Jlokaxkure, aro npsimbie EH n AC
napaJutenbubl. Haitmure ornomenne EH @ AC, ecim yron ABC
pasen 30°.

(Meorcdynapodnasn orumnuada) Ilycrs I' — OKpyKHOCTD, ONMUCAH-
Hasi OKOJI0 ocTpoyTosbHOro Tpeyroybanka ABC. Touku D u E jte-
kar Ha orpeskax AB u AC coorBercTBenno, mpuieM AD = AFE.
Cepeiunnble TIepHeHIMKYIApbl K oTpeskam BD u C'E nepeceka-
ot menbinue ayru AB u AC okpyxuoctu [' B Toukax F' u G
coorBercTBeHHO. JloKaxkuTe, aTo npsimbie DE n F'G mapaJsiienb-
HBI W COBIA/IAIOT.

Pemrenns IHocJIeIHNX JIByX 3a/ia9 UMEIOT MHOI'O O6H_[I/IX qepT.
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1.3. Ilomobue

Onpenenenune 1.3.1. [pa tpeyronabanka A; B1C u Ay ByCy Ha3bI-
BalOTCS N0JOOHBIMU, €CTTH UX YTJIbI COOTBETCTBEHHO PABHBI.

Teopema 1.3.1. Ecau AA1B;C; ~ AAyByCy, mo coomsememey-

0UUE CTOPOHDL, AEAHCAULUE 8 IMUT 08YT MPEY2OALHUKGT MPOMUGB
AiBr BiCy G4,

AyBy  BsCy  CoAs’

DABHBLT Y2008, NPONOPUUOHANDHDL:
A B

Omnpegenenne 1.3.2. Eciiu AABC7 ~ AAyByCy, 1O unciio 1B
2

2
paBHOE OTHOIIEHUIO JJINH COOTBETCTBYIOIIMX CTOPOH, HA3BIBAETCS KO-
appuyuernmom nodobus STUX TPEYTOJLHUKOB.

Mp1 onpeiesinin 1mojo0ue JIUIIb Jijisi TpeyrobHUKoB. OOIree orpe-
JieJieHne 110100us IByX GUIyp Ha ILJIOCKOCTH OYIET JaHO B pasjelie
O TOMOTETHM.

Teopema 1.3.2 (Ilpusnaku nojobust).

1. (IHlo deym yenam). Ecau dea yeaa 00H020 MpPeyzoivHuka pac-
HOL COOMBEMCMBENHO JBYM Yeiam OpYy2020 MPEY20NLHUKA, MO
maxue mpey2oabHuKy nodooHbL.

2. (o deym nponopuyuoHasbHbIM CTNOPOHAM U Y2aY MeHCIY HU-
mu). Ecau dse cmoporvl 00020 mpey2oabHuka nponopuyuoHaib-
HbL COOMBEMCMBEHHO 08YM CMOPOHAM OPY2020 MPEY20NOHUKG,
a Yaavl MEHCOY IMUMU CMOPOHAMU 6 000UT MPEY20ALHUKAT
PABHLL, MO MaKUEe MPey2osLbHUKY N0J0OHbL.

3. (Ilo mpém nponopuyuonasvrvim cmoporam). Ecau mpu cmopo-
Hbl 00H020 MPEY20ALHUKA NPONOPUUOHANDHDL COOMBEMCMNEEHHO
MPEM COPOHAM IPY2020 MPEY20NLHUKA, MO MAKUE MPEY20Nb-
HUKU N0J0OHDL.

Teopema 1.3.3 (CBoiicTBa 10I0GHBIX TPEYTOJIBHUKOB). [lycmv

AB
AA B C7 ~ AAyB>Cy ¢ koappunyuernmom nodobus k = AIBI'
259




21 ITonobue

1. Iepumempot 5mux mpeyzorbHUK0s OMHOCANCA KAk K0IPHUULU-
enm nodobus: Paa,p,c, =k * PAA,ByCy-

2. Ilrowadu smus mpeyzoibHUK06 OMHOCAMCA KK K6a0Pam Ko-
appuruerma nodobus: Saa,,c, = k> SAAByC,-

3. Jhobwie ompesku nepeozo mpeyzosvruka (Mmeduannvl, buccexmpu-
Col, BLICOMDL, PAOUYCHE BNUCAHHOT U ONUCAGHHOT OKPYHCHOCTNED
U m. 0.) NPONOPUUOHAABHDL COOMBEMCMEYOULUM OMPESKAM MO~
D020 ¢ KOIPPUUUEHOM NPONOPUUOHANLHOCTIU k.

C noytobueM cBg3aHa TAKXKe CJIEIyIONIasi BaKHas TeopeMa, KOTOPYIO
MbI C(OOPMYJIUPYEM OTJIEJILHO JIJIst IPIMOTO U OOPATHOIO CJIyYaeB.

Teopema 1.3.4 (Teopema Paseca). I[Tycmov napansesvhvie npsamoie
U1, Uy u €3 nepeceuerv, npamoti a 6 mowkaxr Ay, As u As, a npamot
AjAy  AyAs
BBy  ByBj’

Kparko TeopeMmy MOXKHO CHOPMYIUPOBATH TaAK: NAPAALEALHBLE TPA-
MBLE OMCERAIOM HA 08YT CEKYWUT (Komopbvie Mo2ym 6bimbs Kax na-
PAANEALHOLMU, TAK U HEM) NPONOPUUOHANLHBLE OMPESKU.

b 6 moukxax Bi, By, By coomseemcmeenno. Tozda

Teopema 1.3.5 (O6parnas Teopema Paseca). Ecau npamovie €1 u Uy
nepecexaom npamyro a 6 moukaxr Ay, As, a npamyro b (b}t a, bNa =

Ay AAy
CB;, BB’

= C) 6 moukar By, By coomsemcmeenno, npuuém

mo 1 u Uy napasresvrol.

Kpatkast GOpMyJIMpOBKa: €CAU NPAMBIE OMCEKAOM HA O8YT HENA-
PAANEADHBLT CERYULUT NPONOPUUOHAALHBLE OMPESKU, MO IMU NPAMDLE
NAPAANCALHDL.

[Tomobue — ojHa U3 IEHTpPaJbHBIX TEM BO BCEil IJIAHUMETPHUU, T10-
9TOMY C HUM MBI CTOJIKHEMCS B 9TOi KHHTre emé MHoro pas. Cpeman
OOJIBLITMHCTBA U3 TIEPBBIX 16 3a/1a9 3TOr0 pasiaesa CoAeP:KUTCsT MHOTO
BaXKHBIX KOHCTPYKIINI, KOTOPBIE TIOJIE3HO MMETh B BUJLy U 3aMevaThb
pu pereHnn dosiee cIoXKHbIX 3aa4. OcraBimecs 14 3a1a4 mpeino-
JlarafoT IPHU PEIIEHUH KCII0JIb30BaHUE 110/ I00Us.
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Sagaan

1. Oxpy:xuocts Kacaerca cropon AC u BC' tpeyronpauka ABC' B
toukax A u B coorBerctBenHo. Ha jyre sToit okpyKHOCTH, Jie-
JKalleil BHe TPEyroJIbHUKA, PACIIOJIOyKeHa TouKa K Tak, 94To pac-
crosinust oT Heé 70 mpojoskeHuii cropon AC u BC' paBHbI T 1u
y coorBeTcTBenno. Haiiiure paccrosnue oT Toukn K 10 MpsiMoii

AB.

2. B pasnocroponnem Tpeyrosibauke ABC' B3sgra Touka M u ups-
MbI€, TIPOXO/ISAIIIE depe3 Heé MapasiielbHO CTOPOHAM, Pa30dMBa0-
e TPeyroJIbHUK Ha TPU PABHOCTOPOHHUX TPEYTOJBHUKA C ILI0-
magamu Sy, So, S3 U Ha TpHU MapaJuiesorpaMma. Beraucaure 1mio-
ma/ b Tpeyroyibanka ABC.

3. B rpeyronbauke ABC' na croponax AB u AC' B3saTbl TOuku M
u N coorBercTBeHHO Tak, Yro AM : MB =3 :2u AN : NC =
= 4 : 5. B KakOM OTHOIIICHUU TIPsiMasi, TPOXO/IIas depe3 TOUKY
M napannensno BC, nenut orpe3ok BN7?

4. Tlycte AA;, BBy — Boicorbl AABC (touku A; n B; jexar Ha
CTOPOHAX TPEYTOJIbHUKA WM Ha UX MPOJOJIKeHusx ). JJokaxkure,
aro AABC ~ AA;B,C, u Bbipasure Ko3pUIUEHT 1101001 de-
pe3 yrou C.

5. B tpeyrompuuke ABC ma croponax AB n AC' oTMedeHbI Takue
toukn D u E, uro ZADE = ZACB. (B srom ciydae 9acto ro-
BopsT, uTo npsivbie DE u BC' anwmunapannesvnwt). Ilycrs DE
nepecekaeT onucanuyio okpyHoctb AABC B Toukax P u Q.

Hoxkaxure, uro AP = AQ).

6. Buyrpu octporo yria ¢ Bepmmnoit A B3gTa TOo4UKa P, U3 KOTOPOi
[IPOBEJIEHBI TIepHeHnKyaapbl P(Q) u PR k cropoHaM yria. 3aTeM
u3 Touek () u R mnposenennl neprenukyaspel RS u QT K crto-
pOHaM YTJIa, TPOTUBOIIOJIOKHBIM TeM, Ha KOTOPHIX JjiexkaT P u R.
Joxkaxure, auro AP 1L ST.

7. Hoxaxkwure, uro eciau B Tpeyroibuuke ABC' nBe npsimbie BM u
C'N, BBIXOJIAINNE U3 BEPIIUH TPEYTOJIbHUKA, [IePECeKAIOTCS Ha BbI-
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10.

11.

12.

13.

14.

core AD, 1o sta BeICOTA ecTh H6uccekrpuca yriaa M DN (touku M
u N nexar Ha croponax AC u AB cOOTBETCTBEHHO).

(Ocnosroe ceoticmso opmompeyzosvhuka) Jlokaxkure, 910 Jijis
rpeyroyibauKa A BiC}, BEepIIMHB KOTOPOI'O — OCHOBAHUS BBICOT
ocTpoyro/bHOro rpeyroabauka A BC, BeicoTsl Tpeyroabanka A BC
SIBJISIIOTCsT OMCCEKTPUCAMI.

Tpeyeorvrur ABC' nazvieaemes opmompey2oivHUKoMm mpeyzons-
nuxa Ay B1Ch.

Ha cropone AB tpeyronbanka ABC' BbibpaHa Touka X, depe3
KOTOPYIO TIpoBejieHbl npsamble XY n X Z, mapaJsiesbHble COOT-
BercTBeHHO Mejuanam AA; uw BBy (Y u Z jexar Ha cTOpoHaX
BC u AC tpeyromnbunka ABC' coorBercrBeHHO). [Jokazkure, 9T0
oTpe3oK Y Z nmenmresa mequanamMu AA; u BB Ha Tpu 9acTH OJIH-
HAKOBOII JIJTTHBI.

C TTOMOIIBIO TUPKYJIS U JTUHEHKHN Pa3/ie/InTe 38/ [aHHbII OTPE30K Ha
n paBHBIX YacTell (n — HATYpaJbHOE YHUCII0, OOJIbIIee € TIMHUIIbI).

B tpeyrombank ABC Buucana OKPy:KHOCTb w C IEeHTpoM [, a
OKPYKHOCTB ) ¢ menTpoM [4 Kacaercs croporbl BC' u mpo1oii-
»xeruit cropon AB n AC 3a Ttouku B u C' coorBercrBenno. Jloka-
JKUTE, ITO MPOU3BE/IEHUE PACCTOSTHUN OT BEPIIMHBI TPEYTOJTHLHUKA,
A 710 IeHTpOB w u ) paBHO MIPOU3BEJICHUIO CTOPOH TPEYTOJIbHUKA,
CXOJIATIIMXCS B 9TOH BepINUHE.

IIycts K, M, N — Tpu pa3/imuHble TOUYKH Ha OKPY?KHOCTH C TI€H-
tpoM O, p — cepeJnHHBI 1eprienuKyisAp K orpe3ky M N. Ilps-
mbie KM u KN nepecekatoT p B Toukax A u B. [lokaxkure, 110
OA-OB = R?.

(Teopema o buccexkmpuce enewnezo yeaa mpeyzosvruka) Ilycrs
BD — 6uccekTpuca BHEIIHErO yIJjia IIpU BepiruHe B TpeyroibHu-
ka ABC' (D nexur na npojgo/kernn croporbl AC' 3a Touky C).
AD AB

CD  BC

(Jlemma Apzrumeda) OKPYKHOCTD W KacaeTcsi BHYTPEHHUM 00pa-
30M OKpyzkHOCTH {) B Touke A u xopmabl M N 310l OKpyKHOCTH B

Hokazkure, 4TO
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15.

16.

17.

18.

19.

20.

rouke B. Jlokaxkure, uro jiya AB nepecekaet jnyry M N oKpyK-
noctu {), He comepzKaIryio TouKy A, B e€ cepeaune.

(onoanenue x aemme Aprumeda) OKPYKHOCTD W KACAETCs BHYT-
peHHuUM obpazoM okpyzkHOCTH ) B Touke A m xopabsl M N 3roii
okpyxuoctu B Touke B. Ilycts nmya AB nepecekaer mayry MN
okpyzkHOCTH (), He cojepKalyio TouKy A, B Touke P. Jlokaxku-
Te, uro jummHa PN paBHa JjimHe KacaTejabHO# u3 Toukn P K w.

(Teopema Menenas, neobzodumoe ycaosue) Ilycrs npsimast nepe-

cekaet cropoubl AC' u BC B Toukax A; u B; COOTBETCTBEHHO, a

npososKenne orpeska AB 3a Touky B — B Touke (. /lokaxkure,
ACh ‘ BA, . CBy ]

OB AC BAT

B pazueie o Teopemax Yesnl u Menenas popMyaInpoBKa TeOpeMbl Oy-

JIeT CyIeCTBEHHO 0000IIeHa.

Octpoyrosbhbiit Tpeyroiibauk A BC Bimcan B OKpyKHOCTH, AD —
nmaMerp 3toit okpyxkuocTH, a AA; — BbICOTA 9TOrO TPEYTrOJIb-
nuka. Haitjg na nmojgydeHHOM depTezke 10 I00HbIe TPEYTOJTbHIKH,

MIOJTyYUTE U3BECTHYIO (POPMYIY /I BBIYUCICHUS TLIOIIAINA Tpe-

abe
yrojabHuKa S = ) (B gmcIMTENIE CTOUT TIPOU3BEICHNE JIJTHH CTO-

POH, a B 3HaAMeHaTe/Ie — YABOCHHAs JIJIMHA JUaMeTpa OIMCAHHOM
OKPY?KHOCTH ).

Ha croponax AD u CD mnapauteorpamva ABC'D B3gTBI TOY-
ku M u N mak, uro M N n AC napasnenbubl. Jlokaxkure, 910
Sapm = ScBN-

Ha cropone AB tpeyrosbauka ABC ormedena Touka D, a 3aTem
gepes Touku A u B npoBejienbl npsivMbie {4 1 g COOTBETCTBEHHO,
napaJutenbubie npsmoit C'D. Ipogomxkenus: cropon BC u AC 3a

touky C' nepecekaior £4 u {g B Toukax X u Y COOTBETCTBEHHO.
1

CD _ AX ' BY

B rpeyrosbauke ABC npsambie AX7, BX,, C' X3 nepecekaiorcst B
rouke X (Touku Xp, Xy, X3 jekar Ha CTOPOHAX TPEYTOJbLHHUKA
ABC, a touka X — BuyTpu Hero). [Ipsamsie X7 Xs u X; X3 nepe-

Hokazkure, 94TO
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21.

22.

23.

24.

25.

26.

27.

28.

CEeKaIOT TPsMYI0, mapaJsienbayio BC u npoxosinyio depe3 A, B
toukax F' u F. Jlokaxure, uto FA = AF.

JlokakuTe, 9TO €CJM BCE KBAJPAThI, BIIUCAHHBIE B TPEYTOJIHLHUK
TaK, YTO J[BE€ BEPIIUHBI PACIIOJIOKEHBI HA CTOPOHE TPEYT'OJIbHUKA,
a JIBe JIpyTHUe BEPIUHBI Ha JIBYX JIPYIUX CTOPOHAX TPEYTOJIbHUKA,
pPaBHBI MeXKTy c000i, TO TPEYTOJbHUK PABHOCTOPOHHMIA.

Yeroipéxyroapuuk ABC'D Brmmcan B OKPYKHOCTH {2 ¥ OJHOBpe-
MEHHO OIIUCAH BOKPYT OKpYyKHOCTH w. [lycTh TOUKM KacaHus cTo-
pou AB, BC, CD u DA coorBercTBeHHO ¢ w ecth P, ), R n
S. JlokaxKuTe, 9TO 9TU TOIKH KACAHUS JIEJISIT TPOTUBOIOIOKHDBIE
cropoubl AB u C'D 49eTbIpéXyrobHIKa B PABHBIX OTHONICHHUAX.

[Iycte M — cepenuna cropousl AB keaupara ABCD, a K —
Touka Ha cropoHe AD rakasi, uro KM 1 MC. Jlokaxkure, 910

/ZBCM = ZKCM.

B npsamoyronbaom Tpeyrosauke ABC ¢ runiorenysoit AB pajm-
yC BIIHCAHHOW OKpPYy:KHOCTH paseH r. [lycrs C'H — BBbICOTA 9TOrO
TpeyroyibHUKa. Haiiaure paccrosgnme MexK 1y IEHTPaMU BIHCAH-
HBIX OKpy2KHOCTEel TpeyrobaukoB ACH u BCH.

Ha cropornax AB u BC' napasnenorpamyma ABC D BO BHEIIHIOO

CTOPOHY TIOCTPOEHBI 110/100HbIe TpeyrobHuKE APAB ~ ABCQ.
Hoxkaxure, uro APAB ~ APDQ.

Ha croponax AB u BC mnapaJtenorpamva ABC D BO BHEITHIOIO
CTOPOHY MTOCTPOEHBI paBHOCTOpOHHUE TpeyrobHukn ABF nu BCE.
Hoxazkure, uro AEF D — paBHOCTOPOHHMIA.

B ocTpoyrossaom Tpeyroabanke ABC ormevenbl cepeaunbl D, E
u F cropou CA, AB u BC coorBercTBeHHO, a H — ocHOBaHue
BBICOTHI U3 Bepimmubl B. /lokaxkure, uro LZEHF = ZEDF.

B paBuobGenpennom mnpsimoyrosbHOM TpeyrosnbHuke ABC ¢ mpsi-
MbiM yryiom C' cHagasa Ha cropone BC ormermnm Touky D, a
3aTeM Ha IUIoTeHy3e BuiOpasn Touky E tak, uro AD | C'E. 3a-
TeM Ha AB oT™eTuu erre ojHy Touky F Takyio, uro BE = EF,
npudem E jexkut mexiay F'u B. /lokaxure, 9To ecau depes F
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29.

30.

[IPOBECTHU IPAMYIO [, mapaJuie/ibayio npsamoit m = C'E, To npsiMbie
[ m m orcekyT Ha AC' orpe3ok, pasubiii C'D.

e oxpyxuocTHu ¢ ieatpamu O u Oy TIepecekaroTcst B TOIKax X
un Y, a ux obiue Kacare/lbHble epecekaiorcsd B Touke W. [lycrs
O1P un O5() — napa napaJuieJibHbIX PaJInyCOB 9TUX JIBYX OKPY K-
HOCTEH, JIeXKAIUX 110 pa3Hble cTOPoHBI OT npsiMoit 010y, a PQ)
nepecekaet npsmyio 010, B Touke Z. Jlokaxure, ato LZXW =
= 90°.

(*) (3adaua o 6aboure) Hepes cepemuny M xopiasl PQ OKpyK-
noctu tposejieHbl Xopabl AB u CD. Ilycte AD N PQ = X,
BC N PQ =Y. Jlokaxure, auto M — cepeanna XY'.
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1.4. IlapaJjsesorpamMm u Tparenus

Onpenenenne 1.4.1. Ilapasrensozpamm — 3TO G9€THIPEXYTOJIBHUK,
IIPOTHUBOIIOJIO?KHBIE CTOPOHBI KOTOPOT'O MOTIAPHO HapaslJIe/IbHBI.

Onpenenenne 1.4.2. Pomb — 3T0 napaJsiiesiorpamMM, BCE CTOPOHBI
KOTOPOT'O PaBHBI.

Onpenenenue 1.4.3. IIpamoyzorvrukx — STO HapajjieorpaMM C
IIPSIMBIM YTJIOM.

Onpenenenne 1.4.4. Keadpam — 5710 poMO ¢ IPSIMBIM yTJIOM.

Teopema 1.4.1 (CsoiicTBa napaJsuiesorpaMma).

1. IIpomusononoscHvle cmoporvl NAPAANEAOZPAMMA PAGHDL.
2. IIpomusononoosichoie Yyeavl NAPGALENOPAMME DABHDL.

3. [uazonasu napasnenoepamma mourxol nepeceverus 0easmcs
NONOAAM.

Teopema 1.4.2 (IlpusHaku napaJuiesiorpaMma).

1. Ecau npomusonososcHvle Cmoporvl YemuipETY20a6HUKE TONAP-
HO PAGHDL, MO IMOM YEMBLPETY20ALHUK — NAPAANCAOZDAMM.

2. Ecau dee cmoponvl vemuipExy2oavHuka pasHs, U NaPaALEALHDL,
mo 3Mom YemuvlPETY20NbHUK — NAPAAAEAOPAMM.

3. Ecau duazonanu 4emuipExy20avoHuKka nepecekaromecs u 0eaamcs
MouKkol nepecederus nonoAGM, Mo IMOM YEMbPETY20ALHUK —
NAPAANCAOZPAMM.

Teopema 1.4.3 (CpoiicTBo pomba). Jluazonanru pomba nepnendury-
AAPHOL U DCAAT, €20 Y2Abl TONOAAM.

Teopema 1.4.4 (IIpusnax pomba). FEcau duazonass napasiesozpam-
M@ deaum e20 Yy2oa NoNnoAaM, MO IMOM NAPAAAEAOPAMM — DOMO.
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Teopema 1.4.5 (CBoiicTBa NPSIMOYTOJIBHUKA).
1. Bce yaavt npamoy20ibHUKaG NpamoLe.
2. Jluazonasu npamoy20ioHUKa PaGHDL.

Teopema 1.4.6 (IIpusnax npsimoyroibauka). Feau duazonasu na-
DAANENOZPAMMA PAGHDL, MO IMOM NAPAANCAOZDAMM — NPAMOY20/b-
HUK.

Teopema 1.4.7 (CroiictBo KBajpara). Y keadpama 6ce cmoporby
PABHDVL U 6CE Y2Abl PAGHDL.

Onpenenenne 1.4.5. Tpaneyus — 3TO IeTHIPEXYTOJBHIUK, JTBE CTO-
POHBI KOTOPOTO (Ha3bIBaEMble OCHOBAHUSIMU TPATIEIUI) Mapajlieb-
HBI, & J[Be JIDyI'ue CTOPOHbBI (Ha3bIBaeMble GOKOBBIMU) He MapaJuielb-
HBI.

Onpenenenne 1.4.6. Tparmernust ¢ paBHBIMI OOKOBBIMU CTOPOHAMM
Ha3bIBAeTCsl Pa6Ho00kol (U pasHobedpentol).

Onpenenenue 1.4.7. OTpe3ok ¢ KOHIIAMU B cepeanHax OOKOBBIX
CTOPOH TpAIIEINK HA3BIBAETCS €€ cpednetl sunued.

Teopema 1.4.8 (O cpenneit iuanu rpatenun). Cpednas AuHUAL MPa-
NEYUY NAPANAEALHE OCHOBAHUAM. auna cpedrets AunUY mpaneyu
PaAsHa NOAYCYMME OAUH €€ 0CHOBAHUT.

Teopema 1.4.9 (BameuarenbHoe cpoiicrBo Tpaneryn). Cepedutbi
OCHOBAHUTE MPANEUUU, MOYKA NePecetenUs €€ JuazoHarets U mowka
nepecedenus nPodosdHcenuss e€ 6oKosvLr CMOPoH AexHcam Ha 00HoU
nPAMOTU.

[IpuBeiéM B KadecTBe IIpUMepa peleHne caeyIoneil 3a/1aqm.

3amaua 1.4.1. B tpanenun ABC' D na ocHoBannu BC' kKak Ha aua-
MeTpe TOCTPOeHa OKPYKHOCTh, Kacaroriasica npamoit AD. Oxa3za-
JIOCH, 9TO CpeJHssl JuHuA Tpaienun nepecekaer AC B Touke Ha
okpyxkuoctu. Haitaure yroa A.
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Pewenue. Ilycts P — Touka niepece- ('] \ B
YCHWA CPEJIHEN JTUHUM U JINArOHAa I

AC. ¥Yron BPC upsimoii, TOCKOJIbKY / \\ M
D A

on onupaercd Ha juametp. Ilo Teo-
peme Pajieca cpejHsst JTUHUA
tparnenun jeaut AC nonosiam, a 3Ha9uT, B Tpeyrojbauke ABC' BbI-
cota BP cosBmnagaer ¢ memuanoit. tak, AB = BC = 2R, rne R —
pajmyc MOCTPOEHHOM OKpyKHOCTU. [Ipu 3TOM pajmycy 3Toit OKpyK-
HOCTH TakK»Ke paBHa U BbicoTa Tpamerun: h = R. OueBujHO, 9TO
sin /A = h/AB = 1/2, nosromy ZA = 30°.
Habmoareibubie auTaTesin, BEpodTHO, YKe 3aMEeTUJIN, YTO BO3MOK-
Ha BTOpas KoHMUrypaIms, B KOTOPOil yroj A Tpareruu TyIIoii.

ol
paBuoOenpennbiit, 1 AB = 2R. B Tpe- /\P
yronbanke ABH cropona BH pasha pa-
quycy okpyxuoctn R, a AB = 2R, otky- D A H
na /BAH = 30°, a ZA = 150°. U

HpI/I pemennn 3aja9 O Tpalleu 9aCcTO OKa3bIBAalOTCA IIOJIE3HbI J10-
IIOJIHUTEJIbHBIE ITIOCTPOCHUA, IIpeACTaB/JICHHBIC Ha PUCYHKaX:

N/?\
a b b a—b

b2 b)2

B srom ciiyuae BHoBb /BPC' npsiMoii, a
P — cepenuna AC, nostomy AABC —

b/2 b/2
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Sagaan

1.

OKpYy?KHOCTH [IPOXOJUT Yepe3 BepIinHbl B u D napaJuieorpamMmma
ABCD u nepecekaet ero cropoust AB, BC, CD u DA B Toukax
M, N, P u K coorBercrBento. Jlokaxure, auro MK || NP.

Touku K, L, M u N — cepeauHbl CTOPOH COOTBETCTBEHHO AL,
BC, CD u AD napasnenorpamma ABC D. JlokaxKute, 9T0 4eThI-
PEXYTOILHUK C BEPIIMHAMU B TOYKaX IepecedeHust npamMbix AL,
BM, CN u DK — napaJiieorpaMm.

(Teopema Bapunvona) JJokazkure, 910 CepeUHBI CTOPOH JIOOOTO
YETBIPEXYTOJIbHUKA ABJISIOTCA BEPIIMHAME TTapaslIeIorPaMMA.

Yepes Bepruny C' napasuienorpamyma ABC'D nipoBejieHa 1pouns-
BOJIbHAS IIPsIMasi, IepeceKarolast IpoIoszKeHnst cropod AB u AD
B Toukax K u M coorBercTBeHHO. JloKaxKurte, 9T0 MPOU3BEIEHIE
BK - DM He 3aBUCHT OT TOr'O, KaK IIPOBEIEHA 9Ta IIPAMAasl.

Ha muaromanu BD napasienorpamma ABCD B3sta Touka K.
[Ipamass AK mepecekaer npsimbie BC' u CD B Toukax L u M.
Hokazxure, uto AK? = LK - KM.

JIBa mapaJuresorpaMma paciioyIOzKeHbl Tak,

KaK IIOKa3aHO Ha pHCyHKe. JloKazkuTe, 4TO

JIMATOHAJIB OJTHOTO HapaJLIeIOTPAMMa, TPOXO-

JIAT Yepe3 TOYKY IepecedeHus IuaroHaJieii N
JIPYTOTO.

(Ilepsas meopema B. Te6o) Ha croponax mapaJiejorpaMma BHe
ero II0CTPOeHbI KBaJpaThl. JIOKazKuTe, 4TO MX IEHTPLI JIeXKAT B

BepIIIHAX HEKOTOPOIr'o KBaJpara.
B ocrpoyronwsrom Tpeyroiasanke ABC yron B pasen 45°, AM n
C'N — BoicoTbl, O — MEHTP ONUCAHHOMW OKpyzKHOCTH, H — OpTo-
nentp. Hokaxkure, aro ON H M — mapaJiiesiorpaMm.

i.  JlokaxkuTe, 4TO CymMMa KBaJIpaTOB JMaroHaJseil mapaJiiesio-
rpaMMa paBHa CyMMe KBa/IPDATOB BCEX €TI0 CTOPOH.

ii. Haitmure nuny Memanbl TpeyroJabHUKA, €CJITH M3BECTHBI JIJTH-
HBI €70 CTOPOH.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

[Tycrs AC' — Gosbitast u3 muaronaJieit napaJuienorpavsa ABCD.
N3 touku C' ma npojoskenus ctopon AB u AD ormyieHs! mep-
nenukysippl C'E u C'F coorBercTBenno. [lokaxkure, uro AB -

-AE+ AD - AF = AC*.

Bayrpu napamitenorpamma ABCD Bbibpana Touka P Tak, 9TO
/ZAPB+ ZCPD = 180°. Hokaxure, uro /PBC = ZPDC.

OxkpyzxHocth Kacaercs cropon AB, BC u C'D napaJiiesiorpamma
ABCD B Toukax K, L u M coorBercTBenHno. Jlokaxkure, 910 1psi-
Masi KL 1enuT moroJiaM BBICOTY TapaJiieiorpaMma, OIyIeHHYO
u3 Beprmabl C' Ha AB.

B derbipéxyrospauke ABC'D AB = CD, a touku M nu K —
cepequabl BC u AD. Jlokaxkwure, aro yrojg mexiay MK un AC
pasen nosiycymme yriios BAC u DCA.

Hokazkure, uro B j1000M Tpeyrosbanke ABC cepennta cCTOPOHDBI
BC nexut Ha 0Tpe3Ke, COEUHSIONIEM TOUYKY IepPecevueHus BbICOT
C TOYKON OKPYZKHOCTH, OLNMCAHHOU OKOJIO 3TOI'0 TPEYyroJIbHUKA,
JIMaMeTPabHO MIPOTHBOIIOIOKHON BepIHe A, U JIeJIUT STOT OT-
PE30K IIOII0JIAM.

Touknu P, Q, Ru S — cepeaunbl cropon coorBercrBento AB, BC,
CD u DA Boinykjoro uerbipéxyroibuuka ABC'D, M — Touka
BHYTPH 9TOI0 YeThIPEXyTObHIKA, TpudeM AP M S — mapaJiiesno-
rpamM. lokaxkure, aro C RM () — ToyKe apaieIorpaMM.

Yepes touky D na memumane BM tpeyrosbauka ABC nposeieHa
npsiMas, mapaJsuiejbaas cropoe AB, a gepe3 Touky C' — npsimas,
napaJjuieabaas Meauane BM . JIBe npoBeEHHbIE MIPSIMbIE II€pece-
katorcs B Touke E. Jlokaxkure, uro BE = AD.

[Iycte O — TouKa mepecevdeHus JUaroHaJEN BBIMYKJ/IOIO YeThI-
péxyrompuuka ABCD. lokaxkurte, 9TO ec/ii paBHBI TEPUMETPBI

tpeyrosibaukoB ABO, BCO, CDO u DAO, to ABC'D — powmb.

Junaronaaun pomba ABC D mnepecekatorcst B Touke O. /lokazkure,
YTO TOYKH IepecedeHrst ONCCEKTPHUC KaxKIOI0 U3 TPEYTOJIbHUKOB
ABO, BCO, CDO u DAO sBistorcs BeplimHAMI KBaJIpaTa.



[TapasuteorpamMm u Tpamenus 32

19.

20.

21.

22.

23.

24.

25.

26.

27.

Yrou upu Bepiuae A pomba paser 60°. Ha croponax AB u BC
B34ThI coorBeTcTBeHHO Touku M u N, npuaém AM = BN. Jlo-
kaxkute, 9T0 AM DN — paBHOCTOPOHHMUIA.

Buccekrpuca yria B m Ouccekrpuca BHemnero yrija [ mpsmMo-
yroabanka ABCD nepecekaior ctopony AD u npsimyio AB B
toukax M u K coorBercrBenno. Jlokakure, 9To orpe3ok M K
paBeH U NePHeHUKY/IIPEH JIUaroHa IPAMOYTOJIbHIKA.

[Ipsimast, mpoxosias depe3 Bepiuny A kBagpara ABC D, nepe-

cekaetr cropony C'D B Touke E u npamyio BC B Touke F. Jloka-
+ ! = .

AE?  AF? AB?

B kpyre pagmyca R maHbI Ba B3aUMHO ITE€PIEHIUKY/ISIPHBIX A~

Merpa. [IponsBosbHass TOYKa OKPY:KHOCTH CIIPOEKTHPOBaHa Ha

ot auamerpbl. Haiiaure paccrosame MexKjy HpPOEKIMAME 3TOM

TOYKMU.

KATE, YTO

Bokpyr BbityK/10r0 yerbipéxyroibanka A BC' D onucanbl Tpu Ipsi-
MOYTOJIbHHUKA. I/I3BeCTHO, 9TO JiBa U3 9TUX IMPAMOYI'OJIbHUKOB AB-
JIAIOTCA KBaJiparaMu. BepHO Jin, 9TO U TpeTuii 00sA3aTe/IbHO SIB-
JIIeTCsT KBaJIPATOM !

(IIpamoyzorvhuk onucar okoso wemupéxyeorvnura ABCD, ecau
Ha KaHcAOT CMOPOHE NPAMOYLONGHUKA AEAHCUM, NO 00HOT BEPUIUHE
UEMBIPETY2ONOHUKQ).

JImaronajim Tpanenun neprueHInKyaapubl. JJokaxkure, 910 JIyTMHA
€€ BBICOTHI He OO0JIbIIEe JJIMHBI €€ CpeaHel JIMHNM.

Cymma yriioB ipu 6osibiieM ocHoBaHuu Tpamerun pasuaa 90°. Jlo-
KaykKnTe, 9TO JJINHA OTPEe3Ka, COeIMHSAIONIETO CepeNHBI OCHOBA-
HUil, paBHa II0JIyPA3HOCTHU JJIMH OCHOBAHUN.

JlokaxkuTte, 4TO JUAMETP OKPYXKHOCTH, BIIMCAHHON B paBHOOEI-
PEHHYIO Tpalleliio, PaBeH CPeJIHEMY IeOMETPUYECKOMY JIJIMH €€
OCHOBAHUM.

BuccexTpuchl yryioB 1pu 0JIHOM OCHOBaHUU TpAIEIUU IIE€peceKa-
I0TCS Ha JIPyroM e€ ocHOoBaHUH. JloKazkuTe, ITO BTOPOe OCHOBaHUE
paBHO cymMMe DOKOBBIX CTOPOH.
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28.

29.

30.

31.

32.

33.

34.

35.

36.

Jlokaxkute, 4T0 OUCCEKTPUCHI YIJIOB IIPU ODOKOBOII CTOPOHE Tparie-
[UN [IEPECEKAIOTCd Ha CpeIHell JIUHUN.

B okpyKHOCTH BHHUCAHBI JBeé PABHOOOYHBIE TPAIEIIUU TaK, YTO
KaxKJiad CTOPOHA OJHON Tpaleluu IapaJuieJbHa HEKOTOPOR CTO-
powne sipyroii. Jlokaxkure, 94TO JIMaroHa/d OJHOM TpaIlelni PaBHbI
JAuaroHaJaM JIpYTroil.

Jana mepasuobokast tpanenuss ABCD. Touka A; — 570 TOYKa
[epeceveHns OMMCAHHONW OKPY2KHOCTH TpeyroJibanka BC' D ¢ tpsi-
moit AC, ornuanas or C'. AHAIOTUYHO ONPEIe/IA0TC TOYKU By,
C1 n D;. Hokaxwure, uro A;B;C1 D1 — Toxke Tparmerusi.

B tpanemuun ABC'D nnaronasn nepecekaiorcsi B Touke (). Ha 6o-
KoBoit cropone C'D BbiOpana Touka M, a Ha ocHoBanusax BC u
AD — touku P u () tak, aro orpe3ku M P u M) mapasieib-
HBI Juaronajsm Tparmenuu. Jlokaxkure, aro npsimas P() mpoxoauT
qepe3 Touky O.

Pasmmanbie nmapasmenorpamymbl ABCD u AK LD paciioiozKeHbl
Tak, 9To cropoubl BC' n K L jexat Ha OJHON MpsSIMOii, a IpsaMble
AC u KD ne napajutenbubl. JIokaxKuTe, 9T0 TOUKA [I€PECEICHIS
npambix AK u DC, Touka nepecevderus npsmbix AB u DL u
Touka repecederus npambix AC u KD jexkat Ha 0JIHO# PSIMOIL.

[Iycts AB — ocuoBanue tparenuu ABC D. Jlokaxkure, 9T0 ecan
AC + BC = AD + BD, ro tpanenus ABCD — paBHOOOKas.

B ocrpoyronsrom tpeyrosibauke ABC nipoBejiersl BbicoThl BD n
CE. U3 Bepmiun B u C' na npamyio ED omyleHbl TepreHnKy-
ssipel BF u CG. Hokaxure, uro FF = DG.

Cy1iecTBYIOT Jin JiBe TpAIlelii, OCHOBAHUSI MIEPBOMl U3 KOTOPBIX
COOTBETCTBEHHO PAaBHBI OOKOBBIM CTOPOHAM BTOPOIi, & OCHOBAHUS
BTOPOil — OGOKOBBIM CTOPOHAM IT€PBOIt’

Yepes 1eHTp OKPYXKHOCTH, BIIMCAHHON B TPAIlCIUIO, MPOBEJICHA
IpsiMas, TapaJiiesbHas OCHOBaHUAM. /{oKaxKuTe, 9TO OTPE30K ITOi
HPAMOI, 3aKTI0YEHHBIN MK Ty OOKOBBIMU CTOPOHAMHM, PABEH YeT-
BEPTH IlepuMeTpa Tpalern.
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37. B rpanermu ABCD (AD — ocuoBanne) juaronans AC pasra
cyMMe OCHOBaHUM, a yroy MexKry guaroHajsgamu pasen 60°. oka-
JKHTE, 9TO TPAIEIs PABHOOEPEHHAS.

38. Jlamwl jiBe mapaJuiesibHble MpsiMbie ¢ 1 5. C IOMOIIBIO OJIHOM
JIMHEHKHU pa3esuTe MMOIo1aM JaHHbIi oTpe3oK AB, jexKammii Ha
0.

39. Jlana tpanermus ABCD c¢ ocunoBanussvmu AD n BC, B KoTOpOit
AB = BD. Ilycrb M — cepeauna cropoubl DC'. Jlokazkure, 9T0
/MBC = /ZBCA.

40. B Tpanemmuun ABCD AB = BC = CD, a CH — Bwicora. /loka-
JKUTe, 9TO MEPIeHIUKY/IsIp, onyinerubrii n3 H na AC, mpoxoaut
qepe3 cepeauny BD.
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1.5. OmnmcaHHBIN YeThIPEXYTOJbHUK

Onpenenenne 1.5.1. BoiyK/iblii MHOTOYTOJIbHUK HA3BIBACTCS ONU-
CAHHDIM OKOAO OKPYIHCHOCTU, €CTIA BCE €r0 CTOPOHBI KaCalOTCs ITOMH
OKPYZKHOCTHU. DTa OKPYZKHOCTb HA3BIBAETCS 8NUCAHHOT 8 MHO20Y2000-
HUK.

Teopema 1.5.1. MuozoyzosvHuk ABAAECMCA ONUCGHHOIM 0204 U
MOoAbKO M020a, K020a OUCCEKMPUCHL BCEX €20 BHYMPEHHUT Y2006 Ne-
pecexaromes 6 00noti mouxe.

YKazaHHasg TOYKa, €CJIM OHA CYIIEeCTBYeT, Oy/IeT IeHTPOM OKPYKHO-
CTH, BIMCAHHOI B MHOI'OyT'OJIbHUK.

[IpuBe1éM HECKOJIBKO KPUTEPHUEB TOTO, YTO YETHIPEXYTOJTLHUK ABJIS-
eTCsl OIICAHHBIM.

Teopema 1.5.2. Jlaa mozo, wmobv. e-
MBIPETY20NDHUK ObLA ONUCAHHBIM, HEOOTO-
duMo u docmamouro, 4mobv, CYymmol, €20
NPOMUBONONONHCHVLT CTNOPOH, OBLAU PAGHDL.

DToT KpuTepuii 0OBITHO BKIIIOYEH B Ha30-
BBIIl MIKOJBHBIN Kypc mianuMerpun. OT-
METHUM, 9TO HEeOOXOJIUMOCTb CPa3y CJIe.Ly-
eT U3 PaBEHCTBA OTPE3KOB KaCATeTbHBIX
K OKPY?KHOCTH U3 JaHHOI TOYKH.
Cremyromnuit Kputepuil y2Ke He Tak ITHPOKO M3BECTEH, HO TaK:Ke Ja-
CTO OKa3bIBAETCSI TIOJIE3EH.

Teopema 1.5.3. [Iycmwb npodoasicerus npomusonoNOHCHIT CMOPOH
wemuipéryeoavruka ABC'D nepecexaromesn 6 moukaxr E u F (cwm.
PUCYHOK).

s mozo, wmobvr uemupéxyzorvnurx ABCD 6vin B
ONUCAHHBIM, HE0OT0OUMO U JOCMAMOUHO, YIMOoObL

BYLINONHANOCH 0OHO U3 PABEHCME!

1. DE+ BF = DF + BE; A C
2. AE+ AF = CE + CF. E Ja
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Sagaan

1.

Yeroipéxyroabank ABC' D onmcad 0KOJIO OKPYKHOCTH € IEHTPOM

O. Hokaxure, aro ZAOB + ZCOD = 180°.

JlokaKnTe, 9YTO €CIU CyIIeCTBYET OKPYKHOCTh, KACaIOIascs BCeX
CTOPOH BBIMYKJIOrO YeThIpéxyroibauka ABC D, u OKpyKHOCTb,
KacalolladAcd MIPOJIOJI?KEHUIT BCEX ero CTOPOH, TO JIMaroHaJIu TaKo-
0 YeTBIPEXYTOJBHUKA MTEePIEHINKYIAPHBI.

OKpy?KHOCTH BBICEKAET HA CTOPOHAX YETBHIPEXYTOJbHUKA PABHDLIE
Xop/ibl. JloKaXkuTe, 9TO B 9TOT YETHIPEXYTOJHLHUK MOYKHO BITUCATH
OKPYZKHOCTbD.

OKpyKHOCTB ¢ HeHTpoM [ BImcaHa B 9eTbIpéxyrogbHuk ABCD.
Jlyau BA u C'D nepecekatorcs B Touke P, a jqyan AD u BC
nmepecekaioTcst B Touke (). VI3BecTHO, 9TO TOUKa P JI€XKUT Ha OIn-
CaHHO¥ OKPY2KHOCTH w TpeyroyabauKa AIC. Jlokaxkure, 9T0 TOUKA
() TOXKe JIeXKUT Ha OKPYKHOCTH W.

K 1ByM OKpYyKHOCTSM DPa3/IMIHOTO DPaJIyca MPOBEIEHBI OOIIIe
BHerHue Kacareabibie AB u C'D. JlokaxKuTte, 9T0 9eThIPEXYTO/Th-
uuk ABCD — onmcaHHbBI TOTa U TOJIHKO TOT/IA, KOTJA OKPY K-
HOCTU KacaroTCH.

Jlan onucaHHbIN 4eTBIPEXYTOIbHUK. TOUKN KacaHusl €ro BIUCAH-
HOI OKPY?KHOCTH CO CTOPOHAMU I10CJIeJ0BATE/ILHO COEJIMHEHBI OT-
peskamu. B nosryauBIiimecs TpeyroibHUKKA BIIUCAHBI OKPY2KHOCTH.
JlokaxkuTe, 4TO JUATOHAIN YETHIPEXYTOJbHUKA C BEPIIUHAME B
MEHTPax 9TUX OKPYKHOCTEN B3aUMHO TEePIEHINKYJISPHBI.

JlnaroHaan BBITYKJIOIO YeTBIPEXYTOJBHUKA JIEJIAT €ro Ha YeThIpe
o/IOOHBIX TpeyroJibHuKa. /lokaykuTe, 9T0 B HErO MOYKHO BIIUCATH
OKPYZKHOCTb.

Yerwipéxyroabank ABC' D onmcad 0KOJIO OKPY>KHOCTH € IEHTPOM
I. Touku M u N — cepemunbl cropon AB u C'D. U3BecTHO, 9TO
IM : AB = IN : CD. Hokaxure, uro ABCD — tpanerus uin

ITapaJijieJorpamMmM.

Yeroipéxyroabunk ABC D TakoB, 4TO B HEIO MOXKHO BIIMCATh U



37

OrnncaHHbBINl YeTHIPEXYTOJTHBHUK

10.

11.

12.

13.

14.

OKOJIO HEro MOXKHO OIUCATh OKpYKHOCTH. PasHoctb cropon AD
u BC' pasua pasnoctu cropoun AB u C'D. [lokaxkure, 910 guaro-
Hatb AC — nmameTrp ONMCAHHON OKPYKHOCTH.

YerbIpe OKPYKHOCTH C PAIAyCaMU 7'y, T9, I's U T4 PACIOJJIOXKEHDI
TaK, 9TO UX IEeHTPHI ABJISIOTC BepimHaMu Ay, Ay, Az, A4 npsimo-
yroiabauka A As A3 Ay coorsercrBenno. OKazajioch, 9To 11 + r3 =
=r9+1ry < d, rae d — auaroHaJib npsMoyrojabHuka. [IpoBoasrcs
JIBe Mapbl BHEITHUX KacaTeJbHBIX K OKPY:KHOCTSIM C HOMEpaMu
1, 3 u 2, 4. /lokaxkure, 9TO B 4ETHIPEXYTOJIHLHUK, 00Pa30BaHHbII
STUME YeTBhIPbMsI IIPSIMBIMI, MOYKHO BIIHUCATH OKPY?KHOCTD.

JlokaxkuTe, 9TO MPOEKIUN TOYKH IepecedeHns JuaroHaJjeil BIim-
CaHHOI'O YeTBHIPEXYTOJbHIUKA HA €10 CTOPOHBI SBJISIIOTCSI BEPITUHA-
MU OIIMCAHHOT'O YETHIPEXYTOJbHUKA, €CIU TOJBKO OHU HE TI0I1a,1a-
IOT Ha MPOJOJIZKEHUS CTOPOH.

Ha croponax AB, BC' u C'A tpeyrosbauka ABC B34TbI COOT-
BercrBenHo Toukn C4, Ay m By Tak, aro upsmbie AA;, BB u
C'C nepecekarorcs B Touke M. PacecMoTpuM 9eThIPEXYTOJIBHUKI
MA,CBy, MB{ACy u MC{BA;. Jokaxkure, 4TO €CJIH JBa W3
9THUX YEeTBIPEXYTOJBHUKOB SIBJIAIOTCS OINMCAHHBIME, TO U TPETUI
TaK¥Ke sIBJISIETCS OIMMCAHHBIM.

BuyTpu Beimtykiioro dersipéxyronbanka A BC' D pacio/iozKenbl ge-
TBIPe OKPYKHOCTH, KaryKJas U3 KOTOPBIX KACAETCH JIBYX COCETHIX
CTOPOH YeTHIPEXYTOJBHUKA U JIBYX JIDYTUX OKPYKHOCTEl (BHEIII-
HUM 0Opa3oM). V3BeCTHO, 9TO B 9eTHIPEXYTOJILHUK MOXKHO BIIU-
caTb OKPY2KHOCTB. /loKaxkuTe, 4TO 110 KpaiiHneit mepe jBe U3 JlaH-
HBIX OKPYZKHOCTEIl PaBHBI.

PaccmaTpuBaeTcst BBITYKIIbII BOCBMUYTOIBHUK. C IIOMOIIIBIO JTHa-
FOHaJIM OT HEro MOXKHO OTPe3aThb YeThIPEXYT'OJbHUK, IPUYEM 3TO
MOZKHO CJIEJIATh BOCEMbIO criocobamu. MoxKeT i CoIyduThes, 9YTO
cpean 3TUX BOCbMU qupréXyFOJIBHI/IKOB nMeeTcd:

i.  dgeTbIpe;

ii. maTH TAKUX, B KOTOPBIE MOYKHO BIIMCATH OKPYZKHOCTD?!
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15.

16.

17.

18.

Yerwipéxyronpank ABC D ¢ nomapHO HenapaJsiieIbHBIMI CTOPO-
HaMH OITMCAH OKOJIO OKPYXKHOCTH C meHTpom [. Jlokaxkurte, 9TO
TouKa [ COBIAJ/AET C TOUYKOI IepecevyeHus CpeTHUX JIMHUN YeThl-
péxyrompauka ABC'D torma m ToabKo Torda, Korja [A - IC =
=IB-ID.

Ha «kaxkmoit cTopoHe YeTBhIPEXYTOJIbHUKA A B
ABCD B3gTO 110 JB€ TOYKHU, ¥ OHU COEIU-
HEHBI TaK, KaK IIOKa3aHo Ha pucyHKe. Jloka-
JKHATE, 9TO €CJIN BCE MATH 3allTPUXOBAHHBIX

4eThIPEXYTOJbHUKOB — OIIMCAaHHbIe, TO U B D C
9eThIPEXYToNbHUK ABC' D MOXHO BIHCATH OKPYZKHOCTD.

Hazosém sasuncom reomerpudeckoe mMecto Todek M IIockocTH,
CyMMa PacCTOSTHUI OT KOTOPBIX JIO JBYX JAHHBIX TO4YeK Fy m Fj
nocrosiuaa, To ectb M Fy + M Fy, = 2a, rie a — KoHCTaHTa, s
KOTOPOIi crpaBei/inBo HepaBeHCTBO 2a > F1Fy. Ilyets Toukn A u
C' nexar Ha sjmmrce, orpe3ku AFy u C'F] nepecekaioTcs B TOUKe
B, a ipambie AFy; u C'F, — B Touke D. Jlokaxkure, 970 4eTHIPEX-
yroiapuuk ABC'D — onucanubiii.

Jlan BeITyKJIbIH deThIpExyrobHUK ABC D, a TakyKe OUCCEeKTPHUCHI
ly, L, lc m {p BHEITHUX YTJIOB 9TOTO YeTHIPEXYrobHUKA. [Ipsi-
Mmble {4 u {p mepecekarorcs B Touke K, mpsmbie {g u fc — B
touke L, mpsimbre {c u {p — B Touke M, a mpsimbie {p u {4 — B
touke N. JloKakuTe, 9TO €CJIM OKPYKHOCTH, OMICAHHBIE OKOJIO
tpeyrosibHUKOB ABK n C' DM, KacaioTcst BHEITHIM 00pa30M, TO
U OKPY2KHOCTH, OIUCAHHBIE OKOJIO TpeyrobHuKoB BC'L u DAN,
KacaloTCs BHEITHUM 00Pa30M.
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1.6. BuHeBnucanHas OKpPY>KHOCTb

N3 mkoabHOrO KypcCa IIJIaHUMETPUU U3BECTHA CJICIYIOIasd

Teopema 1.6.1. V npoussosvnozo mpeyzosvnura ABC cywecmey-
em OKPYACHOCTND, KACUIOWAACA BCET €20 CMOPOH, (GNUCAHHAA OKPYIIC-
HOCTD ).

OxkasbiBaeTcs, y JH0O0T0 TPEYTrOJbHUKA €CTh TPU OKPYKHOCTH, 00-
JIQJTAIONINE CJIEIYIONINM CBOMCTBOM: KarKiasl U3 HUX KacaeTcsl OJTHOM
U3 CTOPOH TPEYTOJLHUKA BO BHYTPEHHEN TOUKE U ITPOJIOJIKEHNH JIBYX
JIPYTHUX €ro cTOpoH. KaxK1yro n3 3TuX OKPYyKHOCTEN HA3BIBAIOT 6HE6-
NUCAHHOUT OKPYHCHOCTIDIO MPEY20ADHUKG.

Teopema 1.6.2. IIycmwv dan mpeyeorvnur ABC. Tozda cywecmey-
em oKpyscHocmy, Kacarowaaca cmoporv, BC' u npodosscenuti cmo-
pon AB u AC 3a mouku B u C coomsememesento (0xpyscrocmo,
snesnucannas 6 yeor A mpeyzosvrnura ABC).

Zloxazamenvemeo. Tlposeném duccekTpuchl BHemHux yrios B u C
JIaHHOTO TpeyrosibauKa. [lycTh oHu mepecekatorcst B Touke 4. Dta
ToYKa paBHOyHAaseHa oT npambix AB u BC' u ot npsambix AC' u BC.
[Tosromy cymiecTByeT OKPY?KHOCTD C IEHTPOM B [ 4, KACAIONIASICA CTO-
poubl BC' u npopokenuit cropon AB u AC. U

Bamerum, 9To TOUKa 4 00sA3aHa JIeXKATh HA OMCCEKTPUCE BHYTPEH-
Hero yria A tpeyrosbauka ABC, Tak Kak OHa paBHOY/JIAJEHA OT
upsambix AB u AC.

AHAJIOINUYHO MOJIy9aloTCsl €I JiBe BHEBIMCAHHBIE OKPY’KHOCTH (B
yruibl B u C' TpeyrosibHuKa).

OTrmeTnM TakzKe MoJIe3HY0 (DOPMYIIY ILIONA/IM TPEYTOJbHIKA Tepes
MOJIyTIEPUMETP, CTOPOHY W PaJInyC BHEBIMCAHHON OKPYXKHOCTH, Ka-
caroreiics 3Toit croponbl. [lycth 4 — MeHTP BHEBNUCAHHON OKPY K-
noctu AABC, kacatoreiics cropoust BC, a r4 — eé pajguyc. Torma
U3 OYE€BUJIHOTO COOTHOIIEHUS

Saapc = Saapr, + Saacr, — Sapci,

HECJIOZKHO MOJIYUIUTh, YTO Saapc = (p — a) - Ta.
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Sagaan

1. Jlan paBuHoOenpennsiit Tpeyronbauk ABC ¢ ocaoBanuem AC. Jlo-
KaknuTe, 970 KoHell [) orpe3ka B, BBIXOISIIEro U3 BEPIITHHBI
B, napaJiieilbHOI0 OCHOBAHHUIO M PABHOI'O OOKOBOI CTOpOHE Tpe-
YIOJIbHUKA, SIBJIZETCS IEHTPOM BHEBIIMCAHHOW OKPYYKHOCTH TPe-
yTOJIbHUKA.

2. Jlokaxkute, 9TO MpsMasi, MPOXOISIas depe3 IeHTPbl BHEBIIMCAH-
HBIX OKpyzKHOCTel Tpeyroibanka ABC, Kacaomuxcst ctopon AB
n AC, nepueHuKyJisipHa MPSMOil, TPOXO/IAINEil Yepe3 eHTD BIIU-
CaHHON OKPYKHOCTH U Bepiuay A.

3. Ilyctb 14, Ip u I¢ — HEHTPHI BHEBIUCAHHBIX OKPYKHOCTEN Tpe-
yronbanka ABC', kacarormuxcs cropon BC, AC' u AB coorBer-
creerno. Jlokaxkure, aro Toukn A, B u C' — OCHOBAHHUS BBICOT
Tpeyroabauka [4Igle.

4. Jan mapasutesorpamm ABCD. BueBnucanHnast OKpy?KHOCTh Tpe-
yrosbauka ABD Kacaercs rnpojoszkeruit cropod AD u AB B T04-
kax M u N. lokaxkure, 9YTO TOYKHU Tepecevdenus: orpe3ka M N
¢ BC u CD nexar Ha BIUCAHHON OKPYKHOCTU TPEYTOJILHUKA

BCD.
5. Jlokaxwure, aro cropona BC tpeyrosbauka ABC BujgHa u3 1eH-

1
Tpa [ BIUCAHHON OKPYKHOCTHU 1101 yriioM 90° + §ZA, a U3 IEeHTpa

I, BHeBHNHMCAHHOW OKPY:KHOCTH, Kacaromieiics cropoubl BC, 1o
1
yriom 90° — 54/1.

6. Yron npu Bepmune A Tpeyroibuuka ABC papen 120°. Okpyx-
HOCTB Kacaercs croporbl BC u npogosnkenuii cropon AB u AC.
Jlokaxkute, 9TO paccTossHUE OT BepiuHbl A /10 1eHTpa OKPYKHO-
cTH paBHO TepumeTpy Tpeyroibauka ABC.

7. IlycTh BHeBHHCaHHBIE OKDPYKHOCTH TPEYTOJIBHUKA, KaCAIOIHECs
cropon AC' n BC', xacatorcst npsamoit AB B Toukax P u () coor-
BercTBenHo. JlokaxkuTe, 9TO cepenuna cTOpoHbl AB coBmajaer ¢
cepeinHOil oTpeska PQ).
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10.

11.

12.

13.

14.

Brmcannas okpykHOCTb Tpeyroibauka ABC kKacaeTcsi CTOpOHBI
BC B Ttouke K, a BHeBnucannas — B Touke L. Jlokaxkurte, 1TO
CK =BL = (a+b—c)/2, e a, b u ¢ — JJMHBI CTOPOH COOTBET-
crBerno BC', CA u AB tpeyronbanka ABC.

i.  Jlokaxknre, 9TO I IPAMOYTOJBHOIO TPEYTOJIbHIKA C KaTe-
TaM# @, b ¥ TUIIOTEHY30i ¢ PaJINYC BIUCAHHOW OKPYZKHOCTH
r pasen (a+b—c)/2.

ii. Boruncimre paauyc BHEBIUCAHHON OKPY>KHOCTHU, Kacaroleii-
¢ THIIOTEHY3bI IIPSIMOYIOJILHONO TPEYrOJIbHUKA C KaTeTaMu
anb.

Jan nupsmoyrosbibiiit AAKC' ¢ upssmbiM yriiom A. BaeBnucanubie
OKpyzKHOCTH, Kacaormuecst kKareroB AC' 1 AK B toukax E u F,
oTcekaloT Ha HuX orpe3kn AFE = 15, AF = 3. Haitaure miomain
rpeyrosbauka ABC.

Brepnucannasi OKpy»KHOCTb, COOTBETCTBYIONIAs BepIInHe A 1mpsi-
mMoyrosibHOrO Tpeyroibhuka ABC (/B = 90°), kacaerca mpo-
noszkennii cropod AB u AC' B Toukax A; u Ay cOOTBETCTBEHHO.
Amnasiormano onpegeaum rouku C u Cy. Jokazkure, 9T0 HEpIIeH-
NUKyIApbl, onyienubie n3 Touek A, B u C' na npambie C7CYh,
A1C7 m A1 Ay COOTBETCTBEHHO, IEPECEKAIOTCsl B OJIHON TOUKE.

Ha oxnoii cropone yriia ¢ Beprmmaoit O B3sTa Touka A, a Ha apy-
roit — rouku B n C, npuwaém touka B jexur mexay O u C.
[Iposesena okpyxHuocTh ¢ neaTpoMm (7, Brucannas B AOAB, u
BHepnucanHasg okpyxkHocTh AAOC ¢ nearpom (s, Kacaromasics
cropoubl AC. okazxkure, uro eciim O1A = OyA, to AABC —
paBHOOEIPEHHBIIA.

JlokaxkuTte, 9TO OTPE30K, COEIMHSIONINI IIEHTPhI BITMCAHHON 1 BHEB-
MMMCAHHOM OKPYKHOCTEN TPEYTOJIbHUKA, JIEJTUTCS ONMUCAHHONU OKPY K-
HOCTDLIO TTOTIOJIAM.

(Jlemma o mpesybue usu aemma Mancuona) Touka nepecedennst
L 6uccexrpucse! yria A tpeyronsuuka ABC' ¢ onncaHHON OKPY K-
HOCTBIO 3TOI'O TPEyroJIbHUKa paBHOYAasleHa or BepmuH B, C' u
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15.

16.

17.

18.

19.

20.

neHTpoB I u [, BIMCAHHON M BHEBIMCAHHON OKPYKHOCTU 3TO-
IO TPEyroJIbHUKA COOTBETCTBEHHO (BHEBIMCAHHASI OKPYKHOCTH C
neaTpoM [, kacaercs croporsl BC).

Brmcannasi okpyzkuocth Tpeyroibanka ABC kKacaercss CTOPOH
C'Au AB B roukax By u C}, a BHeBIIMCaHHAasl OKPY?KHOCTh KacaeT-
¢ TIPOJIOJIZKEHUsT 9TUX CTOPOH B TOUKax By m Cy COOTBETCTBEHHO.
Jlokazkure, 910 cepenmHa cTOpoHbl BC paBHOyIaIEHA OT IPSIMBIX

Blcl 41 BQCQ.

[Iycts By u C; — TOYKN KacaHWs BIUCAHHON OKPY?KHOCTH CO CTO-
ponamu AC' u AB coorBercTBeHHO, a By 1 Uy — TOYKM KacaHUsI
BHEBITMCAHHOI OKPYKHOCTH TPEyTOJIbHUKA, BIIMCAHHOI B yroy A,
¢ mpogonkerusymu ctopod AC u AB coorBercTBenHO. JloKaxKuTe,
aro oproneHTp H tpeyrosbauka ABC' nexur wa ByC) Torjga n
TOJIbKO TOrjIa, Koraa npsimble BoCl u AB nepleHuKyIsapHbI.

C TIOMOIIBIO TTUPKYJIS U JIMHEHKN TTPOBE/IUTE epe3 BEPIITUHY Tpe-
YTOJBHUKA IPAMYIO, ACJIANYIO IIEPUMETDP TPEYTOJIbHUKA ITOIOJIaM.

IIycts 4 m Ip — TeHTPHI BHEBIUCAHHBIX OKPYKHOCTEH, Kacaro-
muxcst cropon BC u C'A tpeyrosbanka ABC' coOTBETCTBEHHO, a
P — Touka Ha onmcaHHON OKPYyKHOCTH {) 3TOr0 TpeyroJibHUKA.
JlokakuTe, 9TO cepeJiiHa OTPe3Ka, COeTUHSIONIEr0 MEHTPHI OITH-
caHHBIX OKpYyzkHOCTEN TpeyroabuukoB [4C'P u IgC' P, coBuajaer
¢ TIEHTPOM OKPY2KHOCTH §2.

B tpeyronbuuke ABC touku I u [4 — 1EeHTPBI BHUCAHHO U BHEB-
[UCAHHON OKpYy:KHOCTel, A’ — TOYKa OINMCAHHOW OKPYKHOCTH,
JnraMeTpasbHO mpotuBonooxkHas A, AA; — Bbeicora. lokaxu-

te, uro LIA' Ty = ZTA14.

O/Ha U3 BHEBIHMCAHHBIX OKpYyzKHOCTeH Tpeyroibanka ABC kaca-
ercs cropoubl AB u npoposikenuit cropoa C'A u C'B B Toukax (',
By u A coorBercTBeHHO. pyrasi BHeBIICAHHAST OKPY?KHOCTH Ka-
caercs croporbl AC' u npogomkerunii cropon BA u BC' B Toukax
Bsy, Cy u Ay coorBercrenno. [Ipsambie A1 By u Ay By niepecekaior-
ca B Touke P, mpambie A;C; n AyCy — B Touke (). okaxKkure,
qro Toukr A, P u () jiexKar Ha OJTHOMN IIPSIMOIA.
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21.

22.

Croponbt BC u AC tpeyronbauka ABC' KacaroTcsi COOTBETCTBY-
IOIUX BHEBIIUCAHHBIX OKpY2KHOCTEH B Toukax A; u By. [lycts Ay
u By — opronentpsr Tpeyrosbaukos CAA; u C'BB;. [lokaxure,
aTo npsamas Ay Bs nepneniukysispaa ouccekrpuce yria C.

(*) Hycts A’, B’ u €' — TouKkn KacaHusi BHEBIIMCAHHBIX OKPYKHO-
creit ¢ coorBercTBytonmu croponamu AABC'. OnrcanHble OKPY K-
noctu AA'B'C, AAB'C' u AA' BC' nepecekator BTOpOii pas3 omu-
cannyto okpyku0ocTh AABC' B Toukax C, A; u B cooTBeTcTBeH-
no. Jlokazxkure, uro AA; B;C] mogoben TpeyrojbHIKY, 00pa3soBaH-
HOMY TOYKaMHU KacaHus Brucanuour okpyxkuoctu AABC ¢ ero
CTOPOHAMH.
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1.7. MeTrpuydeckue COOTHOIIEHUS B TPEYTOJIbHUKE

DTOT pazesl MOCBAINEH 3a/1a9aM Ha BBIYUCICHIE PACCTOAHUMN, YIJIOB
U TIPOYNM TeOMeTPUIECKNM (paKTaM, CBI3aHHBIM C YUCIEHHBIMU CO-
OTHOIIEHUAMH MEZKJIy CTOPOHAMH U yIJIaMU TPEYTOJIbHUKOB.

HamomuuM 0cHOBHBIE TEOPEMBI O METPUYIECKUX COOTHOIIEHUIX B Tpe-
yrojibuke. K HUM TPaJUIIMOHHO OTHOCATCHA BKJIIOYEHHBIE B JIIOOOi
KypC IJIAHUMETPHUH TeOPEMBI CHHYCOB U KOCHHYCOB, & TaKKe Teope-
Mma Iludaropa. s cupaBKu IpuBeIéM eIé TeopeMbl TAHT'€HCOB U
KOTAHI€HCOB, & TaKXKe TEOPEMY IIPOEKITUil, JT0Ka3aTe/IbCTBO KOTOPBIX
OCTaBJISIETCST TUTATEJTIO.

Paccmorpum tpeyrosibauk ABC', B KOTOpOM mpuMeM 0OO3HAYEHHST
AB =¢, BC =a,CA=0b, LA =q«, /B = (8, ZC = ~. Pagnyco
BIIMCAHHON W ONUCAHHOW OKPYKHOCTE 3TOTO TPEyrobHUKa 0003Ha~
4uM 4depe3 r U [ cOOTBETCTBEHHO.

Teopema 1.7.1 (Teopema cunycoB). B npousdeoivHom mpeyzosvhu-
ke ABC' omnowenue OAuHb, CMOpoHsl K CUHYCY NPOTUBONEHCAULE20
2MOoU CMOPOHE Y20 ECTND BEAUNUHA He 3ABUCAULAA 0T 8blOOPa CMO-
POHDL, PABHAA QUAMEMPY ONUCAHHOT OKPYHCHOCTU IMO20 MPEY20Nb-

HUKG:

a b c _on

sinaw  sinf  sinvy
Teopema 1.7.2 (Teopema KocunycoB). B npouseosvhom mpeyzon-
nuxe ABC' cnpasedauso coommowenue:

& = a’ +b* — 2abcos .

Teopema 1.7.3 (Teopema [Tucparopa). B npamoyzoavrom mpeyzons-
nuxe ABC ¢ npamvim yesom C ecnpasediuso coommouweHue:

& =a’ + b2
Teopema 1.7.4 (Teopema tanreHcoB). B npous6oivhom mpeyzon-

nuxe ABC' cnpasedauso coommowenue:

a—i-bitga—w'
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Teopema 1.7.5 (Teopema KoTanrencoB). B npousosvhom mpeyzons-
nuke ABC' omnowenue paznocmu nosynepumempa u CmopoHsl K Ko-
MAH2EHCY NONOBUHDBL NPOMUBONEAHCAULL20 IMOT, CNOPOHE YAl ECTND
BEAUMUNA HE 3ABUCAULAA O 6blOOPA CMOPOHDL, PAGHAA PAOUYCY GNU-
CAHHOT OKPYHCHOCTNU IMO20 MPEY20AbHUKG:

p—a _ p—b p-—c
ctg§ ctgs  ctgd

Teopema 1.7.6 (Teopema npoeximit). B npouseosvrom mpeyeonn-
nuxe ABC' cnpasedauso coomnowenue: ¢ = a cos 3 + b cos a.

V1106CTBO MOCJIEHENO COOTHOIIEHUS COCTOUT B HE3ABUCUMOCTHU (POPMBI 3a-
IIICH OT TOr'O, €CThb JIU CPeJU YIJIOB TPEYTOJbHUKS HPAMbIE WJIA TyIIbIE.

Teopema 1.7.7 (Toxgecrso mapasutesorpamma). B npoussosvrom
napaanesozpamme ABCD cymma x6adpamos cmoporn pasha Cymme
K6adpamos duaz2onafeli:

AB? + BC? + CD? + DA? = AC? + BD?.

Teopema 1.7.8 (®opmyna Guccekrpuchl). Jlauna l, Guccexmpuco
AA, mpeyzorvhura ABC mooicem bvoimsb evivuciena no gopmyae:

lo=+/AB-AC — A,B - A,C.

Teopema 1.7.9 (®opmyna Guccekrpuchl). Jlauna l, buccexmpuco
AA, mpeyzorvhura ABC mootcem bvims evivuciena no gopmyae:

2bc «Q
cos —.
b+c 2

a =

Teopema 1.7.10 (Popmyna memnanst). Jlauna m, meduanve AAy
mpeyeosvhura ABC moorcem 6vimo éviuucaena no gopmyae:

\/262—1—202 — a2
My = —
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Xots mepBasi popMmysia OUCCEKTPUCH U (DOPMYyJIa MEIUAHbl MOI'YT ObITh
JIOKA3aHbl OTJAEIBHO U HE3aBUCHMO JPYT OT Jipyra (K Ipumepy, hopmy-
Jla MeJIMaHbl cpa3y CJeJdyeT U3 TOXKJIeCTBa lapa/llesiorPaMMa, eC/IM BOC-
[OJIb30BATHCSI [ITMPOKO M3BECTHBIM MPUEMOM <YIBOEHUsI MeIMaHbI» ), 00e
SIBJIATOTCH CJIEJICTBUAME DoJsiee obieit Teopembl CTioapTa, JI0Ka3aTeILCTBO
KOTOPOI MBI Ja/IUM B KadecTBe IIPUMepa PelieHus 3a/Iadu.

Bamaga 1.7.1. [okaxkure, 4TO ecju TOUKa [) JIEXKUT Ha CTOPOHE
BC tpeyronbauka ABC', T0o

DC BD

AD? = AB*- — + AC*- —— — DC - BD.

BC Y " BC
Jloxazamensvcmeo. 3anuiineM TeOPEMbl KOCHHYCOB [T TPEYTOJIbHU-
koB ABD u AC'D, npuuém niepBoe paBeHcTBO JoMHOKUM Ha CD, a
BTOpOE — Ha BD:

AB?.CD = BD?-CD+ AD?>-CD —2BD -CD - AD - cos ZBDA,
AC? . BD = AD? - BD +CD?-BD +2AD -CD - BD - cos ZADB.

CrokuB 5T paBeHCTBa, yauThiBas coorHormeane BD + CD = BC),
a Takxke 1ojeaus Ha BC, noaydaem TpedyeMoe paBeHCTBO. U
ObpartmaeM BHUMaHNe dATaTe/Is Ha CIeyioniee 00CTOSITe/IbLCTBO: eCc-

DC  BD
JIN OTHOIEHUsT —— W —— u upoussenenne DC' - BD B npaBoii da-

BC ~ BC

ctu paBeHCTBa B Teopeme CTioapTa CIUTATH OTHONIEHUSIMU U IIPO-
U3BEJIEHNEM OPUEHTUPOBAHHBIX OTPE3KOB (T. €., K IIPUMEPY, CUUTATh
epByIo JIpodb orpuriarenbHoit, eciau C'D nu BC' HarpaB/ieHbl B IPO-
THUBOIIOJIO?KHbBIE CTOPOHBI, 1 IIOJIOZKUTEJIBHON B IIPOTUBHOM CJIy4dae, a

) _|CD)
1o abCOJTIOTHOM BeJIMYnHEe B 000UX CJIydasx PaBHOI ?—), TO TIO-
JyderHasi (hopMysia IPUMEHUMA U JIJIs BBIYUCIEHUS JIJINHBI OTPE3Ka,
COEJINHSIONIETO Bepimuuy A ¢ Toukoit D Ha MPOJOIKEHIH CTOPOHBI

BC.

B zaksmoguenne orMeTum CHGHI/ICbI/IKy 3a/1a4 9TOIr'0 pasjejia. B ux 4gnc-
JIe duTaTeJIb HaﬁﬂéT MHOI'O KOHKYPCHBIX 3a/a4 CO BCTYIIUTEJ/IbHbIX
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OJIUMIINA]T U UCIBITAHUI B By3bl. JacTo 9TU 33 [a4i TAKOBBI, YTO I10-
cJie OTHOCUTEJIbHO HEDOJIBINOIO IMpuMeHeHusT (PaKTOB UUCTO T'eOMET-
PHAYECKOr0O XapaKTepa, He CBA3aHHBIX C BBIYUCIECHUAMM, HO YIIPOIIAIO-
MUX JaJbHENIe PACYEThI, YUTATEIIO OCTAHETCI AKKYPATHO UCIIOJIb-
30BaTh METPUYIECKNE TEOPEMbI U BBIUUC/IUTH TpeOyeMble BEJMIHHBI.
Takue 3amaun cymecTBeHHO 00Jiee TEXHUYHBI, 9eM B OOJIBITUHCTBE
pas3aesioB 3TOM KHUTH, HO U BJIQJICHUE XOPOIIEH TEXHUKON — JocTa-
TOYHO TOJIC3HBbIA HABDLIK.

Sagaun

1. B tpeyrompauke ABC co croponamu AB =c¢, B =auCA=10
Memana BBy neprienukyasipaa meguane C'CY. Jlokaxkure, 910
b+ = 5a’.

2. Haiture HamMeHbITINI PaINYC OKPYKHOCTH, KOTOPOI MOYKHO TT0JI-
HOCTBIO IOKPBITH TPEYTOJIBHUK CO CTOPOHaMH o, 6, 8.

3. JokaxkuTe, 9TO OKPY?KHOCTH OTCEKAET Ha IPAMO, ITepeceKaroIeit
ee JIMaMeTp II0J yIJIoM 45°, OTpe3Kn, CyMMa KBaJIpaToOB KOTOPBHIX
HE 3aBUCUT OT IIOJIO’KEHUs TOYKM IIepeceueHnsd Ha JuaMeTpe.

4. (M®TH) Ha runorenyse AB npsivmoyronbHoro AABC' BeiGpanb!
roukn K, L tak, uro AK = KL = LB. Haiijure yribl Tpeyrojb-
nuka ABC, eco ussectno, uro CK = v/2CL.

5. JlokaxkuTe, 9TO TOYKU IE€pecedeHnsi OMCCEKTPUC YTJIOB IapaJ-
JIeJIOrpaMMa, OTJIUYHONO OT pomba, ABJISIOTCA BePIIMHAMU IIPsi-
Moyro/ibHuKA. Haiture mioma/ b 3Toro mpsMOyroibHUKA, €CJIU
AB =a, BC =b, ZBAD = «.

6. Haiigure mmomans Tpeyrosbauka ABC, eciin u3BecTHa ILIOMIAIb
S, TpeyrojbHUKa, cocTaBieHHoro u3 meanad AABC.

Hovemy u3 meduarn mpeyzoivHuka 6000ULE MOHCHO COCTMABUIND
dpyeoti mpeyzorvoHULK?

7. B mpeyromsuuke ABC', miomaip Koroporo pasHa S, Touka M —
cepenuna croporbl BC, Touka N Ha IPOIOJIKEHUN CTOPOHBI AB
3a T0UKy A 1 Touka K Ha npojgosnkernn croporbl AC 3a Touky C



MeTpudeckue COOTHOIIEHUS B TPEYTOJILHUKE 48

10.

11.

12.

13.

14.

15.

1 1
BBIOpaHbI Tak, 410 AN = §AB ,CK = §AC . Haitnure mromannb
Tpeyroabauka M N K.

[Iycrs npaBuibHbIn Tpeyroibauk ABC Bimcan B OKPY:KHOCTD, &
touka M JieKuT Ha 3TOH OKpyKHOCTH. JoKaxKuTe, 9TO OJIUH U3
Tpéx orpeskoB M A, M B, MC' paBen cymme JIByX JIpPYTHX.

Yepes cepeauny M cropoust BC' tpeyroisuuka ABC nposean
npsIMYy10, KoTopas epecekaer npsimbie AB u AC' B Toukax P u )
coorBeTcTBeHHO. Jlokaxkure, uro eciu AP = AQ, o BP = CQ.

BricoTa, omyiienHas Ha TUIOTEHY3y MPAMOYTOJBHOTO TPEYTOJIb-
HUKa, Pa3Jle/Inaa ero Ha JiBa MOJ00HBIX TPEYTOJIbHUKA C PaJy-
caM# BIIMCAHHON OKPYKHOCTU 77 W T5. BBIUUCIUTE JJIMHY STOI
BBICOTHI.

B octpoyrosbaom Tpeyronbanke ABC mposenena Beicota AA; n
Ha Hell, KaK Ha JmaMeTpe, TMOCTPOeHa OKPYKHOCTh w. [lycth X
u Y — Touku nepecedenust w co croponamu AB u AC. Beipasu-
Te JauHy oTpeska XY depe3 momaab S Tpeyroabanka ABC u
pajimyc ero OomMcaHHol OKpYyKHOCTU K.

(M®TH) Hauna rpanenus ABC'D ¢ ocnoBanusivu BC' u AD, B
koropoit BC' < AD u ZABC = 90°. Touka M — cepeauna AB.
13BecTHO, YTO OKPYKHOCTH pajuyca 4 mpoxoaut depe3 Toukn C'
2V/2

3
Haitmure pmuast orpeskos C'D, AB, a TakzKe ILIOMIA/Ib TPAIEIUH.

u D u xacaercst cropoubl AB B Touke M, a cos ZMDC =

8
(M®TH) B tpeyronsauke ABC yroa A pasen m — arcsin T 2

mummaa ctoponbl BC' pasua 8. Ha npogomkenun C'B 3a Touky B
B3dTa Touka [ Tak, uro BD = 1. Haiijmure pajuyc OKpyzKHOCTH,
IPOXOJISIIel Yepe3 BepmmuHy A, Kacaformeiics npsimoit BC' B Touke
D u OKpyzKHOCTH, ONMUCAHHON OKOJ10 Tpeyroyibauka ABC'.

(M@TH) Memmana AM u 6uccekrpuca C'D npsiMOyTroJIbHOTO Tpe-
yrompuuka ABC' (4B = 90°) nepecekaiorcs B Touke O. Haiinure
mwroma s Tpeyroabanka ABC, eciu CO =9, OD = 5.

(MOTH) B rpeyrosbauke ABC cropoust AB u BC' paBHbl, jijiu-
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16.

17.

18.

19.

161
na cropoubl AC' pasaa 30, yronm ABC' paBeH arccos <—@)

Haiinnre pajanyc oKpyKHOCTH, BIUCAHHOW B TpeyroiabHuk ABC),
U PACcCTOsTHUE OT TOYKH ITePeCeYeHrs] MeINAH JIO TOUYKH Iepeceye-
Hus BbicOT Tpeyrosbiuka ABC.

(M®TH) Yepes cepemuny runoreny3sl AC IpsSMOyTOIBHOTO TPe-
yronbanka A BC mpoBejieHa mpsiMasi, riepecekaroriasi karet BC' B
touke D, a npopokerne Karera AB 3a Touky A — B Touke F.
Haiiure mwmomans Tpeyronbanka ABC, ecmu CD =1, AE = 2,

/CAB = arccos g

(MOTHU) B yrast A u B tpeyronbauka ABC BIOECAHBI COOTBET-
CTBEHHO OKPY?KHOCTH PaBHOI0 pajiyca ¢ rearpamu O u Oy, To4-
ka ) — IEeHTp OKPYKHOCTH, BIUCAHHON B Tpeyroabaunk ABC.
JlaHHbBIE OKPY’KHOCTH KacaroTcs cTopoHbl AB B Toukax K, K,
K cooreercrBenso, npu 3toM AK; =4, BK; =6, AB = 16.

i.  Haitnure nuny orpeska AK.

ii. Ilycrb okpyxxuOCTB C TIeHTpOM (7 Kacaercs AC B Touke K.
Haiiure yron C'AB, eciin m3BecTHO, 9T0 ()] — MEHTP OKPY K-
HOCTH, omrcaHHoi oko10 AO K1 K3.

JIBe okpyzKHOCTH W 1 ) OAUHAKOBOI'O PaJIyi-
yca R mepecekaroTcs M PaCIOJIOXKEHbI Tak,
YTO IEHTP OJHON OKPY:KHOCTH HAaXOIUTCSI
BHEe Jpyroii. O6o3HATMM IIEHTDP OKPYKHOCTH
w dgepe3s O, a okpyxuoctu ) uepe3 Os. B
IIycts B — ogna m3 ABYX TOYEK epeceveHuns \
okpyzmnocreit. Okazanocn, uro upamasg OB §) C
mepecekaer BropuvHo ) B Touke (' TaKoii,

aro O,C nepnenauxyaspaa O;0s. Haiigure

YTOJT MEKTY OKPYZKHOCTSIMHU.

Jlan orpesok jymmHbl 2 ¢ KoHnamu A m B. Crposrcsa jBe jy-
' OKPYXKHOCTe#l pajmycaMu 2 ¢ HEHTpPaMu Ha KOHIAX OTpPe3Ka.
[Iycts st qyru nepeceksuck B Touke C. Pacemorpum durypy,



MeTpudeckue COOTHOIIEHUS B TPEYTOJILHUKE 50

20.

21.

22.

23.

24.

25.

obpazoBannyio orpeskom AB u asyms pyramu AC' u BC. Haso-
BEM €€ noaykpyaavili mpeyzosvnuk. Halinre pagumyc OKpyzKHO-
CTH, BIIMCAHHON B IIOJYKPYIJIBIA TPEYrOJIbHUK.

(Pezuonanrvuuti aman Beepoccutickot osumnuadv) B HepaBHO-
6eapeHHoM ocTpoyroabHOM Tpeyrosbanke ABC Touku Cy u By —
cepenuabl cropod AB u AC' coorBercTBeHHO, O — IEHTP OIUCAH-
Hoit okpyxkuoctu, H — oprorentp. [Ipsambie BH u OC), niepeceka-
1orcst B Touke P, a npsavbie CH u OBy — B Touke (). OKkazaioch,
gT0 YeTbipexyroibHuk O P H(Q) — pom6. Jokaxkure, uro Touku A,
P, () mexxar Ha OJHON TPSIMOIA.

(Dopmyaa Ftsepa) JJokazkure, 9T0 PACCTOSHIE MEXKILY IEHTDa-
MU BIUCAHHON M OIMCAHHON OKPYKHOCTEH BbIparKaeTcCs Yepe3 UX
pajuycer popmymoit OI? = R? — 2Rr.

B ocrpoyrosnom tpeyronbauke ABC ormeden meaTp O onucan-
Hoit okpyxkHocTh. [Ipsamas AO nepecekaer cropony BC' B Touke
D, a toukn F u F nexar Ha npaMmbix AB n AC cooTBeTCcTBEeHHO
TakuM obpaszom, aro Touku A, F, D u F jiexkat Ha OJIHOI OKPY K-
HocTHu. Jlokaxkurte, 9TO JIjIMHA IIPOEKINN OTpe3Ka FF' Ha NpsaMyio
BC' ue 3aBucur ot Toro, kak ObL1n BoiOpanbl F u F.

(Teopema Kapro) B Toukax A;, By, C}, nexamux Ha CTOPOHAX
AABC wnmm Ha X TPOJIOJIKEHUSX, BOCCTAHOBJIEHDBI TIEPIEHTUKY-
JISIPBI K 9TUM cTOpoHaM. JloKarKuTe, 4T0 OHU MEPEeCeKarOTCsa B O/
HOII TOYKe TOIIa 1 TOJbKo Torna, xkorma O A% + A B? + B,C? =
= Cle + A102 —|— BlA2.

N3 Teopembr Kapno nosydure, 9To

i.  BBICOTBHI TPEYTOJILHUKA IEPECEKAIOTCS B OJIHON TOYKE;

ii. cepenuHHBIE TIEPIEHIUKY/ISPHI TPEYTOJIbHUKA I€PECEKaI0TCsI
B OJHOI TO4YKE.

Buaytpu tpeyrospauka ABC B3sTa TOuKa P, M3 KOTOPOit OIy-
menbl neprnenaukynapsl PX, PY u PZ na cropoust BC, CA n
AB coorsercrBenno. Ha orpeskax AZ, ZB, BX, XC,CY uY A

BO BHeNHIOW 18 AABC' ¢cTOPOHY MOCTPOEHBI IECTh KBAJIPATOB.
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26.

[Iporymepyem ux 1o 4acoBoii crpesike oT 1 g0 6. Bosbmém mpsi-
MbIe, TIapaJijie/IbHbIe CTOPOHAM TPEYTOJIbHIKA, HO HE COICPKAINe
9TU CTOPOHBI, U IIPOXO/IATINE Yepe3 CTOPOHBI KBaapaToB 1, 3 u 5.
OTHu TpsIMble TIepeceKaloTcst B BepimmHax Tpeyroiabanka Ay BiCh,
nomobnoro AABC. Jlokaxkute, 910 TpeyroabHUK AsByCy, 1mo-
CTPOEHHBIN AHAJOTMYHBIM 00pPa30M C IIOMOINBIO KBaJparToB 2, 4
u 6, paBen tpeyronbauky A;BiCh.

Ha orpeske AB ormedena To4-
ka (', a 3aTeM B OJHOM IIOJIy-
IJIOCKOCTU OTHOCHUTEIBHO IIPsi-
Mot AB TIpOBEJEHBI TOJTY-
OKPYXKHOCTH v, J W ¥ ¢ Jua-
metpavu AB, AC' u C'B coot- !
BercTBeHHO. Takasi purypa A ¢ B
HasbiBaeTcs apoesocom. Ilycrs C'D — obrast KacaTe/ibHas OKPY K-
HoCTelt 5 u 7y, a Touka D jexutT Ha o (cM. pucyHOK). [Jokaxmure,
9ITO JIBE OKPYZKHOCTHU, BIIMCAHHBIE B 9acTH apbesioca, Ha KOTOPhIe
ero pazoust orpe3ok C' D, paBHBI.
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1.8. IlpumeHeHUe TPpUTOHOMETPUU

B stom pazgmesnie cobpanbl 3aja4uu, B KOTOPBIX HCIIOJIHL30BAHUE TPU-
TOHOMETPUIECKUX TOXKECTB M BBIYUC/IEHUN C TPUTOHOMETPUIECKU-
MU (DYHKIUSIMU OIPAaBIaHHO. B dacTu 3a/1a1 caMo yCJIOBUE JIUKTYET
HEOOXOIMMOCTD UCIIOIb30BAHUS TPUTOHOMETPHH, 8 B YACTU TO HUKAK
3apaHee He IPEJIII0IAraeTcsi, HO OMOraeT MOJIYUUTh PellleHne OTHO-
curesibio 3ddekturHo. Crernuduka 3TOro pasjesa B MOBBIIIEHHON
TEXHUIHOCTH 33/1a9: OT YUTATe/sd TPeOyeTcss yMeHne MPOBOJIUTD BbI-
IUCIEHNUST, JIOKA3bIBATh PA3JINIHbIE COOTHOIIEHUsT WU HUCCIEI0BATH
dyukium. [Ipu sT0M He HYXKHO 3a0BIBATH U O F€OMETPUU: €CJU OT
YACTH BBIKJIAIOK MOXKHO OTKa3aThCs U3 M€OMETPUUIECKUX cOOOpazKe-
HUIl — 9TO Beerja cieiyer jenarb. OTMETHM, UTO B KOHKYPCHBIX
3a/1a9ax 10 IJIAHUMETPUH Ha PA3JINIHBIX BCTYITUTE/TbHBIX UCITBITAHU-
SIX B BY3bl U BBIIYCKHBIX 9K3aMeHaX YaCcTO MPEIIo/IaraeTcss yMeHne
y9IaCcTHUKA PEIIaTh B TOM YUCJIE U JOCTATOYHO TEXHUICCKUE 3 IatN.

Mpb1 He OyaeM MPUBOJAUTD HOJHBIH CIUCOK (POPMYJI TPUTOHOMETPUH,
cunTasl UX M3BECTHBIMH duTaTen0. Bo MHOrumx 3ajgadax Tpedyercs
COCTaBUTH TPUTOHOMETPUYECKOE yPaBHEHNE HA HEKOTOPBIIT HEN3BECT-
HBII YTOJI, PEIIUTD €0, & 3aTeM OCYIIEeCTBUTH OTOOP pEelIeHuii ¢ TeM,
YTOOBI UCKJIIOYUTH 3HAYEHUSA, 110 T€M WM UHBIM HPUYUHAM HE T0JI-
XOJIdAIe st paccMaTpuBaeMoit Konduryparuu. [Ipuseném mpumep
TAaKOI'o T0/IX0/Ia K 3ajiade.

Bagada 1.8.1 (MO®TH). B upsamoyrosisb-
Hom Tpeyronbanke ABC w3 Toukm F,
pacriosioykeHHoll B cepenune BC, omymien
neprenukyaap FL #a runorenysy AB.

Haiignre yroer Tpeyrosbanka ABC, ecin
AE =+10EL, a BC > AC.

Pewenue. Ilycts FL = x, a ZABC = «.
Torma AE = +/10z, CE = BE = .x )
sin «

ITo Teopeme Iludaropa n3 AFAL naxo- o :
M AL = 3z, a U3 IpaMOyTroJIbHOIO z(3sina + cosa) A
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Tpeyroibanka BEL ¢ yrimom o naxomuM BL = z ctg a. Torma xkarer
AC pasen (3z + xctga)sina = x(3sina + cosa). Teneps yroa a
MoxkHO Haiitn n3 AAFEC 1o teopeme Iludaropa:

1

10 = (3sina + cosa)® + —;

sin? o’

Vpasuenue pasaocmibao 10 = 9sin? a+cos? a3 sin 2a+ (14ctg? )
mwim 8 cos? o = 3sin 2 + ctg? a. CBoa Beé K J[BOITHOMY yIuIy, TIepe-
[UIIEM ypaBHEHUE B BUJIE

1 + cos 2«

4 +4cos2a = 3sin 2« + .
1 — cos2a

Bripazum Bce Tpuronomerpudeckue (byHKIUU depe3 tg a:

1—tg?a | 2tga 1+tg?a+1—tg?a

444 = :
+ 1+tg?a 1+tg?a  1+tg2a—1+tg%a

Bromg zameny tg a = t, moayduM ypaBHeHnue

1—¢? 6t 1
4+4 - ——=0 672 +1=0.
* L+t 1+ 2 *
B mocneanem ypaBHeHUU CyM- B
Ma, K03 UIMEeHTOB paBHa HYy-
JIIo, moaTomy t = 1 sgBnsgercs x| \&

kopHeM. [lojesmB MHOTOW/IEH
Ha (t — 1) m pemmB mosyvato-
1eecs KBa/[paTHOE ypaBHEHHe,
HAXOJ/IMM OCTABIIHECS JBa KOP-
s t = —1/3ut = 1/2. Or-
pHUIaTeIbHOE 3HAYCHHE CJICTY-
eT oT6pPOCUTh, OCKOJILKY ¢ C 2z A C z A
peJICTaB/isieT TaHreHe ocTporo yria. Kopuan tga = 1 u tga = 1/2

IIOIXO/ISIT. O
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Sagaan

1.

[Tycts Touka D jexkut #a cropore BC' Tpeyroasnuka ABC. Ilo-
DB AB sin/ZDAB

DC ~ AC sin/DAC

,D;OK&)KI/ITG, 49TO IIomaab TPEeyroJibHUKa MOXKET OLITHL BBIUHMCJICHA

KaKure, 9ITo

«

no dopmyite S = p(p—a) tg 5 [ie p — TIOIYNIEPUMETp, a & — Yol
[IPOTUB CTOPOHLI (.

Brmcannasi okpyzKHOCTH Kacaercs croponbl BC TpeyrojbHUKA,
ABC B Touke K. JlokaxKure, UTO ILIOMAIb TPEYTOJbHUKA PaB-

IMBK-KC@@%.

B npsmoyronsuuke ABC'D cropona AD = 1,a AB = 3. Touku F
u F nenar C'D wa tpu paBuble vactu. Haiiure cymmy ZDFEA +
+ /ZDFA+ ZDCA.

1. ﬂOK&)KHTG, 9TO €CJId BCe TPpU CUHYCa YIVIOB TPEYT'OJIbHUKA Pa-
OMUOHAJIbHBI, TO 1 BCE TPU KOCHUHYCa €ro yrjioB paluoOHaJ/IbHBI.

ii. Bepno Jin, 4TO ecjim Bce TpU KOCUHYCa yIJIOB TPEYrOJbHUKA
PAIMOHAJIBHBI, TO CHHYCHI 9TUX YIJIOB TaKyKe PAIMOHAJHHBI !

Borauciure sin 18°, mocTpouB paBHOOEIPEHHBII TPEYTOJILHUK €
YIJIOM B 72° 1 TPOBeisd OMCCEKTPUCY OJHOTO U3 YTJIOB TaK, YTOOBI
OHa OTCEKJIa OT HEero TPeyroJIbHUK, MTOJ00HBIH UCXOTHOMY.

B paBuobeipennsriit Tpeyrosibauk ABC' ¢ BepmmHOit B u 60K0BOit
croponoii, pasaoit AB = CB = a, BIrMcaH IpaBUILHBINA IIATH-
yronbauk DEFGH tak, aro cropora EF jexut Ha orpeske AB,
cropona GH — na orpeske BC, a D — cepenuna AC'. Haitgure
JUIMHY CTOPOHBI IISITHYTOJIbHUKA.

JlokaxkuTe, 9TO B TPEYrOJIbHUKE C yIJaMu «, [ U 7, a TaKwkKe
pajimycaMy BIIMCAHHOW M ONUCAHHOW OKPYKHOCTe 1 u R cooT-

.oa By
BeTCTBeHHO7 NMEET MEeCTO COOTHOIIIEHUE: 1" = 4R Sin 5 Sin E S11 §

JlokaxkuTte, 9TO B TPEYTOJILHUKE C YIVIAMU v, 1 7y, & TaKzKe PaJiu-
ycaMu BITUCAHHOM M ONMCAaHHOW OKPYZKHOCTEl 7 1 R COOTBETCTBEH-
HO, UMEeT MeCTO COOTHOIIeHue: cos « + cos § + cosy = 1+ r/R.
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10.

11.

12.

13.

14.

15.

16.

(Teopema cunycos daa énucanmnozo namuyzosvhuka) Jlokaxkure,
4yTo ecyn ngruyronbnuk ABCDE ¢ yrnavmu LA = o, LB = f3,
LC =7~,/D =6u /E = ¢ Bumcan B OKpyKHOCTb pajuyca R, To

AB BC CD

sin(y+¢)  sin(d+a) sin(e + j3)

DE  EA
sin(a +7)  sin(8 + 9)

= —2R.

Brmcannast okpyzxuaOCTD Tpeyrosbauka ABC u ero cpeaHsis Jiv-
Hus, napaJsenbaas cropone BC, KacaoTcs, a MEHTDP OMHCAHHOM
OKPY?KHOCTHU JIE?KUT Ha BIMCAHHOI OKpyzKHOCTH. Haiigmre yros
[pU BepiiuHe A 3TOro TpeyrojbHUKA.

(M®TH) B rpeyrosbauke ABC Ha croponax AB u AC' pacmosio-
»kenbl Toukr D u E coorBercrBenHo Tak, uro C'D — buccekTpuca
rpeyrosibiuka ABC, DFE — 6uccekrpuca tpeyroibuuka ACD,
EC = ED =4/9, BC = 1. Haitaure C'D u 1uroma/ib Tpeyroyb-
nuka ABC.

(M®TH) B pasuobenpennsiii Tpeyronbauk ABC (AB = B(C)
BIIMCaHA OKPYKHOCTH ¢ rieHTpoM O. KacarenbHas K OKPY2KHOCTH
nepecekaer cropoubl BC' u C'A tpeyronbHuka B Toukax M u N
coorBercTBenno. Haiinure pajguyc okpyxkuoctu, eciu ZMNC =
=2/NMC, OM = /10, ON = 15/4.

(M@TH) B rpeyromsauke ABC Touka D jexkur Ha cropone AC),
a Touka F — ma orpeske AD. Uzsectno, uro yrist ABE, DBE,
C' BD pagnbl, a jyimaa orpe3ka D E BIBoe MeHbIIe JITHHBI OTPE3Ka
AFE u Brpoe menbIne jgiuabl orpeska C'D. Haitanre yrist ABE n

ACB.

(M®TH) B rpeyronbuuke ABC nposenena Guccekrpuca AD.
enTp okpyzkHOCTH, Ipoxoisineii depe3 Touku A, B u D, je-
»kut Ha orpeske AC. Uzsecrno, uro BD = 4, DC' = 5. Haiigure
pajinyc OKPYy>KHOCTH.

Hokazxure ToxkiecTBo: sin 3a = 4 sin asin(60° + «) sin(60° — «).
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17.

18.

19.

20.

21.

(Teopema Mopaes) Tpucexmpu-
camu yeaa HA30BEM IBa JIyda,
JleJIIIge 3TOT YroJl Ha TPU PaB-
obIX. /JlokaxKuTe, YTO TPHUCEK-
TPUCHI BHYTPEHHUX YTIJIOB TPe-
YTOJILHUKA, [IEPECEKAIOTCA B BEp-
MIMHAX PaBHOCTOPOHHErO Tpe-
YTOJILHUKA.

C

Kaxmast u3 Tpéx paBHbIX OKpyzKHOCTeH Jiexkut BHYyTpu AABC
U KacaeTcsl POBHO JIByX €ro CTOPOH, IPUYEM BCe TPU OKPYKHO-
CTH UMEIOT OJTHY OOIIYIO TOUKY. BhIpasure pajauycbl 3TUX OKPY K-
HOCTEl 4Yepe3 paJuyCbl BIMCAHHONH M OIIMCAHHON OKPYZKHOCTEH

AABC, pasubie 1 u R.

(Teopema Yesvi 6 mpuzoromempuueckots opme) Ilycrs Ha cTo-
porax AB, BC' u AC Ttpeyronbauka ABC' ormedensr Toukn (',
Aj n By coorBerctBenHo. [lycts AA; obpasyer co croponamu AB
u AC yrubl aq U o, a yruael [y, (2, Y1, Yo OUpEIeIeHBI aHAJIO-

rugno. Jlokaxkwure, uro npsmbie AA;, BBy, C'C} nepecekatorcs B

. sin ay sin By sin
OJIHOI TOYKE TOIJIA U TOJIBKO TOIJIA, KOIIa — - - =
sin ap sin P sin 7y,

B pasnene 3.2 o teopemax Yesnr u Menenas undopmarius o Teope-

Me Yes! (Bkiovast GoOpMyInpoOBKE) Oy/IeT CYIECTBEHHO PACIITpEHA.
B sroit 3aja4e npesiionaraeTcs nCnosiboBanne «6a30Boi MIKOJIBHOI»
Bepcuu TeopeMbl UeBbl — 0€3 OTHOINEHU!T HAIIPABJIEHHBIX OTPE3KOB U

JJIgl TOYKHU IIepecedCHUs IMPAMBIX BHYTPU TPEYT'OJIbHUKA.

Ha croponax octpoyrosbaOoro tpeyronbianka ABC' BHe ero 1mo-
CTpPOeHbI paBmIbHble Tpeyroabauku BC' Ay, CABy u ABC. o-
Kaxkure, 9To upambie AA,, BBy, C'C nepecekaioTcs B OJHON TOY-
Ke.

DTa KOHCTPYKIUS PAcCCMaTPUBAETCs TaKKe B pazjese 4.2 0 reomeTpu-
YeCKUX IKCTpeMyMmax — Touka repecedenunss AAy, BBy u C'Cy Ha3bI-
Baercsa mouxoti @epma wmu moukoti Toppuuesru AABC.
(Pecuonarvhvidi aman Beepoccutickoli osumnuadve no mamema-
muxe) lan npsiMmoyrosibHbiil TpeyroabHuk ABC ¢ IpsSMbIM yTIJIOM
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22.

23.

24.

25.

26.

27.

C. Ilycts BK — buccekTpuca 31oro Tpeyrojbanka. OKpyKHOCTD,

olrcaHHasi OKOJIO TpeyroJibauka AK B, mepecekaet BTOPUTHO CTO-
pory BC B touke L. lokaxwure, uro CB + CL = AB.

Ha muaronanu BD xsagpara ABC' D Buibpana Touka F. [Ipamast
C'E nepecekaeT cepeIMHHBIN TEepIeHIUKYIAp K orpe3kamM AB u
CD B touke F. Yriet AEB u AF B okasajmch paBbl. Haiijnre
yron ECD.

(Oaumnuada <«/lomornocos», 3aounwi myp) B paBHOGeapeHHOM
rpeyrosibauke ABC nposenena buccekrpuca BO. Haiitu ZAOB,
eciu BC' = BO + AO.

B tpeyrospuuke ABC AP — 6uccekrpuca ZBAC, a BQ) — 6uc-
cektpuca ZABC, tne toukn P u () jexar Ha cropoHax BC u
AC' cooreercrBenno. MzBecrrno, atro AB + BP = AQ + (B, a
/BAC = 60°. Haiture yribt Tpeyroibauka ABC.

(3adaua o babouke 6 wemupéryzorvnure) B BBITyKIOM YeTBIPEX-
yroabauke PRQ)S muaroHa/m nepreH uKyIsSpPHbL U IePeceKatoTCs
B Touke (. [Ipamas, mpoxomsmas depes O, epecekaeT CTOPOHBI
PR u QS B Toukax A u B COOTBETCTBEHHO, a JIpyras IpsMasi,
TakKe rnpoxojsiias uepe3 O, nepecekaer PS u QR B Toukax D u
C' coorBercrBenno. Oboznaunm X = ADNPQ uY = CBN PQ.
Hoxkaxute, aro ecsim OP = OQ, o OX = OY.

(Teopema IImonemes 8 mpuzoromempuseckots gﬁop,/we) Hoxazku-
Te, 9To derhipe Toukn A, B, C'u D jexar Ha OXHONH OKPYKHOCTH
WJIA Ha OAHOU MPAMOM, €CJIU U TOJILKO €CJIU

DA -sin/ZBDC + DB -sin ZCDA + DC -sin ZADB = 0.

B amoti gopmysuposre yeav, NnOHUMAIOMCA KAK OPUEHTUDPOCUH-
nwe: /BDC = —/ZCDB, m. e. 3nax 3a6ucum om HANPEAECHUA
nosopoma om ayua DB x aywy DC' eoxpye D.

B ocrpoyrossraom Tpeyroisauke ABC Touka D BhIOpaHa Ha OT-
peske BC', a 3atem u3 ueé na cropoubl AB u AC' cOOTBETCTBEHHO
omyieHs reprienukysisapbl D P u DQ). lokaxkure, 4TO JijIMHA OT-
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28.

29.

30.

PE3Ka PQ HaMM€EHbIIad B TOM CJIydae, KOoI'da D ectb ocHOBaHUTE
BBICOTBI M3 BEPHINHBI A.

Bo Brnmucannom derwsipéxyrosnbanke ABCD ormedena TOYKa Iie-
pecedenns juaronasieir F. Ilpomomkenus: cropon AD u BC 3a
toukn A u B nepecekatorcs B Touke G. [lycts G — Takast Touka,
uro FCGD — napasenorpamm, a Touka H cummverpuana FE or-
nocurebuo AD. okaxkure, uro Ttouku D, H, F' u G nexar Ha
OJIHOI1 OKPYZKHOCTH.

[lycts Touka P JIeXKUT BHYTPU PaBHOCTOPOHHETO TPEYTOJIbHUKA
ABC, npuuém /BPC = o, ZCPA = 3, ZAPB = ~. [lokaxwure,

9TO

rA PB  PC
sin(a — 60°)  sin(8 —60°)  sin(y — 60°)°

(*) (Boaeapua) Ha croponax AB, BC' u C'A tpeyronsunka ABC
BO BHEITHIOIO CTOPOHY MTOCTPOEHBI ITPABUJIbHBIN M-YTOJbHUK, TIPa-
BUJIbHBII N-yTOJBHUK 1 KBaJipaT. [leHTphl KBajpaTa u AByX IIpa-
BUJIbHBIX MHOT'OYTOJIbHUKOB SBJISIIOTCS BEPITUHAME [TPABUJILHOTO
TpeyrojbauKa. Jlokaxkure, uro m = n = 6, a TakKe Haiigure
yruibl Tpeyronbanka ABC.
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1.9. Ilaomiangb

[Tycts M — MHOXKECTBO BCEX MHOIOYTOJLHUKOB (JIJIs TIPOCTOTHI —
BBINYKJIBIX ). Byjiem nmcars, 94To m — MHOIOYTOJIbHUK, Tak: m € M.
Pacemorpum dyrkimio S ¢ obaactbio onpeaenenns M, KoTopast KazK-
JIOMY MHOTOYTOJIBHUKY 3 M comocraB/isieT HEKOTOPOe BEIeCTBEHHOEe
qncyo. Pasymeercs, Takux QyHKIUN CYIECTBYyeT OYeHb MHOTO, HO
HAM Hy»KHa Takasl, 9TOObI /i He€ ObLIN BBIMOJHEHBI CJIeIyIONIne
YTBEP:K I€HUSI:

Al. Vm € M snagenue S(m) > 0 (noaoosrcumenrvrocms).

A2. Ymy, mg € M uz my = my cieayer S(my) = S(ms) (unsapu-
AHMHOCTL OTNHOCUMENLHO 0GUNCEHUT).

A3. Ymq, mo um € M: eciu m = my Umg u intmy Nintmsy = 0,
to S(m) = S(my) + S(m2) (addumusrocmy).

A4. Ecim K — xBazpar co croponoii 1, ro S(K) = 1 (nopmuposka).

Hanomuum, uro obosnadenus V, U, N u () mogcHAI0TCS BO BBEICHUH K
knwure. [loj int m MBI OyJileM TOHUMATDL HYMPEHHOCTND MHO20Y204b-
Huka m (Bce TOYKH MHOTOYTOJIbHUKA 6€3 ero IpaHuIibl).

Onpenenenne 1.9.1. I1rowads — 310 QyHKIUS, OIPEIe/ICHHAS HA
MuOKecTBe M, yrosierBopsitoiias yeiaousam Al-A4, To ecthb 1mos10-
JKUTeJIbHAs, THBAPUAHTHAST OTHOCUTE/ILHO JIBUKEHU, 8 [ TATUBHAS 1
HOPMUPOBAHHAS.

OTMeTI/IM7 9TO € JHNIa AJIMHDbI SaCbI/IKCI/IpOBaHa pa3 U HaBCeria.

MpbI mamm Tak HA3BIBAEMOE GKCUOMAMUYECKOE OnpedeseHue naouadu.
[Ipu TakoM criocobe onpejiesieHns OOBEKT 3aJIa6TC MEePEUNCICHIEM
€ero CBOMCTB (aKcuomamu), KOTOpBIE He JoKa3biBaloTcs. Hixke Mol Oy-
JileM HasblBaTh yTBepkiaeHns Al-A4 akcunomamu mtoraau. Jloroso-
pHUMCs elié Ha3bIBaTh 3HAYEHUsI HAIllell (DYHKIINN Ha MHOTOYTOJIbHIKE
m NA0OUadb0 ITOrO0 MHOTOYTOJTBLHUKA.
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Ouenb Ba)KHO, YTO JIAHHOE OIIPEJIe/IEHNE IO/ KOPPEKTHO B CJie-
JIyIOIeM cMbicie: (pyHkius va M, yaoBaeTBopsomast akcuomam Al—
A4, cymecTByeT n eJMHCTBEHHA. 3aMETUM, 9TO YTBEPXKJIEHUsST aKCU-
oMbl A3 MO MHIYKIINN JIETKO 0000IaeTcst Ha JiIo00e KOHETHOEe THCIIO
MHOTOYTOJTbHUKOB.

Mpbr He OyjieM CTPOUTH 37€Ch MOJHYIO TEOPHUIO ILIOMIAJH, a OCTa-
HOBUMCSI JIUIIHL Ha HamboJilee TOHKUX MecTax. Kpome Toro, mpuse-
JIEM CITUCOK (DOPMYJI, IT0 KOTOPBIM BBIUUCIISIETCS TLJIOIA/ b HEKOTOPBIX
MHOTOYTOJIbHUKOB.

C J1ocTaTovHO paHHEr0 BO3PACTa MIKOJIBHUKY U3BECTHO, UTO ILIOMIA/Ib
IPAMOYTOJIBHUKA paBHA IPOU3BEJECHUIO JIJIUH JIBYX €I0 CMEZKHBIX CTO-
POH (KX YaCTO HA3BIBAIOT USMEPEHUAMU WIH OCHOBAHUEM U 6bICOMOT,
IIPU 3TOM BCE PABHO, KAKYIO U3 YIOMSHYTBIX CTOPOH CUUTATh OCHO-
BaHMEM, & KaKyio BbICOTOIT). COOTBETCTBYIOILYIO TEOPEMY JIOBOJLHO
TPYAHO JIOKa3aTh, OCTABadCh B paMKaX MIKOJBHOTO Kypca 1 HE IIpH-
Oerasi K MOHATUSAM «CTPEMUTLCS», «MOYKHO CJEJIaTh CKOJIb YIOJIHO
MaJIbIM» U TOMY ITOJ0OHBIM.

[IpuBeiéM 1OKa3aTENTHCTBO, B KOTOPOM TH HOHATUS HE UCIIOIb3YIOT-
cs Bosce. Ilpu dopmynupoBke OyjieM MOIB30BATHCA HAIVISHO Ove-
BUJIHBIMEI O0O3HATEHUSIMU.

Teopema 1.9.1. Ilirowadv npamoy2osvHuka ¢ 0CHOSAGHUAMU A U b
pasra ab.

Jlemma 1. /Jlas 08yx npamoy2osvHuko8 my ¢ 0CHOBGHUAMY G U b U
S(ml) b
Mo € OCHOBAHUAMU 4 U C UL NAOULAOU OMHOCAMNCA KAK —— = —.
S(mg) ¢
Joxazameavecmeo aemmo,. Ecim b = ¢, To yTBep:KieHHEe ClleIyeT U3
A2. Bynem cuurarb, 9to ¢ > b (MHaYe MPOCTO M3MEHUM OOO3HAUE-

HI/IH). Pacmostozxum OPAMOYTIOJIbHUKU TaK:

e
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S(my)

b
Bynem paccyxpgars or nporusnoro. Ilycts | ——= — —-| = > 0.

S(mse) ¢
1
Pasznenum cropony ¢ Ha n > — paBHbIX dacteil. [lycts Ha cTopone b
x

YMECTHJIOCh PDOBHO 1M «OTPE30YKOB JlejieHusi», a (m + 1) — yKe Her.

DTO 3HAYUT, UTO
m _b m 1
—<-< =+ —. (1)
n ¢ mn o n
[IpoBeém depe3 TOUKM JieJIeHUS NPsAMbBIE, mapaJuieababie a. Torma
«DOJIBITIONY TTPAMOYTOJIBHUK PA300LETCs Ha N PABHBIX «IIPAMOYTOJIb-
HUYIKOB JI€JIEHUsT», TIPUYEM POBHO 1M U3 HUX Oy/IyT IMEJTUKOM JIe?KATh
B «MaJIOM» NpAMOyrosibHUKe, a (m + 1) — yxke ner. Vcnonab3ys ak-

cuombl Al, A2, A3 noxydaem, 9To

m _S(my) m 1
me2im) oy 2 p
n — S(ms) % * n 2)
b 1
I3 mepasencrs (1) u (2) caeayer, aro 0 < Stm) b < —. To ectp
S(mse) c¢| ~n

1
0<zx < —,n< . [Tonyuwmmm mpoTuBopevne ¢ TeM, YTO Mbl OpaJin

1
n>-—.

x
Bameuarue. I3 nepasencts (1) u (2) Hy:KHOe HAM HEPABEHCTBO TI0-
JIydaeTcs OTHIOJ/Ib HE BbIUMTAHUEM HEPABEHCTB OJIMHAKOBOI'O 3HAKA.
Hamomuum, 4To HepaBeHcTBa, BOOOIE TOBOPS, BBIYUTATHL JIPYT U3
Jpyra HeJib3sl — 3Ta Ollepaliis MOXKeT IPUBECTU K HEBEPHOMY Hepa-
BEHCTBY.

Heso B Tom, urto (1) u (2) o3HavaroT, 9TO HA OTPE3KE YUCJIOBON Mps-

S(ml) b

—— U —, pPACCTOAHUE MEXK Y
S(mg) ¢

KOTOPBIMHU (MOJIy/Tb WX DA3HOCTH) HE MOYKET OBITh OOJIbIIe JJTHHBI
3TOr0 OTPE3KA.

MO JIJIMHBI — HaXOJATCH JIBa, YUCJIa
n

,ZZO'IC(ISCLTTL@./L?)CTTLGO meopemal. HOJII)SYHCI) JIeMMOﬁ, CpaBHUM ILJIOIIaJA
TaKUX IIPAMOYI'OJIBHUKOB:
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S b
Sy 1|1
a ’ a ' 1
—
A4.
S b S
[Tomyuaem —nt= 9, orkyna S = ab. U

Si1 1 1
Ocranbable (OPMYJIBI XOPOIIO U3BECTHBI U3 IIKOJBHOIO Kypca. BbI-
MUIIEM WX, IPUBOJF MHOTJIA B CKOOKaxX (paKThbl, HEOOXOUMBIE s
JIOKa3aTeIbCTBRA.

1. [Lnomaae mapaJuiesiorpaMMa cO CTOPOHOI @ U BBICOTOM h K 9TOM
cropore: S = ah.

2. [Lomaab TpeyroybHUKA:
a) Sa = §ah, rje a — CTOpoHa, h — BbIcOTa, IPOBEIEHHAs K HEIl.

1
6) San = §bc sin /A, rne b u ¢ — croponbl, /A — yroja MexIy
HUMH.

Huxe ob6o3HavYeHrsT CTOPOH U YTJIOB TPEYTOJIbHUKA CTaHIapTHBIE: @,
b u ¢ — cropounl, LA, /B, ZC — yribl, jgexKalye HAIIPOTUB 3TUX
CTOPOH.

) s 1 ,sin ZBsin ZC ( )
B = —a®*——————— (UCIoJIb3yeTCs TeopeMa CHHYCOB).
A7 snzA Y P Y
r) Sa = 2R?sin ZAsin ZBsin ZC' (ucnosbsyercss TeopeMa CUHY-
COB).
a+b+c
n) Sa = pr, tae p = ——5—— — UOJIymepHMeTp, a 7 — pajuyc

BIIMCAHHON OKPYZKHOCTU.

Ima opmyaa 0bobwaemces Ha cAYywals 2106020 ONUCAHHO20 MHO-
20Y20NDHUKQ.
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abc
e) Sa = — (ucnosb3yercs TeopeMa CHHYCOB).

4R

%) (Dopmyaa Tepona) Sa = /p(p —a)(p — b)(p — ¢).

a+b

3. ILmomans Tpamerun: S = -h (@ u b — ocHOBaHUsI TPAIIEIUH,
a h — BBICOTA).
4. TLnomaab BBITYKJIOIO YeThIPEXYTOJbHUKA C JUArOHAIIMU dq 1 do

U YIJIOM (0 MEXKIy HEUME: S = §d1d2 sin .

Teopema 1.9.2. Ommuowenue naiou,adeti nodOOHLLT MHO20Y204DHU-
K06 pasHo keadpamy rxoapduyuenma nodobus.

[Ipu pemnrernn 3a/1a9 9aCTO UCIOJIB3YIOTCA CAEIYIONINE YTBEPIK ICHUST

(KOTOpBIE BBITEKAIOT U3 (POPMYJIBI SA = Eah):

1. Ecm y TpeyroJbHUKOB paBHBI OCHOBAHUSA U BBICOTHI, TTPOBE-
JE€HHBbIE K HUM, TO ILJIOIIAQ/IU TPEYIrOJIbHUKOB PABHBI.

2. Memmana TpeyroJbHUKA JIEIUT €ro ILIOMA b ITOIO0IaM.

B dopmymupoBkax 3aj1ad BCTPEYAETCsST TEPMUH PAGHOBEAUKUE (Pu2l-
Pbl, KOTOPBIH 03HAYAET, YTO paccMaTpuBaeMbie (DUI'YPbI UMEIOT paB-
HbIE TLJIOIIAIH.

Cpeny MHOIMX M3 CICAYOMNX 3aJa4d YNTaTe/Ib HaijgeT Takue, B KO-
TOPLIX ILIOIIAAL HE YIIOMUHAeTCcsd BoBce. Ho pemaiorcs oHM ¢ IIOMO-
IO TIOIIAM — TaKO# MOJIX0J HA3BIBAETCS MEmod 6CNOMO2AMEND-
HOT NAOWaOU.

Samauan

1. ABCD w BEFG — napaJjienorpaMMbl, Bepmutaa G JIeXKAT Ha
orpeske AD, a Bepmuna C' — Ha orpe3ke EF. Jlokaxwute, 910
IJIOMIAJIN TapaJIIeJIOrPAMMOB PABHbI.
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2. Tpanenus pa3bura guaroHajssMu Ha deTbipe TpeyroybHuka. /lo-
KazKUTe, YTO TPEYTOJbHUKH, IIPUJIEYKAIIe K OOKOBBIM CTOPOHAM,
PaBHOBEJIUKU.

3. Jlmarona/m BBIIYKJIONO Y€THIPEXYTOIBLHUKA PAa3OUBAIOT €ro Ha e-
TBhIPE TPEYTOJbHUKA, ILIOMAIN KOTOPBIX PaBHBI Si, S9, S3 u Sy
(mI0IIa M IepevYrCIeHbl B IOPsAIKEe 00X0/Ia [0 YacoBOM CTPEIKE).
Jlokaxkure, ato 5153 = S55.9;.

4. Jwaronamu rtpamnerun ABC D nepecekarorcss B Touke M, a AB
u CD — eé ocHopanms. Ilycrs S — mmomans AABM, Sy —
mwiomaas ACDM, a S — mmomanab Tpamenun. JokazkuTe, 9To
VS = V51 + V5.

5. Yepes TOuKy BHYTPH KBaJpara IIPOBEICHbI IIPsi-

Mble, MapaJijle/ibHble ero CTOPOHAM M JUArOHAJISIM
(cM. pucyHOK). HacTu, Ha KOTOpbIE KBaJpaT OKa-
3aJICA PA3PE3aHHDLIM, Yepe3 OHY 3allTPUXOBAHDI.
JlokaxkuTe, 9TO ILIOIIAIbL 3aIlTPUXOBAHHBLIX Ya-
cTeil paBHa, IIOJIOBUHE ILIOIIAIN KBAJIPaTa.

6. B BBIITYKJIOM Y9eThIPEXYTOJbHUKE OTMe-
TWJIM CEPEJIMHbI CTOPOH U COEIUHUJIA
UX C BepIIMHAMU TaK, KaK IIOKa3aHO
Ha pucynke. Jlokaxkure, 9TO IJIOMATH
3alITPUXOBAHHOI'O YeThIPEXYTOJIbHUKA
paBHa CyMMe ILIona ieil 3armrpuxoBad- A
HBIX TPEYTOJIbHUKOB.

7. KBazmpar paspe3an TOpU30HTAJIbLHBIMU IIP-
MBIMHU Ha HECKOJIBKO IIOJIOCOK TaK, YTO CyM-
Ma IIIUPUH YETHBIX I[OJOCOK paBHa CyMMe
IIUPUH HEYETHBIX MOJI0COK. Jlokaxkure, uro 4
4acThb MJIOIIQ M YEeTHBIX II0JIOCOK, PaCIIOJIO-
JKeHHad BBIIIE JIMaroHa I KBaJipaTa, paBHa
YaCTH IJIOIIA/ M HEYETHBIX IIOJIOCOK, PACIIOJIO?KECHHOI HUZKe HeE.

\o}

5

8. ,Z[OKa}KI/ITe, 9TO MeJnaHbl pa36I/IBaIOT TpeyroJIibHUK Ha IECTb paB-
HOBEJ/IMKHX TPEYT'OJIbHUKOB.
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10.

11.

12.

13.

14.

15.

Cropony AB tpeyroibuuka ABC mpoao/zKuin 3a Bepinny B u
BeIOpasin Ha Jjiyue AB Touky A; Tak, uTo TouKa B — cepejauHa
orpeska AA;. Cropony BC' npomomkuan 3a Bepmmay C' 1 oTMe-
THJIM Ha TPOJIoJIKeHnn Touky B tak, uro C' — cepeanna BB;.
Anasiormano npogosnkuan cropony C'A 3a Bepmmay A m orme-
THIM Ha npojo/kernn Touky C Tak, uro A — cepemuna C'CY.
Haitnure mwiomans AA,B1CY, ecan mwiomans AABC pasua 1.

JlokaxkuTte, 9TO ILIONIA b TPABUILHOTO BOCBMUYTOJILHUKA PaBHA
[IPOU3BE/ICHUIO JIJINH HAUOOJIbINE 1 HaUMEeHbIel JrnaroHaJieil.

JlokakuTe, 94TO €C/IM KaKyIo-/In00 TOYKY BHYTPH Hapasljie/IorpaM-
Ma COEJIUHUTH CO BCEMH €ro BepIIMHAMH, TO CyMMa, ILIOMajeit
JIByX HPOTHUBOJIEXKAIIUX TPEYTOJbHUKOB paBHA CyMMe ILIOIIa/Ieit
JIBYX JPYTHX.

Ha cropore AC tpeyronbanka ABC B3sra Touka F. Yepes Touky
E uposenennr npsmast DE mapasuiesibao cropone BC' u npsimast
EF mapasnenbho cropone AB (D u F' — TOYKHM Ha CTOPOHAX
TpeyroibHuKa). JJokaxure, uro Spprr = 2v/Saape + Sarrc-

Ksajpat pazdut Ha ngarh NpsiMOyTrOJIbHUKOB TaK, UTO
JeThIpe yIJia KBaJjpara SBJISIOTCS YIJIAMU IeThIPEX
IPSAMOYTOJIBHUKOB, ILIOIMIAIN KOTOPBIX PaBHBI MeK-
JIy cO0DOI, a MATHI TPAMOYTOJILHIK HEe UMeeT OOIIIX
TOYEK CO CTOpPOHAMU KBaJipaTa. JlokaxKuTe, 4TO 3TOT
[SITBIA TPSAMOYTOJBHUK €CTh KBaJIPaT.

Jan Beimykiienii yetbipéxyronbauk ABC D. Cepeaunbl cropon AB
u C'D obo3sHaunM cooTBeTCTBEeHHO uepe3 K u M, TOUKy mepece-
gernss AM u DK — qepe3 O, Touky nepecedenuss BM u CK —
qepe3 P. Jlokaxkure, uTo maomaab derbipéxyroabauka MOK P
paBHa cymme 1ioraeit Tpeyroasaukos BPC u AOD.

JBe psAMBIe JIeIAT KazkJIylo U3 JIBYX IIPOTUBOIIOJIOZKHBIX CTOPOH
BBIIIYKJIOTO Y€THIPEXYTOJIbHUKA Ha TPHU PaBHBbIe dacTu. JlokaxKu-
Te, 4TO MeXKJy 9TUMHU IPAMBIMU 3aKJIIOYCHA TPEThb IO de-
TBIPEXYTOJIbHUKA.
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16.

17.

18.

19.
20.

21.

22.

23.

24.

25.

Touku M u N upuHa/IEKAT COOTBETCTBEHHO cTOpoHam AB n
AC tpeyronbauka ABC nnn ux npogo/nkennsam. Jlokaxkure, 910

Saany  AM AN
Saasc  AB AC

,HOK&)KI/ITG, 9TO CyMMa paCCTOHHI/IfI OT TOYKH, B34TON IIPOU3BOJIb-

HO BHYTPHU HPABAJIBHOI'O TPEYTOJIBHUKA, JI0 €r0 CTOPOH IIOCTOSTHHA.

Touka O, nexkamas BHYTPHU MPaBUJIBHOTO IMECTUYTOJbHUKA, CO-
eJIMHEHa C BepIMHAMU. BO3HUKIIME TIpU 9TOM IIECTh TPEYTOIb-
HUKOB pacKpallleHbI ITOIIepEeMEHHO B KPACHBIN U cuHuUil 11BeTa. /lo-
KaykKATe, YTO CyMMa ILIOIIAJEeHl KPACHBIX TPEYTOJbHUKOB paBHA
CyMMe IO CUHUX.

CymiecTByeT Jin TPEYroJbHUK ¢ BbICOTAMU, paBHbIME 1, 2 u 37

N3 cepeamubl KazKJIOf CTOPOHBI OCTPOYTOJBHOIO TPEYrOJbHUKA,
OTIYIICHBI MMEPIEHNKYIAPBI Ha JIBE JIpDyTrue CTOPOHBI. /lokaxkuTe,
9TO ILIOWIa b OrPAHUYCHHOIO MU IIECTIYTOJIBHUKS PABHA IOJIO-
BUHE IJIOIIA/IA UCXOJHOIO TPEYTOJIbHUKA.

JIBe BbIcOTHI TpeyroabunKa paBubl 10 u 6. Jlokaxkure, 9T0 TpeThs
BBICOTA MeHbITe 15.

Tpu oKpyKHOCTH OJHOTO WM TOTO Ke pajmyca R mepeceKaioTcs
IoJ1 IpsAMbIMU yTiaMu. Halijure moma b KpuBOJIUHERHOTO Tpe-
YTOJIbHUKA, ODIILYIO JIJIsT BCEX KPYTOB.

B paBrobeapennoit Tpamerun ABCD ¢ ocHoBanusimu AD u BC'
nposejiena Beicota C'H (touka H monasa Ha orpesok AD). Ilmo-
mau Tpareruun 1 Tpeyrojbanka C'H D paBHBI COOTBETCTBEHHO
S1 n Sy. Touka M penur cropony C'D B orHomennu 1 : 2 or
Bepiuabl C'. Haiiure mroma s Tpeyronbanka AM B.

Memuanbr AA; u CCy tpeyronbuuka ABC' mepecekaioTcst B TOY-
ke M. Jlokaxkute, 910 ecju 4eThipéxyroabuuk Ay BC1 M onucan-

ublit, to AB = BC.

OTpe30K, COeMHSIIONTNI CepeIUHBI JIBYX MTPOTUBOIOJJIOXKHBIX CTO-
POH BBINYKJIOIO YETHIPEXYTOJbHUKA, PA3AEJIUJI IJIOMAIb YeThI-
pexyrojbHuKa momnosaMm. JlokaxkKuTe, 94TO CTOPOHBI, Ha KOTOPBIX
ObLIM BBIOPAHDBI CEPEJINHBI, TTAPAJLIC/IHHBI.
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26.

27.

28.

29.

30.

31.

32.

Kazk1ast cropoHa BBITYKJIOIO YeThIPEX- B C
YIOJIbHUKA pasjieieHa Ha 8 paBHbBIX Ya-

creit. CoOTBETCTBYIOIIME TOYKH JI€/Ie-

HUsI Ha I[IPOTUBOIOJIOXKHBIX CTOPOHAX

COEJIMHEHBI JIPYT C JPYTOM, 3aTeM A D

[TOJTy YeHHBbIE KJIeTKHM PacKpallleHbl B IIaxXMaTHOM Hopsake. /loka-
2KUTE, YTO CyMMa ILIONIaJleil Y€PHBIX KJIETOK paBHa CyMMe ILJIO-
maaei 6esbIX KJIETOK.

Kazktag cropona TpeyroibHUKa pa3jesieHa Ha TPU YacTH PABHOI
jymuHbl. Todyku JlesieHnst C/IyzKaT BepIIMHAME JBYX TPEYTrOJbHU-
KOB, TIepecevdeHne KOTOPLIX — MIecTHyroJabHuK. Haiiure mioma b
IMeCTUYTOJIbHUKA, €CJTU TLIOIIA/Ib JAHHOTO TPEYTOJIbHUKA paBHA S.

Ha 6okoBbix cropornax AB u C'D tpanenuu ABC'D B3gTbI TOUYKA
M u N Tak, uro orpe3ok M N mapaJjiesieH OCHOBaHUSAM U JIEJIAT

mIoma/ b Tpamerun nomnosgaMm. Haitanre pmuny M N, eciu BC =
=a, AD =b.

O — Touka nepecedenus guaronaeit Tparnenun ABCD. Ilpsvas,
npoxojsias depe3 C' U TOUKY, CAMMETPUYIHYIO B OTHOCHTEIBHO
O, nepecekaer ocaoBanue AD B rouke K. Jlokazkure, 910 Sp0x =
= Saos + Spok-

B Boimykiom gersipéxyrosbauke ABC'D nyaun AB u DC' nepece-
katorcd B Touke K. Ha Ouccekrpuce yrita AK D nanuiach Takas
touka P, aro npsmbie BP u C'P nengar nononam orpesku AC n
BD coorsercreenno. lokaxkure, aro AB = C'D.

JlokaxkuTe, 9TO BCAKHI TPEYTOJBHUK ILIOMIAINA 1 MOYXKHO HAKPBITh
PaBHOGEIPEHHBIM TPEYTOILHIKOM ILIOMAIN MeHee v/2.

[leprienIuKyJIAPBI, OMYIIEHHbIE U3 BHYTPEHHENH TOYKU PaBHOCTO-
POHHEIr'0 TPEYTOJIbHUKA Ha €10 CTOPOHBI, U OTPE3KH, COEJINHSIOITNE
9TY TOYKY C BEPIIMHAMU, PA30UBAIOT TPEYTOJbHUK Ha IIECTDb ITPsi-
MOYTOJIBHBIX TPEyroJIbHUKOB. JloKarkuTe, 9TO cymMMa ILIOmaeit
TPEX U3 HUX, B3ATBIX Yepe3 OJIUH, paBHA CyMMe ILJIOIa el Tpex
OCTaJIbHBIX.
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33.

34.

35.

36.

37.

38.

39.

Buyrpu ksagpara ABCD nexur ksagpar B ¢
PQRS. Orpesku AP, BQ, CR u DS He me- Q
peceKaioT JIpyr JApyra M CTOPOHBI KBaJpaTa
PQRS (Ha puCyHKe IPUBEJIEH OJMH U3 BO3-
MOYKHBIX BAPHAHTOB PACIIOJIOXKEHIST TOYEK Ta-
KM 00paszoMm ). Jlokazkure, 9T0 CyMMa ILIOMA- A D
neit gyeTbipéxyronbaukoB ABQP u CDSR

paBHa cymMMe ILIomaeil 9eTepéxyroabaukoB BC' RQ) u DAPS.

PacemarpuBaercsi IpOM3BOJIBHBI MHOTOYTOTBHUK (HEOOSI3aTe b
HO BBIYKJIbI). Beerma jin HailIéTest Xopia MHOTOYTOJIbHUKA, KO-
TOpas JIeJUT €ro Ha JIBe PABHOBEJUKHE YaCTh?!

Bepro s, 4To J100BIE JBa NPAMOYTOJIBHUKA PABHOM ILJIOIIAIN
MOZKHO PACIIOJIOZKUTH HA MJIOCKOCTH TaK, UTO JII00asd TOPU30HTAIb-
Hasg MpsiMasi, TepeceKalolas OJUH U3 HUX, OyJeT Iepecekarb U
BTOPOIi, IPUIEM 110 OTPE3KY TOM 2Ke JJTUHBI!

(*) Bepro su, uTo s1t06bIe J[BA TPEYTOJbHUKA PABHOMN ILIONIAIN
MOZKHO PACIIOJIOZKUTH Ha IIJIOCKOCTH TaK, 9TO JII0Oad TOPU30HTA b
Hag TpgMasg, Iepecekalonas OJIMH U3 HuX, OyJeT mepecekaTb U
BTOPOIi, MPUIEM 110 OTPE3KY TOM Ke JJTUHBI!

I[OK&)KI/ITG, qTO IIpdMad ACJIUT IEPpUMETD U IIJIOIaJAb TPEYyroJib-
HUKa B paBHbBIX OTHOIIEHUAX TOI'JJa W TOJIBKO TOI'a, KOI'Zla OHa
IIPOXOJUT Yepe3 IEeHTP BIIMCAHHONI OKPY2KHOCTHU TpeyIroJIbHUKAa.

Ha Oymare «B KJ1eTOUKY» HAPUCOBAH BBITYKJIBIII MHOTOYTOJTHHUK
M Tak, 4TO BCe €ro BepIIMHBI HAX0/IATCA B BEPIINHAX KJIETOK U HA
OJIHA W3 €r0 CTOPOH He WJIET 110 BePTUKAJN Wi ropusonTaau. /lo-
KaKuTe, YTO CyMMa JIJIMH BEPTUKAJIbHBIX OTPE3KOB JIMHUI CETKH,
3aK/II0YEHHBIX BHYyTpu M, paBHa CyMMe JIJIMH TOPU30HTAJIHHBIX
OTPE3KOB JIMHUII ceTKH BHyTpu M.

Kaxkayro BepminHy BBIIYKJIOIO YeTBIPEXYTOJbHUKA ILIOMAIN S

OTPa3U/IM CUMMETPUYHO OTHOCUTEJILHO JIMArOHaJ/l, He COJeprKa-

meit 3ty BepmuHy. OO03HAYNM ILIONIA/b MOJIYYUBIIErOCHd YeThI-
!

péxyroabhuka depes S’. Jlokaxkure, 4o 5 < 3.
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40. JIBa KBaJipaTa PacIOJIOKEHbI TaK, KaK I0-
Ka3aHO Ha pucyHke. /[okaxkuTe, 9TO TLJI0-
A  3aIllTPUXOBAHHBIX YEeTBIPEXYTOJIb-
HUKOB paBHBI.
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1.10. Merpudeckue COOTHONIEHUS B YEThIPEXYTOJIb-
HUKE

DTOT pasjiesl ABIIeTCs JIOTUIECKUM IIPOIOJIKeHneM pas/eioB 1.7 u
1.8. K #Hemy oTHeceHBbI OCHOBHBIE TEOPEMBI O METPHUUIECKUX COOTHO-
IIIEHUSIX B YeTBIPEXYTOJbHUKE, a TaK:Ke 3a/1a9i, B KOTOPBIX IIOMOIaeT
IIpUMEHEeHne TUX COOTHOIIeHu. Byiem B 3TOM pa3zjese obo3HadaTh
a, b, ¢, d — IJIUHBI CTOPOH YETBIPEXYTOJbHUKA, a €, f — JJIMHBI ero
JaroHaJIen.

Teopema 1.10.1 (Teopema KOCHHYCOB JIJIsI 9€TBIPEXYTOJIBHIKA ).
B npoussosvrom wemupéxyzorvnuxe ABCD ¢ yeaom @ meocdy eex-
mopamu AB u C'D cnpasedauso coommnowerue:

AD? = AB® + BC?+ CD* — 2AB - BC - cos ZB—
—2BC -CD -cos LC' +2AB - CD - cos .

Teopema 1.10.2 (CoorHomenune Bpermireiijiepa). B npoussoisvrom
wemuwpéxyzorvrurxe ABC'D evinoanerno coommowerue

(AC - BD)* = (AB-CD)? + (BC - AD)*—
—2AB-BC -CD - DA -cos(ZA+ £C).
HauboJsiee mpocThiM siBJIIETCS CJIeIY IO (DaKT:

Teopema 1.10.3 (Popmysia mIomagu 4eTbipEXyrojabHuka). Joxa-
orcume, umo naou,ado S wemupéryzorvnura ABCD pasna noaosure
npouseedenus OAuUn Qua20HANET HA CUHYC YAl MEAHCIY HUMU.

[Tociieusist popmyiia cripaBe/yiiBa B TOM YUC/IE U JIjIsI HEBBIITYKJIOTO
4eThIPEXYTOJILHUKA.

Teopema 1.10.4 (Popmysia mIoMAgNn YeTHIPEXYTOIbHAUKA). oKa-
orcume, 4mo oaa naowadu S evinyk.io2o yemupéxryzorvnura ABC D
cnpasedausa popmyaa (p — noaynepumemp):

S?=(p—a)p—"0b)(p—c)(p—d) — abcd - cos® M
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Sagaan

Hoxaxkute Teopemy 1.10.1.
Jokaxkurte Teopemy 1.10.2.

3. (Hepasencmeo IImosemes) JlokaxKkure, 9TO JJI BCSKOIO YeThI-
péxyronbauka ABC' D cnipasemyinBo nepasenctso AC- BD < AB-
-CD + BC - AD, npuuém eciiu ABC'D — BIUCAHHBIH 9eTHIPEX-
YTOJIBHUK, TO JIOCTHIAeTCsI PABEHCTBO (B TAKOM CJIydae TOBOPST O
meopeme IImonemes).

4. Jlokaxkure, 9TO B JIFOOOM BIHMCAHHOM deThIpéxyroJibauke ABC D
CIIpaBEJJINBO COOTHOIIIEHUE

AC  AB-AD+CB-CD
BD BA-BC -+ DA-DC’

5. Jlokaxwute Teopemy Crroapra: ecqim ToUKka [ JIEXKUT Ha CTOPOHE
AC Tpeyromsuuka ABC, B kotopom AB = a, BC = b, AD = d,

DC = ¢, o mmua BD mMoxker ObITh HaiijleHa U3 COOTHOIIEHUS
(c+ d)BD? = ca* + db* — cd(c + d).

6. B BBIIYKJIOM 4YeThIpeXyroJbHUKe co cTopoHamMu a = 60, b = 52,
¢ = 25, d = 39 (CTOpOHBI HEpeInc/IeHbl B HOPsAKe 00X0/a MO
nepumerpy) u jguaronasnsvu e = 63, f = 56 HaiijuTe KOCHHYC
yIJIa MEXKJIy JIUaroHaJIsIMU.

7. Hoxkaxute Teopemy 1.10.3: maomajab 9eTBIPEXYTOJLHUKA PaBHA
ITOJIOBUHE ITPOU3BEJICHUS JIJTUH JInaroHaseil Ha CUHYC yIvla MEXK Ly
HUMU.

8. JokaxkuTe, 9TO €CM JTUArOHAJM YETBIPEXYTOJTbHIKA HE TIEePIEH-
JAUKYJIAPDHBIL, & YTOJI MEXKJ/y HUMH paB€H @, TO IJIOOIa/Jb 3TOI'O
YeTBIPEXYTOJbHIKA MOXKET OBITH BBIUHC/IEHA 110 (hOpMYyIIe

la? + 2 — b? — d?|
4

-tg .
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10.

11.

12.
13.

14.

15.

16.

17.

18.

(Teopema Siinrepa) Jlokazkure, 4T0 KBaJpPAT PACCTOSHUS ME¥K-
ny cepeaunnamu auaronaseir AC' u BD npon3BOJIbHOIO 9€ThIPEX-
YTOJIbHUKA MOKET OBITH BBIYUCIEH 110 (POPMYIIE

d? = i(ABz + BC? + OD? + DA* — AC* — BD?).

JlokaxkuTe, 9YTO €CJIM B YeTHIPEXYTOJIBHUKE CYMMa, KBaIPATOB CTO-
POH paBHa CyMMe KBa/IpaToB JuaroHaJieil, TO 3TOT YeThIPEXYT0/Ib-
HUK — ITapaJljIeJIOTPaMM.

B Boimykiiom derwsipéxyronbanke ABC' D cymma KBaJIpaToOB JIJIMH
BCEX CTOPOH U 0bewx juaronaJseil paHa m. Jlokaxure, ITO €ro
IUTOIA/Ib HE TPEBOCXOAUT m /8.

Jokaxkute Teopemy 1.10.4.

I[OK&)KI/ITG, 9TO ecCJin ‘{eTpréX}/TOJIbHI/IK OHI/ICELHHI)II;'I7 TO €ro ImJjio-

LA+ 2ZC
I1a1b MO2KeT ObITh Hafiena 1o dpopmyste S = v/ abed-sin +

JlokaxkuTe, 9TO €C/IM YETHIPEXYTOJIHLHUK W BIMCAHHBIN, U OITMCAH-
HBIIT OJIHOBPEMEHHO, TO €ro ILIOMA/b MOXKET ObITh BBIUUC/IEHA, 110

dopmyne S = vabed.

Toxkazkure, uTo cootHomenue e2+ f2 = a?+c?+2bd ectb Kpurepuit

napaJsuteabaoctu cropod BC' u AD gerbipéxyronbauka ABCD.

Jlokaxkure, aTo jyis miaomagun S derbipexyroiabanka ABCD co

croponavu AB = a, BC = b, CD = ¢, DA = d BbIloJTHEHO
1

HepaBeHCTBO S < 3 (ac + bd).

Ha croporne BC' tpeyronbsuuka ABC BHe ero mocTpoeH MpaBuib-
ublit Tpeyroibuuk BC'D. Jlokaxkure, 1TO

1
AD? = §(a2 + 0% + 2) 4 2V/38,

e S — mwiomaab Tpeyroigbanka ABC.

Jlan BIMCAHHBINA YeTHIPEXYTOJBHUK, OCTPBIA YO MEXKJIy JTUAro-
HaJIIMU KOTOPOTO paBeH . JlokaxKuTe, 9TO OCTPBII YTOJ MeXK-
JIy JraroHaJjisiMi JIFoOOTO JPYyTroro 9eThIPEXYTOJbHUKA ¢ TEMH YKe
JUTMHAMEU CTOPOH (MJIyIIUME B TOM K€ HOPSIJIKE) MEHBbIIE (.



73

MeTpI/I‘{eCKI/IG COOTHOIIECHUA B 9YE€TBIPEXYI'OJIbHUKE

19.

20.

(Mocxoscras Mamemamuueckas Oaumnuada) B TpeyroabHuke
ABC' cropona BC' paBHa mnojycymme ABYX APYrux cTopoH. [lo-
KayKuTe, 9T0 OMCCeKTpuca yriia A mepueHInKyaspHa OTPE3KY, CO-
CIUHAIONIEMY IEHTPBI BIIMCAHHON U OLIUCAHHOY OKPY2KHOCTEHR Tpe-
YTOJIbHUKA.

Jokaxkute, 910 eciin 4eTbipéxyrobuuk ABC D Brucan B OKpy K-
HOCTB pajinyca R m ommcaH OKOJIO OKPYKHOCTH PaJIuyca 7, TO:
R? 1 1

1. _2 — R N + .9 .9 7

r sin/A-sin/ZB = sin* ZA -sin® ZB

1 1 1
2 5t

r (R—x) (R+x)

CTOAHME MEKAY ILEeHTPpaMnu OKPY)I{HOCTGI;’I.

ii. (Qopmysra Dycca) 5, TJle T — pac-
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1.11. Cremnednb TOYKU

N3 noj106ust TpeyroIbHUKOB JIETKO MOy YUTh CJICIYIONINE JIBA IUPO-
KO U3BECTHBIX YTBEPKJIeHNs (00beJMHEHHBIX B 9TOM Pa3jiesie B OJHY
TEOpEMY ), BXOJSIIUX B JIIOOOH KypeC IIJIAHUMETPUN:

Teopema 1.11.1. ITycmwb zopow A1 By u As By uau ux npodossicenus
nepecexaromces 6 mouxe P. Tozda umeem mecmo pasercmeo npous-

eedenuti AP - PB; = Ay P - PBs.

As

B
e
Ay

B,
By

Ecimm BBecTn pajmyc okpyxkuoctu R u paccrogaue ot Touku P 10
[EHTPa OKPYKHOCTH d, TO MOYKHO IOKa3aTh (CM. 3ajady 1), 9To B
caydae, Korma P yexxut BHyTpu okpysknoctn, A, P - PB; = R? — d?,
a ecmn P nexxut Bue, To A| P - PB; = d?> — R%. Otn dhopmyms emé
pas3 MOJYePKUBAIOT Y2Ke OTMEYEHHLI B TeopeMe (baKT: IPOU3BeIeHIe
TaKUX OTPE3KOB 3aBUCHT JIUIIH OT PACCTOSHUS OT TOYKHU P JI0 TIeHTpa
OKPYXKHOCTH, HO He OT BbIOOpa KOHKPETHON XOPJbI MJIU CEKyIIei,
HPOXOAAIICH Yepe3 3Ty TOUKY. 3aMEeTHM TaKyKe, 9TO IPOU3BEICHUE
oTpe3KoB cekymux PA; - PB paBHO KBaJIpaTy OTpe3Ka KacaTeTbHOM
u3 TOYKU P K OKpY?KHOCTH.

[IpuBenénnbie pakThl 0O00CHOBBIBAIOT IEJICO00PA3HOCTH BBEIEHUE CIe-
JIYIOIIETO OIPEIeIeHIS:

Onpenenenue 1.11.1. C'menens mourxu P ommocumenvho oxpyorc-
nocmu w(O, R) — 310 uucio pow, P = d*> — R* tae d = OP.

Crenenb Toukn P rojioxkuresbHa, ecau P JIeyKuT BHE Kpyra ¢ I'DaHu-
1eil w, paBHA HYJIIO JIJI TOYEK Ha OKPYKHOCTH U OTPHUIATEbHA JJIs
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TOYEK BHYTpU OKpYyzKHOCTHU. [/[yisi Touku P BHe Kpyra ¢ rpaHuteit w
CTeIleHb OTHOCHTENILHO w TakxKe pasha PA2 rie A — Touka KacaHus
w ¢ IpgaMoil, mpoxojdrieit gepes P.

Nmeror MecTo crefyioniye 3aMedaTe/bHble (haKThl, JOKa3aTeIbCTBO
KOTOPBIX TaKKe OTHECEHO K 3a/1adaM:

Teopema 1.11.2 (O paaukanbHOil ocu). [eomempuueckoe mecmo
MoueK, Cmeneny Komopovir omHOCUMEALHO 08YL OGHHBLL HEKOHUEH-
MPUYECKUT OKPYAHCHOCTET PAGHDL, ECTND NPAMGA, NEPNEHOUKYAAPHAA
AUHUY YEHMPOB IMUL 0KPYHCHOCTMEN.

Onpenenenne 1.11.2. Dra npsmas Ha3bIBACTCI PaduKaNbHOT 0CHIO
dsyx okpysrcrHocmed.

Teopema 1.11.3 (O pajukanbaoM 1eHTpe). [lonaphvie padurans-
HbLe 0CU MPET OKPYACHOCEL, UECHMPYL KOMOPBLIT HE AEAHCAM HA 00-
HOT NPAMOT, NEPECEKANOMCA 8 00HOT MoYKe.

Samaun

1. IlpuBemure obocHoBanme (hOpMyJ JIJIsi MPOU3BEJIEHUT OTPE3KOB
XOP/I U OTPE3KOB CEKYTIUX:

i. Ilycrs AB — xopma okpyKHOCTH pajmyca R, P — Touka Toit

xopzae, O — nentp okpyzkuoctu. Jlokaxure, uro AP - PB =
= R*>-0P?

ii. Ilycts AB — xopaa okpyx)HOoCTH pajuyca R, P — Todka BHE
OKDY2KHOCTH, JiexKaras Ha mpsamoit AB, O — 1eHTp OKpy K-
noctu. Jokazkure, uto AP - PB = OP? — R,

2. JlBe okpyxHocTH W U §) mepecekaiorcst B Toukax A n B, a Ha o1-
peske AB pwiOpana Touka P. Ilycre FF u GH — xopabl w u )
COOTBETCTBEHHO, Tpoxoismiue depe3 P. JlokaxKkuTe, 4TO YeThbIpex-
yroabunk FGF H BuucanHbIii.
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10.

11.

12.

JlokaknTe, 9TO reOMETPUYECKOE MECTO TOYEK, JIJIs KOTOPBIX CTe-
IIEHU OTHOCUTEJBHO JIBYX 3aJaHHBIX HEKOHIICHTPUYIECCKAX OKPYZK-
HOCTEH OJIMHAKOBBI, €CTh IpAMasd, IePIeHINKYIdpHad JUHAN [IeH-
TPOB.

JlokaxkuTte, ITO JJId JIBYX OKPYZKHOCTEH, IEPECEKAIOIINXC B TOU-
kax A u B, pajukajabHO#l ocbio Oyier npsamas AB. B kadectse
MIPEJIEIBHOTO CIydasi PACCMOTPHUTE TaKyKe CIydail KaCaHUsT OKPY K-
Hocreit B Touke A.

JIBe OKpyzKHOCTH IlepecekarorTcss B Toukax A m B, a Touka M
JexKuT Ha upamoit AB. Jlokaxkure, 9T0 OTPE3KN KacaTeIbHbIX 13
Touku M K 3TUM JABYM OKPY?KHOCTSIM PABHBI.

JIBe okpyzxHOCTH ITepecekaiorcs B Toukax A u B, C'D — ux obmas
kacaresnbHas (C'u D — Touknu Kacanus). Jlokaykure, 9T0 mpsiMast
AB nenut orpe3ok C'D momosam.

JIBe OKpYy2KHOCTH KacatoTcsi BHEITHIM 0O6pa3oM B Touke A, a BC' —
ux obIast KacaTejabHasi, He mpoxosias depe3 A. Jlokazkure, 9T0
tpeyrosibHUK ABC' psiMOyTOJTBHBII.

JlokaknuTe, 4TO €C/IU IEHTPbl TPEX OKPYKHOCTEN He JiexKaT Ha
OJIHOM IPAMOI, TO UX HOIapPHbIE PaJUKaIbHbBIE OCH IIEPECEKAI0TCA
B OJIHOU TO4YKE.

Ha mtockocTu JaHbI TpU MOMIAPHO TEPeceKalonecs OKPY2KHOCTH.
Yepes Touku nepecevdeHnst KaK/IbIX JIBYX M3 HUX ITPOBEJIEHA IPsi-
Mag. JlokazkuTe, 9T0 3TU TPH IPSAMbBIE IIePECEKAIOTCS B OJIHON TOY-
K€ WJINA MTapaJlJICJIbHBI.

[TocTpoiiTe pajuKaIbHYIO OCh JBYX 33/ IAHHBIX HEIIEPECEKAIONTNXC S
OKpyzKHOCTElT ST U So.

Jlokaxkure, 94TO y JIIOOOrO TPEYTrOJIbLHUKA €CTh TOYKA, PABHOY/IA-
JIEHHAs OT €ro BEpIINH, UCIOJIb3ys PaJuKaabHbIE OCH.
lodckaska: ToUKa MOYXKET OBITH PACCMOTPEHA KaK OKPYKHOCTH HY-
JIEBOTO PaJinyca.

JlaHbl IBe HelepeceKaommuecs OKPYKHOCTH w U §) u 4 obmux Ka-
caresbubix: AB, CD, MN, KL (rouku A, C, K, M — To4ku
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13.

14.

15.

16.

17.

18.

KacaHus, JieyKallie Ha w, & OCTaJibHble — TOYKM KacaHus Ha ().
[Iycts X u Y — cepenunbl aByx u3 stux orpe3kos (AB, CD,
MN, KL). Jokaxure, ato npsimasg XY TakKe [IPOXOJIUT U e-
pe3 cepeJIMHBI OCTABIINXCS JIBYX OTPE3KOB.

Hana okpyxknoctb S ¢ guamerpom AB u nenrpom O, a TakxKe
touka C' Ha 9710i1 okpyRHOCTH (OoTsimaHas or A u B). U3 Toukn
C onyctunn nepuenaukyaap C'H na AB, mocie 9ero mocTpou-
JM OKPyxKHOCTH S; ¢ mentpoMm B C pamgmycom C'H. Jlokaxkure,
9TO MpsiMasi, IPOBeJIEHHast Yepe3 ToUKKM X u Y IepecedeHus: STUX
okpyxkHocreii, gesur C'H nonosam.

JlBe okpyx)uoctu w u §) Brmcanbl B yroi. [lycts w Kacaercs cro-
por yria B Toukax A m B, a () coorBercrBeHHO B TOoukax C' n
D (rouku A u C jexar Ha OJHON cTOpOHe yria, a B u D — Ha
Jpyroit). JTokazkure, 4T0 OKPY?KHOCTH OTCEKAIOT Ha NpsaMoit AD
pPaBHBIE XOPJIbI.

Ha cropone BC' tpeyronbauka ABC B3sita Touka A'. Cepeann-
HBI TIepIeHInKYyIsIp K orpe3ky A’B mepecekaer cropony AB B
Touke M, a cepeMHHBII neprneHukyaap K orpesky A'C' mepece-
kaeT ctopory AC B Touke N. JlokaxKuTe, 9T0 TOUKA, CHMMETPUY-
nast Touke A’ ornocurenbuo npsmoit M N, JeKuT Ha ONUCAHHOMN
oKpyHOCTH Tpeyroabanka ABC.

B mectuyronbanke ABCDEF yrast A u C npsiMble, a TakwxKe
umeror mecto pasencrBa: AB = BC, CD = DE, EF = FA.
Hoxkaxkure, uro F'D | BE.

VY BrmcanHoro Yerhipexyronbanka A BC' D HeT napaJiiebHbIX CTO-
pou. Ilycrs S; m Sy — oxpyxuocTu ¢ xopgamu AB u C'D, kaca-
foruecst Apyr jpyra B Touke X. Jlokaxkure, 9T0 BCEBO3ZMOXKHBIE
Takue TOYKN X JIeKaT Ha OJHON OKPYKHOCTH.

Vraet /A u ZC B gerbipexyronbauke ABC'D mpsvbre. OKpyxK-
HOCTH TMOCTpoeHbl Ha cTopoHax AB m C'D kak Ha JmaMerpax n
repecekatoTcs B Toukax X u Y. /lokaxkure, 94TO cepeinHa guaro-
nam AC' 9eThIpEXyTroJIbHUKA JIEKUT Ha mpsaMoit XY .
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19.

20.

21.

22.

23.

24.

Yepes 1eHTp onucaHHON OKpy:kHOCTH Tpeyrojbauka ABC mpo-
BeJIeHBI IIpsiMble, TiepreHnKyasapabie AC' u BC'. 9Tu npsmble 1e-
pecekaroT mpsaMyto, cojepzxkartyo BeicoTy C'H TpeyrojbHUKA, B
roukax P un () coorBercTBerno. Janbl qauHabl orpeskoB C'P = x
u CQ = y. Hokaxkure, 9TO PaJIMyC OMUCAHHON OKPY?KHOCTU Tpe-
yronbuuka ABC pasen /Ty.

(CLIA) B ocrpoyroabsrom Tpeyroibauke ABC na croponax AB
n AC kak Ha JguaMeTpax IMOCTPOEHBI OKPYKHOCTH Wi U Wy COOT-
BeTCcTBeHHO. OKPYXKHOCTH Wi IEPECeKaeTcs ¢ MPsAMOil, cojeprka-
meit Beicoty C'Ch, B Toukax M u N, a wy nepecekaercs ¢ mpsi-
Moii, cofepzkarneit Beicoty BBy, B Toukax () u P. Jlokaxkure, 1T0
M@QN P — BumucaHHBII 9eTHIPEXYTOIbHUK.

(CLIA) aubl fBe OKPY?KHOCTH Wi U Wo, TIEPECEKAIOIIIECS] B TOY-
kax X n Y. Ilpsamast [; HpoxoauT depes HEeHTD wy U IepeceKaeT woy
B Toukax P u Q). [Ipsmast [ IpoxXouT depes MEeHTp wq ¥ IepeceKa-
er wy B Toukax R u S. Jlokaxure, aro eciiu PQQ RS — BuucanHbIit
YETHIPEXYTOJBHUK, TO IIEHTD €r0 OIMUCAHHON OKPYKHOCTH JIEXKUT
Ha mpamoir XY .

[Iycte ABC'D — nepaBHOGEIpeHHasl Tpalelusl ¢ OCHOBAHUSIMUI
AB u CD. OxpyxuocTb 1npoxoaut depe3 A u B u nepecekaer
OOKOBBIE CTOPOHBI Tpalenuun B Todkax P u (), a quaronajgm — B
roukax M un N. dokaxwure, aro npameie PQ, M N, C'D nepece-
KaloTCs B OJHOU TOYKE.

(Bceepoccutickas oaumnuada) Tpeyroasauk ABC mmMeer nepumerp
4. Toukn X un Y nexar ua jydax AB u AC cooTBeTCTBEHHO,
AX = AY = 1. Orpeskn BC u XY mnepecekaiorcs B TOUYKE
M. JlokakuTe, 9TO IEpUMETP OJHOIO U3 TpeyrojbHukos ABM
u AC'M pasen 2.

B ocrpoyrossrom Tpeyroabanke ABC npoBenenbl BhICOTHI AA7,
BBy u CC4, a takxke ormeden oproreHtp H. okazkure, 9TO
H ectb pajiuKabHBIN HEHTP JIByX TPOEK OKPY?KHOCTEI: MepPBbIe
TPU OIMCAHBI BOKPYT derbipexyrojibunkos AByHC,, BC1HA, u

C'AH By, a Bropeie Tpu — Bokpyr BC1BC, AC1AC, BA, B A.
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25.

26.

27.

28.

29.

30.

B ocrpoyrosnbaoM Tpeyrosbanke ABC mpoBesieHbl BbICOTBI AA7,
BB, CC} u ormeuen oprorieatp H. Jlokaxkure, uro AH - HA; =
=BH-HB,=CH - HC(C,.

Jlan Beimykiiblii 9erbipexyroabank ABC' D, B koropom AB = BC
u AD = DC. Toukun K, L u M — cepequant AB, CD u AC
COOTBETCTBEHHO. llepreHauKy/sip, TpOBeIEHHBINN U3 TOUYKH A K
upsimoit BC, riepecekaeTcst ¢ epIeH IMKYISPOM, TPOBEICHHBIM 13
toukn C' K npsmoit AD, B Touke H. Jlokaxwure, auro KL 1 HM.

(Meotcoyrnapoonasn orumnuada) A, B, C, D — derbIpe pa3indaHble
TOYKHU Ha IPAMOI B yKazaHHOM Topsijake. OKPYKHOCTH C THAMET-
pamu AC u BD nepecekatorcss B Toukax X u Y. IIpamag XY
nepecekaer BC' B Z. [lycts P — Touka Ha oTpe3ke XY, orymd-
Hag ot Z. [Ipamas C' P mepecekaeT OKpy»KHOCTD ¢ auamerpom AC
B Toukax C' u M, a npamas BP nepecekaeT OKPYyzKHOCTb C JIHa-
Metpom BD B toukax B u N. [okaxkwure, uro AM, DN, XY
epeceKaroTCd B OJIHON TOYKE.

(Meorcdynapodnasn osumnuada) Ilycrs Touka H — OpTOIEHTp OCT-
poyrosibHOro Tpeyroiabanka ABC, a oKpy>KHOCTD ['4 ¢ IIleHTpOM B
cepenune M4 orpeska BC npoxomut yepe3 H. AHajorudHo ompe-
nentenbl okpyx)uoctu ['g u ['o. OxpyxuocTs ['4 niepecekaer cto-
pory BC' B Toukax A; m Ay. AHAJIOTUYIHO ompeaeIeHbl TOUKH By,
By, C1, Cy. JlokaxkuTte, 9TO BCe IecTb To9eK Ay, As, By, Bs, 1,
(5 J1exkaT Ha OTHON OKPY?KHOCTH.

[Ipsmast, napastensraas cropone BC Tpeyrosbauka ABC, nepe-
cekaet croporbl AB u AC' B toukax P u () coorBeTcTBeHHO. BHYT-
pu Tpeyroibanka AP(Q) B3sata Touka M. Orpesku M B u MC te-
pecekatoT orpe3ok P() B Toukax F u F' coorBercrBenno. [lycrh
N — Bropas TOYKa IepecedeHrs OIMUCAHHBIX OKPYKHOCTeH wq U
wy TpeyrosbaukoB PMF u QME. Jlokaxure, aro Touku A, M
u N Jjiexkar Ha OJIHOI ITPAMOIA.

(Teopema Bpuarnwona) Tokaxkure, uro nuaronaiu AD, BE u C'F
ormcannoro mecruyroibianka ABCDFEF nepecekaioTcss B OJIHOM
TOUYKE.
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31.

32.

B yros Bumcanbl e okpyxkuocTu w u €). [lpsmas [ mepecekaer
cTOpOHBI yriia B Toukax A u F| okpy»KHOCTh w B Toukax B u C,
OKpY2KHOCTB §) B Toukax D u E (HOpsI0K ToueK Ha mpsMoii — A,
B,C, D, E, F). llycts BC = DE. Jlokaxure, uro AB = EF.
Ha menmanax Tpeyro/ibHHKA KakK Ha JiMamMeTpax MOCTPOEHBI Tph
OKpy KHOCTHU. VI3BecTHO, 9TO OHU MoOnapHo nepecekatorcs. [lycrnb
('} — boutee yanéanas oT BepiiuHbl C' TOUKA IepecevdeHus OKPY K-
HOCTe, TOCTPOEeHHBIX Ha Meananax AM; mu BM;. Toukn A u B
onpeensiorca anajgorudno. Jlokaxkure, uro nupsmele AA;, BB
u C'C'y nepeceKaroTcst B OJIHOI TOUKe.
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['eomeTpudeckue rnpeodpazoBaHus

I'maBa 2

I'eomeTpnyeckue nmpeodpa3oBaHUsI
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2.1. /IBuxKeHusd

JIBuzKeHust — 9TO mpocTeiiue (HO JOCTATOYHO BazKHbIE) BHJIBI IIPe-
obpazoBanuii mnockoctu. [log npeobpasosanusmu TIIOCKOCTA MBI OY-
JIeM TIOHUMAaTh IIPOU3BOJIbHBIE OTOOpazKeHus [ U3 IJIOCKOCTU Ha ceds,
T. €. 3aKOHBI (IpaBuIa, (DYHKIINN ), 10 KOTOPBIM KazKJI0# TOUKe ILJI0C-
kKoctu P conocrasisgercs HeKoTopas Touka miockoctu P, Ilpu sTom

f
oynem tcarsb f(P) = P/ win P v P’ (nocse/Hss 3aiCh IUTAeTCs
Kak «Todka P mepexoauT B TOUYKYy P’ 1moj jeiicrBrueM 0oToOpazkKeHust

f»).

Onpenenenne 2.1.1. IIpeobpazoBanue f IJIOCKOCTH HA3LIBACTCS
dsuoiceruem, ecim OHO COXPaHAET PACCTOSHUS, T. €. JIJIs BCIKOM I1a-
pol Touek A n B jyimna orpe3ka MexKJly HUMU PaBHa, JIJINHE OTPe3Ka
mezxkty Toukamu f(A) u f(B).

Ecin Toukn A m B coBIaIaioT, TO JJIMHY OTpe3Ka MeXKIy HUMU MBI,
KOHEYHO, CUMTAeM PAaBHOUM HYJIIO.

Onpenenenne 2.1.2. Ilycrs f u g — npeobpa3oBaHus IJIOCKOCTH.
Komnosuyus npeobpazosanuti f o g — 9T0 mpeobpa3oBaHue, Mpe-
crapJsiioniee coboil mocjeaoBaTe IbHOE IIPUMEHEHNe CHadaJja IIpeoo-
pasoBaHMA ¢, a 3aTEM K pe3y/IbraTy MnmpeobpasoBaHusd f.

KomMmmo3urius 3aBUCHT OT HOpsijika: f o g He 00s13aTeIbHO COBIIAIAET C
gof. flcHo, YTO KOMITO3UIINS IBMKEHII TaKKe SBJISIETCS IBUYKEHIEM.

Onpegenenune 2.1.3. Toowcdecmesernnvim npeobpazosaruem NaoCKo-
cmu OyleM Ha3bIBATh PeoOpa3oBaHUe, COMOCTABIISIONEE KayKI0M
Touke eé ke camy. O6o3HauUM 3710 Hpeobpasoanme id (oT csoBa
identity).

dcno, aro mys Besikoro mpeobpasosanust f kommosuiun foid midof
paBHBI MeXKTy c00O0#l 1 COBITQIAIOT C f.

Omnpegenenne 2.1.4. [IpeobpasoBanne g Ha3bIBACTCA 00PAMHBIM K
npeobpazosanuto f, ecim go f = fog=id.
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He Besikoe npeobpaszoBanume IJIOCKOCTH nMeeT obpaTHoe. fcHo, oqHa-
KO, 9TO 00paTHOe Mpeodpa3zoBaHue K JTIOOOMY JIBUZKEHUIO CYIIECTBYET
U TaKXKe sBjdeTcd jBuzKkenneM. [lepeiiiéM K KOHKPETHBIM ITPIMEPAM.

1. [leaTpaabHast CHMMeTPUs

Onpenenenne 2.1.5. [[enmpanvras cummempus OTHOCUTETBHO TOU-
ku A — 510 npeobpasoBaHme Z 4, epeojsiiee ToUKy X B Takyo X',

uyto AX' = —B

[lenTpasbHast CAMMETPUS SIBJISETCS JBUXKEHUEM. JTO OTOOpaKeHUe
SIBJISIETCS OOPATHBIM K CAMOMY cebe: KOMITO3UIIUS JIBYX IEHTPAJIbHbBIX
CHUMMETPHI OTHOCUTEILHO OJHOM U TOM Ke TOYKU €CTh TOXKJIECTBEH-
HOe IIpeobpa3oBaHue.

2. OceBag cumMMeTpust

Onpenenenne 2.1.6. Ocesas cummempus OTHOCUTETBLHO MPIMOIL
¢ — 10 npeobpazosanue Sy, nepesojsiiee ToUKy X B Takyo X', 4To
{ sIBJIsIeTCsT CEpEeIMHHBIM TIepIeH K yaapom K X X',

OceBast cummeTpus €CTh JIBUZKEHUE, ITPUIEM BHOBH 9TO OTOOpazKe-
HIe — obpaTHOe OTOOparkeHue JijIsi CaMoro ceds.

3. IloBopor

Onpenenenue 2.1.7. [losopom na Y204 v OMHOCUMEALHO TOUKU
A — sTo npeobpazoBanune RY, nepesojsinee TOUKy X B TaKyIO TOUKY
X', aro yron ZXAX' = |a|. Eciim o > 0, To TIOBOPOT OCYIIECTBIIsA-
€TCd IIPOTUB YaCOBOI CTPENKH, NHAYE — 110 YaCOBOW.

[ToBopoT Takzke siByisieTcs ABuzKeHneM. OTMETHM JTOTIOJTHUTETBEHO PSIJT
UHTEPECHBIX CBOMCTB. KoMIo3umusi AByX MOBOPOTOB OTHOCHTEIHHO
OJIHOI ¥ TOfi Ke TOYKH eCTh IIOBOPOT HA CyMMapHbIi (¢ y4éToMm 3Ha-
Ka) yrom: RS - R = Rj’LB . ObparHoe K MOBOPOTY NpeodpazoBaHme
(R%)™! ectp moBopor R;*. Bumecre 311 1Ba CBoOiicTBa 0GOCHOBBIBAIOT
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yI00CTBO 3alliCH yIjia B BepxHeM uHiekce. [ToBopoT Ha pa3BépHY-
TBIA yTOJI COBIIAJIACT C IEHTPAJILHON CUMMETpUEil, a Ipu IOBOPOTax
Ha y1Jibl OoJibie 360° MOXKHO OTOPOCUTDH YacTh yIvia, KpaTHyo 360°,
nockobKy R38°* = id npu nenwix k.

4. [Tapastenbublii mepenoc

Onpenenenne 2.1.8. [lapasresvrvii neperoc Ha 6EKMOp A§ — 3TO
/
npeobpaszoBanue T2, epesojidiiee ToUKy X B Takyto TOUKy X', 94To

XX' = 4B,

OueBuIHO, YTO U TAPAJIICTHHBIN IEPEHOC TAKKe SIBJISIETCS JTBUYKEHU-
em. ObparHOoe Tpeodpa3oBaHne K MapaJIIeIbHOMY MEPEHOCY Ha BEK-

Top AB ecTb napaJsuiesbHbIN TIepeHoc Ha BeKTop BA.

Hakomnerr, paccMoTpuM 3T 1ipeodbpa3oBaHus B JeficTBUN — pa3depém
HECKOJIBKO 3a/1aM.

B
Bamaya 2.1.1. /lokaxkure, 9T0 KOMIIO3U- C

o /
g JIBYX OCEBBIX CUMMETPUHN C HEllapaJi- X, X
JIGJIbHBIMH OCAMM €CTb IIOBOPOT BOKDPYT
TOYKH II€epecedCHnA ITUX oceil. Berancim- X"

Te Yyr'oJI 3TOr'0 II0BOPOTA, €CJIA YTOJ MEZK LY
OCSIMU PaBeH (.

Pewenue. Ilyctb Touka X oTpazkaeTcs OT- A
HOCHTEJIbHO IIpsiMoit AB, a 3aTem obpas
oTpazkaercst orHocuTeabHO npsmoit AC. Hecmoxkmo Buners, ato AX =

=AX"u /XAX" =2/BAC = 2a. O
3agaua 2.1.2. Buyrpu ksajipara ABC'D [y A D
B3dTa Takas Touka P, aro AP =1, BP = 1
2, CP = 3. Haitmure ZAPB. 3/ )
Pewenue. Crenaem nopopor RN 1 DL 2




85 JIBrKenus

Tpeyrosbauk BPP' paBHOGEJIPEHHBI U UPSIMOYTOJIbHBIH, OTKY/Ia
PP' = 2v/2. Toraa B tpeyrompuuke APP’ cymma kBagparos PP’ u
AP pasna AP, nosromy /BPA = /BPP' + /P'PA = 45° +90° =
= 135°.

3amaga 2.1.3. Ha croponax BC),
CAu AB tpeyronbauka ABC orme-
genbl cepequnbl Ay, By n C;. Ilycts
IyIglc n O,00¢c — TpeyroabHUKH
C BEpIIMHAME B IIEHTPaX BIMCAHHBIX
U OIHMCAHHBIX OKPY>KHOCTEH cOoOT-

BeTCTBEHHO TpeyroyibHukoB AB (Y,
A1 BC,

u Ay B;C. [Jokaxkute, 9T0 9TU TPEYTOJbHUKN PABHBI.
—

A

Pewenue. Tlepenoc ma BekTOop ACY HEpPEBOAUT IEHTPHI BINCAHHOIM
1 OIMCAaHHOI OKpyKHOCTel Tpeyroiabunka AB;C| B IeHTPHI BIUCAH-
HOIi 1 ONMCAaHHON OKpyzKHOCTel Tpeyroibauka A; BC| cooTBeTcTBEH-

Ho. [Tosromy Bekropsl [alp 1 OgOp paBHbL. AHATOIHYHO MOJTyYaeM

Igls = 006 u Icly = OcO4. Suaunt, TpeyroiabHuku [ Iglc n
0A0B0¢ paBHBL. O

Sagaun

1. B 0OKpyzKHOCTH BHHCaHBI JIBa IPaBUILHBIX TpeyrojbHuka: ABC
u A;B,C;. Ilycrs Ay — touka nepeceuenus BC u B1Cy, By —
touka nepecedernss CA u C1 A, Cy — Touka nepecedenust AB u
A1 B;. Jlokaxkure, 910 TpeyroJbHuK AsByCy paBUIbHBIN.

2. Touku A, B u C' jiexkar Ha NpsIMOil B YKa3aHHOM Mopsijike. Toukn
Ay u Cy nexxat 1o osiHy cropony ot mpsamoit AC, mpuaem AAA; B
u ACC, B nonobuble n paBHOOEIPEHHBIE ¢ OCHOBaHMAME AA, 1
CCy. Toukn E u F — cepemunnl A C u AC,. oxkaxKure, 9T0
rpeyroibHuk FEF B nonober AA1AB u ACC,B.

3. ABCD u DEFG — nBa 0lMHAKOBO OPUEHTUPOBAHHBIX KBa IpaTa,
BHYTPEHHIE 00J1aCTH KOTOPBIX HE UMEIOT OOIIUX TOYEK, & FPAHUILBI
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10.

[epeceKaroTcs TOJIBKO 1o Touke D. Haiiaure yros Mexk 1y nmpsiMoit,
conepxkareit meauany DM tpeyrosbauka ADG, n npsavoit C'E.
Sameuanue. Tlom opuenTanueit KBajpara I0JIpa3yMeBaeTCs Ha-
npasJieHne 00X0/a ero BepIINH (110 HAIIPABICHWIO JIBUXKCHUS da-
COBOI CTPEJIKU UJIA MTPOTHB HETO).

B paBHOGEIpPEHHOM MPAMOYTOJIBHOM TPEYTOJbBHUKE ITPOBEIU Me-
JUaHy K KaTeTy, a 3aTeM W3 BEPIIUHBI MPSIMOI0 yTJjia OIyCTHJIN
MepHeHINKYJIAP Ha 9Ty Meauany. Haiinnre, B KakoM OTHOIIEHUN
IPOIOJIZKEHHE TIEPIIEHIUKYJIAPA JIEJIUT TUIIOTEHY3Y TPEeYTOJIbHUKA.

Ha mrockoctu nana npsimas a u Touka O, He JiexKalast Ha 9TOM
npsmoii. 3adukcupyem Touky A Ha mpsimoii a. [Tycrs a' — obpas
a pu oBopore orHocureabHo O, A’ — 06pas3 Touku A mpu 3TOM
npeobpasosanun, a X = aNa’. Jlokazkure, 9T0 4eTHIPEXYTOJILHIK
AOA'X — BumcaHHBIi.

HenTp ommcannoit okpyzkuoctu O Tpeyroibanka ABC orpasuim
CUMMETPUIHO OTHOCUTEIHLHO ero cTopoH. [lycts obpassr Touku O
npu cuMmmeTpun otHocuTeabHO cropon BC, CA u AB — Toukn

Ay, By, C; coorBercrBenno. Jokaxkure, uto AABC = AA;BC.

[IporuBomnoioKHbIe BepiuHbl napaJsuieaorpamyma A BC' D npunai-
JIEZKAT MPSIMBIM, COJEPKAIINM ITPOTUBOIIOIOXKHBIE CTOPOHBI JIPY-
roro mapaJutesiorpamva M N PQ). Jlokaxkurte, 9T0 9TH Mapasijie/io-
rpaMMbl UMEIOT OOIIUii IEHTP.

Yepes KaxKIy1o U3 JABYX MPOTUBOIIOJIOXKHBIX BEPIIUH MAPaJLIEIO-
rpamMMa IIPOBEJIEHbl TEPIEHUKY/ISIPbl K IIPSIMBIM, COJIEPKAIIM
€ro CTOPOHBI, He ITPOXOJIAIINE COOTBETCTBEHHO YePE3 3TU BEPIIN-
HbI. JIoKaKuTe, 9T0 OCHOBAHUSA STUX ITEPIEHTUKYISPOB — BEPIIN-
HBI TIPSIMOYTOJIbHUKA.

Ha rumnorenyse npsiMmoyroibHOTO TPEyTroJIbHUKA BHE €ro MOCTPOEH
kBayipar. Haiture paccrosinve oT BEPIIUHBI MPSIMOTO yIJjia Tpe-
YIOJIBHUKA JI0 IEHTPa KBaJpaTa, eCIn CyMMa JJIMH KaTEeTOB TPEe-
YIOJIbHUKa PaBHA .

Buyrpu kBajgpara ABCD B3sgra Touka P, a 3aTeM U3 BepIIUH
A, B, C' u D upoBejieHbl nepreHuKy/asapol K npambiv BP, CP,
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11.

12.

13.

14.

15.

16.

DP u AP coorBercrBeHHO. JIOKayKUTE, 9YTO 9TU MEPIEH UK Y/ISTPHI
[IPOXOJIAT Yepe3 OHY TOUKY.

Ha croponax AB, BC, C'D u DA xBaapara ABC' D B3gTbl TOYKHI
W, X, Y, Z coorBercrtBerro tak, uro AW + AZ + CX + CY
COCTaBJIAET MOJIOBUHY IepuMeTpa KBaJipara. Jlokaxkure, aro WY
n X Z neprneHuKyasipHbI.

Toukn K u L — cepeaunbl cropor AB u BC mpaBUIbHOTO Iite-
cruyrosbinka ABC'DEF (BbIIyKJIOrO MECTHYTOJIbHUKA, Y KOTO-
POT0 BCE CTOPOHBI PaBHBI MEXK/Iy COOOI U BCE YIVIbI PABHBI MEXK-
qy coboit). Orpesku KD u LE nepecekatorcs B Touke M. ILio-
maJb Tpeyroiabauka DEM pasna 12. Haiigure 1roma/ib 9eThi-
péxyrosbnuka K BLM.

B Tpeyronbauke ABC ormeden opronentp H. Jlokaxkure, 91O

PaJIychl OIMUCAHHBIX OKPYzKHOCTEl Tpeyroabunkos ABC, ABH ,

AHC', HBC pasHbI.

Vraszanue. OTpasure OPTOIEHTP OTHOCUTETHHO CTOPOHBI TPEYTOJTh-
HUKa U TOKaXKUTE, 9TO 00pa3 JIEKUT Ha OIMUCAHHONW OKPYKHOCTH

TpeyroJyibHuKa. Pazbepure cirydanm ocTpOyroJibHOrO, IPSIMOYTOJIb-

HOT'O U TYIOYT'OJILHOTO TPEYTOJIbHUKOB.

B paBnobGenpennom mpsimoyrosbaoM TpeyrosibHuke ABC ¢ mpsi-
MbiM yryiom C' crHagajia Ha cropone BC ormermimm Touky D, a
3aTeM Ha TUIoTeHy3e BblOpasn Touky F tak, ato AD 1 C'E. 3a-
TeMm Ha AB orMmerusu erie ojiHy TOUKy F' Takyio, aro BE = EF,
npudem E jexut mexay F'u B. /lokaxure, 9To ecau depes F
[IPOBECTHU PAMYIO [, mapaJuie/ibayto npsamoit m = C'E, To upsiMbie
[ m m orcekyTt Ha AC orpe3ok, pasubiii C'D.

B Bemykiom gersipéxyronbauke ABC'D ormerusu cepepunabl F
u F cropon AB u C'D. Okaszajock, uro jmuHa FF paBHaA 1OIy-
cymme e orpe3koB BC' u AD. Jlokaxkure, 9TO 9TOT YETHIPEX-
YIOJIbHUK UMeEET Tapy HapaJlieIbHBIX CTOPOH.

Ha croponax mapasuteorpamma ABC'D BO BHEIIHIOIO CTOPOHY
ITIOCTPOEHBI YeThIpe KBajapaTa ¢ nenrpamu P, Q), R, S. Hokaxure,
aro PQRS — kBajpar.
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17.

18.

19.

20.

B tpeyrosbauke ABC' cropona AB 6osbiie cropoubl AC. Buc-
CEeKTPHCa BHEITHErO yrjia IPU BepIirHe A 9TOr0 TpPEeyroJibHUKA
BTOPUYHO TIepeceKaeT OmucaHHyio okpy)HocTh AABC B TOUKe
E. Illycts F' — ocHOBaHME TMEPHEHIUKYIISAPA, OMYIEHHOIO U3 TOY-
ku E na npamyto AB. Jlokaxkure, uro 2AF = AB — AC.

(Toura Toppuuerru uau mowrka Pepma) Ha croporax ocTpoyrosb-
Horo Tpeyrosbanka ABC BO BHENIHIOI CTOPOHY IMOCTPOEHBI PAB-
nocropornaue tpeyronbuuku ABCY, BCA;, CAB;. [lokaxure,
9T0:

i.  Jmumer orpeskos AA;, BB, C'C| paBHBI, a yroJl MeXKIy JIfo-
ObIME JIByMs U3 HUX paBen 60°.

ii. Tpum OKpyKHOCTH, OMUCAHHBIE OKOJIO MOCTPOCHHBLIX pPaBHO-
CTOPOHHUX TPEYTOJILHUKOB, IepeceKaroTcs B OHOM Touke 1.

iii. IIpsmble AA;, BB; u C'C; TtakxKe mepecekaiorcst B Touke 1.

iv. Bce croponsr tpeyronbauka ABC BugHbl 13 Touku 1 1101
PABHBIMU YTJIAMU.

v. Touka T aBagercd TO TOYKOI IJIOCKOCTH, JIJIsT KOTOPOI CyM-
Ma PacCTOsIHUI 10 BepImuH Tpeyroiabinka ABC npuHuMaer
HalMeEHbIIIee 3HadCHUEC.

K nocaednemy nynxmy MOHCHO 8EPHYMBCA NOCAE PAOOMbL € PA3-
denom 06 IKCMPEMANLHBIT 3a0a4AT 8 2EOMEMPUL, 30€CH OH NPUGE-
dén das noanomoul Kapmunos. Jlonosnumenvruie ceedenus o mot
orce Konempyruuu npusedenvt 6 pazdeae 2.2 o 2omomemuu (meo-
pema Hanoaeona), a makowce 6 3adave 13 pasdena 6.1.

Bce Toukn miockocTn packpacuiau B JiBa 1Bera. Jlokaxkure, 4TO
CYHIECTBYET IPAMOYTOJbHBIN TPEYTOJIBHUK € OCTPBHIM yIyioMm 30°,
BCE TPU BEPIIUHBI KOTOPOI'O UMEIOT OJIMH M TOT K€ IIBET.

Yeroipéxyroapunk ABC'D Brmcan B OKpYKHOCTb. depes cepe-
muabl B, F, G, H cropoun DA, AB, BC' u C'D cooTBeTCTBEHHO
[IPOBEJIN EPIEHINKYIAPHI K ITPOTUBOMOIOKHBIM CTOPOHAM Y€ThI-
péxyroJsibHuka. Jlokaykure, 9T0 OHU IT€PECEKAIOTCA B OJIHON TOUKE.
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2.2. Tomorerus

Onpenenenne 2.2.1. Ilycts A — Touka Ha 1wIockoctH, k # 0 —
guciio. Ipeobpasosanue H% miockocru, nepepojsinee Touky B B B’

—
rakyio, uro AB' = kAg, Ha3BIBAETCS 20MOMemuets ¢ UeHmpom 6
mouke A u xoapduyuermonm k.

dcro, aTro TOuKa A HENMOABWIKHA I0JI JeficTBHEM IMTPeoOpa3sOBaHUS
H*% a camo 1npeobpaszoBanue uMeeT 06paTHOe: TAKUM ABJISETCsT TOMO-

1/k
tetust H A/ . F'omoreruio ¢ orpunaresbubiM Koddbdunmentom k < 0
MOXKHO PACCMATPUBATH KaK KOMIIO3UITUIO TOMOTETHH ¢ KO3 duiineH-
TOM |k| ¥ TIEHTPATBHON CHMMETPUH OTHOCHTETHHO TOUKH A.

HpI/I penennn 3aj1a4 1OJIESHBIMH OKa3bIBaIOTCA CJIEIYIOIINE CBOIICTBAa
I'OMOTETHM:

1. TomoTeTust 1epeBOAUT IPSIMYIO B IPSIMYIO, IapaJsie/IbHYI0 UC-
xosoit. IpsmMyto, MpoxojdInyo yepe3 MeHTP NOMOTETHH, OHA
[IEPEBOJIUT caMy B cebs.

2. T'omoreTns mepeBoUT yros B PaBHBII eMy yTroJl.

3. Tomorerust uamensier B |k| pas obble paccrosiust (a He TOJIBKO
PaCCTOSTHUS BJOJIb JIydeil U3 IeHTPa TOMOTETHN ).

4. Tomorerus usMenser B k? pas IIomau JoOLX Guryp.
5. TomoTeTust IepeBoUT OKPYKHOCTb B OKPY?KHOCTb.

Tperbe CBoﬁCTBo CJIeJlyeT U3 TOrO, YTO JJIsl JABYX TOUEK B'=H Z(B)
AN

n ¢ = BoImosHeno coornomenue B'CT = AC" — AB'
—k (A—é B) — kBC.

['omoTeTnsi I03BOJIAET OLPEJIETUTD HOHATHE TTOJI00OHBIX (DUTYDP HA ILJI0C-
koctu. Hammomuum, 9To HaMu OBLIO JAHO OlIpeIe/IeHIe TOA00HbIX (hr-
ryp JIAIIb I TPEYTOJIbHUKOB.
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Omnpenenenne 2.2.2. [lycrs S u S — jBa MHOXKeCTBa TOYEK Ha
ockocTu. Bygem rosoputhb, uro S u S’ n0dobHbL, ecau CyIecTByeT
romoretud H wu jBuxKenue F' Takue, UTO KOMIIOBUIMA STHX MTPE0D-
pasoBaHmii (B KAKOM-JIHOO TOPSIJIKE) MEPEBOUT OJHO MHOYKECTBO B

JIpyTroe.

BBe,[LéM TaK2Ke IIOHATHE HOBOpOTHOfI I'OMOTETHH.

Onpenenenue 2.2.3. [losopomnot 2omomemueti HaA3bIBAETCS KOM-
IIO3UNUA T'OMOTETHN OTHOCUTEJIbHO TOYKHM A 1 IIOBOPOTa OTHOCUTEJIb-
HO 9TOH K€ TOYKHU.

()KaBbIBaeTCH7 9TO pe3yJibTaT HOBOpOTHOfI I'OMOTE€THUM HE 3aBHUCUT OT
IIOpsAdKa, B KOTOPOM IIPOBOJUJ/IMCH I'OMOTETUA U ITIOBOPOT.

PaccmorpuM npuMepbl TPUMEHEHUS TOMOTETHH TIPU PEIIeHUH 3a1a4.

Sagaua 2.2.1. /lmaronajin BBITYKJIOrO deThIpéxyrosbauka ABC D
nepecekatoTcsd B Touke 0. JlokaxKuTe, 4TO TOUKH HIepeceveHns Me/ -
an Tpeyroibuukos OAB, OBC, OCD u ODA obpasyior mapaJiie-
JIOTPAMM.

Pewenue. PaccmorpuM roMoTeTuio ¢ meHTpoM B Touke O 1 K03hdu-
muentoM k = 3/2. Torjga Touky nepecevdenusi MeJUaH TPEYTOJbLHUKOB
OAB, OBC, OCD u ODA uepeiinyt B cepenunbl cropon AB, BC,
CD u DA cooTBeTCTBEHHO, MMOCKOJIBKY TOYKA IepecedeHusl MeuaH
JIEJTAT MEeJIUAaHbl B OTHOIIEHUK 2 : 1, canTas OT BepIInH. DTO O3HaYa-
€T, YTO pacCMaTPUBAEMbIil B 3ajia4e YeThIPEXYTOJbHUK TOMOTETHYEH
napaJuiesiorpamMmy Bapunbona derwipéxyronbanka ABCD, T. e. on
caM eCTh MapaJsiIe/IOrPAMM. O

Bamaua 2.2.2 (Beepoccniickasi onimmimaia, OKpyzkHoii arai). Touka
D na cropone BC' tpeyrosibauka ABC TakoBa, 9TO pauyChl BIIUCAH-
HBIX OKpyzKHOCTel TpeyrobankoB ABD u AC'D papubl. Jlokaxure,
YTO PaJInyChl OKPY?KHOCTEl, BHEBIUCAHHBIX B TpeyrojbHuku ABD
n AC' D, xacaronmxcst COOTBeTCTBeHHO oTpe3koB BD u C'D, Takxke
DPABHBI.
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Pewenue. Ilycts BTOpast o0I1as BHEITHsIST KacaTeIbHas K BIIMCAHHBIM
okpyKHOCTSIM TpeyroabHnkoB ABD u AC' D nepecekaer orpe3ku AB
n AC B toukax B; n (] coorBercTBeHHO. II0CKOIBKY pajgmychl 3TH
okpyzHOcTeit paBhbl, BC' || B;C. 910 03HaYaeT, 4TO IPU FrOMOTETUH
¢ neaTpoM B Touke A u Kosdbunmentom k = BC/B;C} Tpeyrob-
nuk AB;Cy nepeiinér B Tpeyroabunk ABC. Ilpu 5TOM BIHCAHHDBIE
OKpy2KHOCTU TpeyroabHukoB ABD u AC' D nepeiiyT BO BHEBIIHCAH-
HbIE, TIOCKOJIbKY OHM KacaioTcs orpe3ka B(C, KOTOPBIil mepeiiiéT B
orpe3ok BC'. IlockoabKy /10 IpUMEHEeHUsT TOMOTETHH PAJINYChl 9TUX
OKPY?KHOCTEHl COBIIQIAI0T, TO U IOC/€e €€ NMPUMEHEHUs] UX pPauyChl
Oy/IyT COBIAIATH, UTO U TPEOOBAJIOCH. Il

Samaun

1. B rpaneuu ABCD (AD || BC') O — To4ka 1epecedeHusi Juaro-
nasteit. Jlokaxkure, aro ommcanubie oKpyzkHoct AADO u ABCO
KaCaloTCs.

2. Haitaure MHOXKECTBO cepeIMH OTPE3KOB, OJIMH KOHEIT KOTOPhIX Ha-
XOJUTCA B JAHHOW TOYKe, & APYroi — Ha JJAHHON OKPY>KHOCTU.

3. BroummmuTe ¢ TOMONIBIO MUPKYJIS U TUHENKN B JIAHHBII OCTPOYTOJIb-
ublit TpeyrosbHuK ABC' KBajpar Tak, 9ToObI OJIHA €ro CTOPOHA
Jiexkajia Ha cropore BC', a jiBe Jpyrue BepIIUHBI — HA CTOPOHAX
TPEyTroJIbHUKA.

4. Jlanbl IBe OKPYKHOCTH, KAcCAIONIUecsd BHEITHUM 00Pa30M, a TaKKe
JBe I1apaJijiebHble KacaTeJbHble — OJHa K IIEPBOA OKPY?KHOCTU U
OJIHA KO BTOPOIi (KacaTebHble He SBJISIOTCS OOIIUMIE, 8 TOUYKH Ka-
CaHUsd HaXOJATCH 110 Pa3Hble CTOPOHLI OT IPAMON, COEJIMHAIONIEH
HEHTPBI OKpY2KHOCTE). JloKazkuTe, 9T0 TOUKN KACAHWUS OKPYIK-
HOCTE#l Apyr ¢ APYyroM, a TakKzKe C 3TUMU JAByMd KacaTeJIbHbIMU,
JexKaT Ha OJHOU IIPAMO.

5. (Jlemma Aprumeda) [IBe OKPYKHOCTH KACAIOTCS BHYTPEHHUM 00-
pasom B Touke A. Xopgaa M N OGoJblleil OKPY>KHOCTH KacaeTcs
MEHbIIel OKpyKHOCTH B Touke P. /lokaxwure, uro AP ectb 6uc-
cekrpuca yriaa MAN.
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10.

11.

12.

13.

ChopmymupyiiTe n J0Ka)KUTe aHAJOTHIHOE IIPEIbIAYINei 3a/1a-
Je YTBEPKJICHUE JIJId JIBYX OKPY2KHOCTEH, KacalonnXCyd BHEIITHUM
obpa3oM, a Tak:Ke JJId MPAMOil, cojepxKaliieii Xop/ay OJHOI u3
OKPY2KHOCTell 1 Kacalolleiica BTOpOil OKPYZKHOCTH.

Haitiure noma/ib 9eThIPEXYTOJbHUKA C BEPIIMHAMHU B TOYKaX,
CAMMETPUYHBIX JJAHHOI TOYKE OTHOCUTEJIBHO CEPENH CTOPOH JaH-
HOT'O YeTBhIPEXYTOJbHUKA C TLIOMAJIBIO S.

B tpeyrosibauk ABC' Brmcana oKpyKHOCTB, a M N — e€ quameTp,
oproronanbhbit AC' (touka N jgexur Ha cropore AC). Ilycrs
npssmasg BM nepecekaer AC' B Touke L. /lokaxkure, uto AN =
=CL.

Tpu oKpyKHOCTH PABHOIO pajimyca UMEIOT 00yl TOUky X u
JIeZKaT BHYTPU 3aJ[@aHHOIO TpeyrojibHUKa. Kakjiag OKpyKHOCTH
KacaeTcs Iapbl CTOPOH TpeyroJibHuKa. JlIokaxkure, 9To EHTP BIIU-
CaHHOI OKPYZKHOCTH U IICHTDP OIMUCAHHON OKPY2KHOCTH TPEYTOJIb-
HUKa JIexKaT Ha OJTHON MPAMOil ¢ TOUKoi X .

(MDTH) Yepes nerrp O okpyzkHOCTH {2, OIMUCAHHONE OKOJIO Tpe-
yroinbanka ABC, mpoBeiena npsimasi, napasuienbias BC u nepe-
cekaromast cropoabl AB n AC B Toukax By u (' cOOTBETCTBEHHO.
OKpyKHOCTBh W TPOXoaAnUT depe3 Toukn B m C] n Kacaercs ) B
touke K # A. Haitmure yron mexiay AK u BC.

(Teopema Hanoaeona) Ha croponax AABC' BO BHeIIHEHE CTOPO-
HBI TOCTPOEHBI TTpaBuIbuble Tpeyroybauku A; BC, ABC', ABC.
JlokaxkuTe, ITO TOYKHU IEPECedeHrs] MeJMaH TUX ITPaBUIHHBIX
TpeyrobHUKOB GG 4, G, G SBISIIOTCS BePIIMHAME ITPABUIBHOTO
TPeyTOJIbHUKA, IIEHTP KOTOPOTo coBaaer ¢ rnearpougom AABC.

OxkpyxHOCTH Kacaercs 60KoBbix ctoporn AB u AC' paBHOOeIpEeH-
Horo tpeyrojbanka ABC' B Toukax M n N, a TakxKe OIMUCAHHOMI
OKPYZKHOCTH 9TOTO TpeyrojbHuKa. JloKaxKure, 9TO cepe/inHa OT-
peska M N dBjisieTcss MEHTPOM OKPYKHOCTH, BIIMCAHHON B Tpe-
yroisuuk ABC.

Yepes Beprmay A BbITYK/I0ro derbipéxyronbanka ABCD mpo-
BejeHa IpsiMasi, napaJsuienbHas C' D, nepecekaornas BD B Touke
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14.

15.

16.

17.

18.

19.

E, a gepes Bepiuny [ npoBejieHa IpsiMas, napaJuieibias ADB,
nepecekarormas AC' B rouke F. Jokaxure, uro EF || BC.

OKpPY2KHOCTH ITEPECEKAET CTOPOHBI PABHOCTOPOHHETO TPEYTOJIHHI-
ka B Toukax P, Q (ma AB), R, S (wa BC) n U, V (ma AC).
[ycrs X, Y u Z — cepenunnt gyr PQ, RS nu UV 310i1 OKpyKHO-
CTH, JIEJKAIUX BHE TPEYTroJIbHUKA. /loKaxKuTe, 94TO TPEyroJIbHUK
XY Z — paBHOCTOpOHHUIA.

OkpyX)KHOCTH Wy U wy ¢ meHTpamMu (7 m Oy COOTBETCTBEHHO ITe-
pecekatorcst B Toukax A n B. Ilycts PPy u (Q1(Q2 — ux obimume
kacarenbubie (P; u (Q; — Toukn Kacauus ¢ w;). Ilycrs My u My —
cepenunbl PiQ1 u Py(Q)o. Jokaxkure, uro L01AOy = LMy AM,.

(Teopema o Komnozuyuu 2omomemud) Jlokaxkure, 970 KOMIIO3HU-
A JIByX TOMOTETHit H(k)l1 u Hgi (¢ menrpamu O1, Oy 1 KO-
dbunmenramu ki, ky coorBercrBeHHO Takumu, 9To kiky # 1) ecThb
romorerust H, glk? ¢ nearpoM O, JexKarneM Ha oaHoi npstmoii ¢ Oq
u Oy, u ko3 burnmenTom kiks.

JlaHbl OKPY2KHOCTH W1 U Wo C Pa3JIUIHbI-

MU PaJINyCcaMu, He JIeXKalliue O/IHa BHYTpU

apyroit. [lepemennas OKpyKHOCTH W Ka-

CaeTcs Wi U Wy BHEITHUM 00pa30M B TOU- e
kax A u B coorBercTBenHo. Jlokaxkure, w1 W2
4910 npsiMasg AB mpoxoauT depe3 (PUKCHPOBAHHYIO TOUKY.

w

(Beepoccutickasn 0AUMNUGOA)
Kaxknasg u3 OKpPyzKHOCTEH Wy,
Wp, Wc Kacaercs BHEIIHUM 00-
pa3oM OKPYKHOCTH w (B TOYKaX
Ay, Bi, (i COOTBETCTBEHHO)
U JBYX CTOPOH TPEyTrOJILHHUKA
ABC' (cm. pucyHoK). Jlokaxure,
gyro upsmbie AA;, BBy nu CCy
epeceKaroTcd B OJIHON TOYKE.

(*) Tpu OKpy?KHOCTH MOMIAPHO KACAIOTCS JIPYT JIPyTra BHEITHUM 00-
pasoM, U KaxKJiasi Kacaercs JBYX CTOPOH TPEyroJIbHUKA (0Kpyotc-
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20.

nocmu Masvgammu). TokazxKure, 9TO HPAMbIE, COSIHSIONINE TOY-
KU KaCaHM C IPOTHBOIIOIOZKHBIMI M BEPITNHAME TPEYTOJIbHUKA,
ePECEeKAIOTCA B OJIHON TOYKE.

Pewerue npednoaazaem maxorce npumererue meopemut lesapaa
(em. 3adawy 3 pasdeaa 6.9).

Ha croponax tpeyronbauka ABC MOCTPOEHBI BO BHEITHIOK CTO-
pory kBajparsr ¢ nearpamu O 4, O, O¢. JlokaxxuTte, 910 OTpe3Kn
AO 4 n OgO¢ nepneHMKYISIPHBI U paBHBL. JloKaxkuTe, 910 TIpsi-
mbie AOy, BOpg, CO¢ nepecekaioTcst B OJIHOI TOYKE.
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BekTopbl 1 KOOp/IMHATHI

I'maBa 3

BekTophbl 1 KoopJIuHATHI
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3.1. CJioxKkeHme BEKTOPOB W YMHOXKEHUE BEKTOPa
Ha 4UCJIO

Otpe/iesieHne BEKTOpa U CBSI3aHHBIX ¢ HUM MOHATHIT (JjIMHA, HATIDAB-
JICHHE, KOJJIMHEAPHOCTD, IIpaBUJia CJIOXKEHUA U BBIYUTAHUA, YMHOZKE-
HIe BEKTOPa Ha YUCJIO, & TaKyKe CBONCTBA 9TUX OIepAaIiil) N3BeCTHBI
U3 MIKOJIBHOU IIPOrpaMMBbl.

OcobeHHOCTBIO PelIeHnsT MHOI'MX 314 ABJISIeTCS TO, YTO BCE BEKTO-
pBbI, IPUBJIEKAEMbIe JIJIsT PEIeHns], OTKJIAbIBAIOT OT OfHOM Toukn O,
Ha3bIBaeMoit noatocom. Jns yupomenus 3anucu BekTopbl OA, OB,
OC, ... oboznagator Tak: A, B, C', .... Ilpu ynorpebenun 31oit
CHUMBOJIMKH 3allUCh CTAHOBUTCS KPATKOM M Jilerko unraemoii. Hampu-
Mep, IIpaBUJIO BbIYUTaHUA BEKTOPOB IIPUHUMAECT BUJL 1@ = § — Z
CrpaseiyinBa CJIeIyomast

Teopema 3.1.1 (Kpurepwuii KoJImHEAPHOCTH BEKTOPOB). Bekmopui

a u b # 0 xosrureapror mozda u Moavko moezda, ko2da cywecmeyem
yucno X maxoe, wmo a = A\b. IIpu smom X onpedesero 00HoO3HAUHO.

PasencrBo @ = A\b 3ammchIBaloT B BUIAE = = A, a 9UCJIO0 A HA3BIBAIOT

Sl ey

OMHOWEHUEM KOAAUHEAGPHDBIT GEKINMOPOE.

He cinenyer myrarh 3Ty oneparuio ¢ JieJIeHHEM BEKTOPOB, KOTOPOE HEBO3-
MOXKHO OIpeJIe/IuTh KoppeKTHO! OTHOIIEHne HaMU OIPEJIeIeHO JIUIIb JIJIsT
JABYX KOJIJIMHEAPHbBIX BEKTOPOB, O/IMH N3 KOTOPBIX (CTOHHH/Iﬁ B 3HaMeHaTe-
Jie) — HeHyJIeBOIA.

U3 onpejie/ieHnsl YMHOXKEHUS BEKTOPa Ha IHUCJIO CJEIYEeT, 9TO A\ =
|@|/|b], ecom @ 17 b (1. e. xorma @ u b conanpasiens); u A = —|al/|b),
ccom @ 1) b (T. e. KOTJIA @ W b POTHBOTIONOIKHO HAIIPABJIEHBI ).

Emé oxna BakHast Teopemas

Teopema 3.1.2 (O pasjioKeHnN BEKTOPA TI0 JIBYM HEKOJINHEAPHBIM
BekTopam). Ecau @ }f b, mo dan awbozo eexmopa ¢ cywecmeyrom
eduncmeentvie Yucaa o u 3 maxue, wmo ¢ = ad + Jb.
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[Ipu pertennn 3a/1a4 4acTO OKA3BIBAETCS OUYEHB 110JIE3HON (hopMyJIa,
BbIpazKalolias BEKTOP U3 IOJ0ca B TOUKY, JEJSIYI0 38/ aHHBII OT-
PE30K B 3aJlaHHOM OTHOIIIEHNN, Yepe3 BEKTOPHI U3 TOJII0Ca B KOHITHI
orpe3ka. [IpuBes1EM cooTBETCTBYIONIEE YTBEPIKIEHNUE:

Teopema 3.1.3. IIycmv A u B — dse pasauvnvie mouru npamot, a

C — maxas mouxa amot npamot, wmo AC = N\CB, 2de A — dannoe
yucno. Toeda das npoudeoavro 6vibparrozo noatoca O:

2 _A+AB

1+ A

[TokazkeM, Kak ¢ IOMOIILIO 9TOW TEOPEMbI BBIPA3UTH BEKTOD ? u3
[IPOM3BOJILHO BBIOPAHHOTO 1osI0ca ) B TOUKY H%Deceqeﬂﬂﬂ buccek-

tpuc I tpeyrosbauka ABC depes Bektopel A, B u

Bamaga 3.1.1. B Tpeyronbauke ABC oTMedeH HEHTDP BIUCAHHOM
okpyzxuoctu I. Jlokaxkure, 91o jijist Jr000T0 mosoca O:

5 _dnBed

a+b+c

Pewenue. Bocriobayemest reopemoii o buccekrpuce: buccekrpuca AA;
toukoit A; nemur cropony BC' B oTHOIIEHUN

BA,: A\C=BA:AC =c:b.

[Tosromy 1o Teopeme 3.1.3

c b
Xl:b+c8+b+c§'

Hamee, BI — 6uccekrpuca B Tpeyroybauke AA; B, orkyna

ac

Al : TA; = AB: BA, =c: (b—i—c) =(b+c¢):a.
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CuoBa npumensiem teopemy 3.1.3:

L P Ch i Ny

a+ (b+c) a+ (b+c)

IToncTraBuMm Xlz

7 _ i ( b+c ( c & b §>2a2+b§+cﬁ

Tatbic Tatbre\bre Tbre a+b+c
YTO U TPeDOBAJIOCH. U
Saga4dn
1. i.  Jokaxwure Teopemy 3.1.3.

ii. CdopmynupyiiTe u oKaykuTe 0OPATHOE YTBEPKJICHUE.

. Ha croponax AB, BC u C'A tpeyrosbuuka ABC' BO BHEITHIOIO

CTOPOHY ITOCTPOEHBI paBHOCTOpOHHUE Tpeyrosbauku ABC,, BC' Ay
u C'AB;. Berauciure cymmy AA; + ﬁl + C@l.

[pomosmkenus: cropon AD u BC' BBIIYKJIOTO YeTBIPEXYTOJIHHIKA
ABCD mnepecekatorcs B Touke P. Jlokazkure, 4TO €cIM TOYKA
P u cepenunbl ctopon AB u C'D jiexat Ha OJHOI NpsSIMOii, TO
ABCD — rparenusi.

Jokazkure, aro Tpu Meauanbl A A BC nepecekaroTcest B OJHOM TOY-
ke G U JeJIATCs 9TOH TOYKOW B OTHOIIEHNH 2 : 1, cauTasi OT Bep-
IIUHBI, TPUIEM J11d JII060r0 Tostioca O:

8:%(Z+§+8).

Touka G HazbBaeTca uewmpoudom Tpeyroabanka ABC uau ero
UEHMPOM MACC.

JlokazkuTe, 9TO TpU HPsIMbIE, COEPKAIIe BbICOTHI TPEYTOJIbLHUKA
ABC, nepecekaioTcsa B OJHOI TouKe H, IpUIEM ecjii B KauecTBe

)
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10.

11.

12.

13.

nosioca O B34Tb IOEHTP OKPY2KHOCTH, OIIMCAHHOI OKOJIO JaHHOI'O

TPEYTroJIbHUKA, TO
H=A+B+C.

Touka H nazbiBaeTcs opmouenmpom Tpeyroabauka ABC.

(Teopema o npamot isepa) Hokaxure, aro nenrpous G, opro-
nenTp H u nenTp onucanuoit okpyuoctu O tpeyrosbauka ABC
Jleykar Ha ojiHOi mnpsamoit, npuaém OG : GH =1 : 2.

(Teopema Menenas) Iycrs Toukn Ay, By, C} JeKar HA NPIMBbIX,
copepxarux cropoubl BC, CA u AB tpeyronbauka ABC' coot-

— —— —>
AC BA,; C’Bl 1
BETCTBECHHO TaK, YTO ? =, ? =7. OKazKH1Te,

aro A, By, C} jexxar Ha OJHON IPAMOIi Tor;La U TOJIBKO TOTJIA,
korma afy = —1.

HaI/I,ZLI/ITe I‘eOMeTpI/I‘—IeCKOG MecTo To4ueK M IIJIOCKOCTH TaKUX, ITO
MA+ M B + M C' = O ectt ABC' — maHHBII TPEYTOJbHUK.

Jlanbl gerbipe npousBosibibie Touku A, B, C' u D. Touku M nu
N — cepenunbl orpe3koB AB u C'D. [lokaxure, 410

2MN = AC + BD = AD + BC.

Haner mapasienorpamvbl ABC'D u Ay B1C1 Dy, y koropeix O u
O, — Touku nepecevenus auaronaJseii. Jlokaxure, 9To

1 >
00, — 7 (AA1 + BB, +CC, +DD1> .

Kakyio munuio onumchiBaeT cepejinna OTpe3Ka MEKJy JIBYMd Iie-
IIeX0/IAMHU, PABHOMEPHO UJIYTIMMU I10 IIPSIMBIM JOpOTram?

BuyTtpu tpeyronbanka ABC B3sta Touka O. Ha nyuax OA, OB u
OC' ot Touku O OTJIOYKEHBI BEKTOPbI €IMHIIHON JTuHbI. JloKaxKm-
Te, YTO CYMMa 3TUX BEKTOPOB MMEET JIIMHY, MEHbIIYIO €TMHUITHI.

[Iycrs O — menTp mpaBuibHOTO MHOTOyroJbHUKA AjAs... A,
X — mpousBoJibHASA TOYKa IJIOCKOCTHU. JlokaxkuTe, 4TO:
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14.

15.

16.

17.

18.

19.

20.

i. OA+O0Ay+. +0A. =T0:

—_— = =
. XA, 4+ XAv+ .. .+ XA =nXO.

JlaH BBIYKJIbIE MHOTOYTOJIBHUK. J[JIsT KarKJ10i1 €ero CTOpoHbI pac-
CMaTpUBAETCA BEKTOP C HadaJIOM Ha 3TOH CTOPOHE, IEPIICHIUKY-
JIAPHBINA eil, ¢ JJIMHOM, PaBHOI JJIMHE 3TOI CTOPOHBI, U HallpaB-
JIEHHBII HAPY?Ky OT MHOTOYTOJIbHUKA. JloKaxKnuTe, 9T0 cymMMa pac-
CMaTpUBAEMbIX BEKTOPOB paBHa 0.

(J/lemma ocauxa Ua-Ha) Jano Heckoibko Touek. st HeKOTOPbBIX
nap (A, B) 9Tux TOYEK B3sTbl BEKTOPbI AB, IPUYEM B KaxKJIOMH

TOYKE HAYMHAETCA CTOJIBKO K€ BEKTOPOB, CKOJIBKO B Hel 3aKaf-
qnBaeTcd. Jlokaxkure, 9T0 cyMMa BIOpAHHBIX BEKTOPOB paBHa () .

CymMa 9eThIPEX eIMHNIHBIX BEKTOPOB paBHa HYJIEBOMY BEKTODY.
JlokarkuTe, 9TO UX MOXKHO pa3OUTh Ha JBE HaPhl IPOTHBOIIOJIOXK-
HBIX BEKTOPOB.

Yerwipéxyronpank ABC' D suucannsiii. [lycrs H, — opTomenTp
ABCD, M, — cepequna orpeska AH,. Touku My, M, u M, oupe-
HendioTces aHajgorudno. Joxazkure, uro Touku M, My, M. u My
COBIT/IAIOT.

N3 npousBosibHOI TOUKH M BHYTPU PABHOCTOPOHHETO TPEYTOJIb-
HukKa ¢ 1earpom O onyiieHbl nepueHukyaapbl MKy, MKy n
MK3 ua ero cropount (K, K, K3 sexar na croponax). o-

mmmmmMm+M&+M%:?m.

Touka K nexurt na cropone BC' tpeyrombuuka ABC, a Touka
L — ma cropone AC, npuuém BK : KC=CL:LA=2:1. Or-
peskn AK u BL nepecekatorcsa B Touke (. B Kakiux OTHOIIEHUSIX
9Ta TouKa AeauT orpeskun AK n BL?

(Meorcdynapodnas orumnuada) Ha muaronansx AC u C'E mpa-
ButbHOTO TiectuyrosibHuka ABCDEF B3ater Touku M u N co-
orBercTBeHHO Tak, uro AM : AC = CN : CE = ). UsBectHO,

qro Toukn B, M u N nexar Ha omHoil npsamoit. Haitaure A.



101 Teopembr Yeswr u Menesras

3.2. Teopembl YeBbl u MeHnesas

YacTo BeTpedaroTcsd 3a/adu, B KOTOPBIX TPeOyeTcs JI0Ka3aTh, UTO
HEKOTOPbIE TPU IPsAMBIE II€PeceKaloTca B OJHOM Touke. [Ipsmbre, co-
JIEPZKAIIIE BBICOTBI, OMCCEKTPUCHI U MEJIMAHbI TPEYTOJIHHIKA — KJIac-
CUYEeCKHe TPUMEPHI TAKUX HAOOPOB MPAMBIX. B TAKUX CJIydasx MOYXKeT
0Ka3aThCsl TTOJIE3HBIM CJIEJTY IO (haKT.

Teopema 3.2.1 (Teopema Hesnt). [Tycmo B

Ha NPAMBE, codepoicawyux cmoponvs BC, Cy Ay
AC u AB mpeyeorvnura ABC, sewbpa-
o, mouwku Ay, By u C1, npuuem onu we
cosnadarom ¢ moukamu A, B u C. Tozda
npamoie AAy, BBy u CCy nepecexaromes A B, C
68 00HOT mouke moe2da u Moavko mozda,

Kozda

AC\ BA; CB, "
B AC BA

Joxasamensvcmeso. 1. Ilycts npameie AA;, BB, C'C nepecekatoTcst

B Touke P. Torma Bekropsl PA, PB, u PC nonapHo HEKOJLINHEAPHDI.
[TosToMy, KaK U3BECTHO, HaliLyTCs HEHYJIEBBIE YNCIa v, [ U 7y TaKue,
9TO .

aPA + BPE +4PC = 0. 2)
CrpoekTupyem Halry KOH(MUIYpaIuio Ha TpaMmyo AB napaJsieabHo
npsamoit C'Cy. Ilpn srom Touku A u B ocratorcs Ha MecTe, a TOYKHI
C' u P nepexongar B touky C. Torma u3 pasencrsa (2) ciemyer, 9ro

ozC—uzlJrﬁCﬁ 0,

—
OTKY/1a AG = é Amnajioruvso, BAI — Ty ¢ _— [Tepemno-
C.B @ A,C B BA 7

2Kasd TpH IIOCJIEJHUX PaBEHCTBa, IIOJIydaeM PaBE€HCTBO (1)

ﬂsul

2. Ilycrb BoimosHeHo pasercTso (1) u C] — TouKa 1epecevyeHusl psi-
Mot AB ¢ npsimoii, mpoxoagmieii yepes Touky C' u TOUKY Iepecede-
uust npsambix AA; u BB;. Torga, corsiacHO JOKa3aHHOMY B IIyHKTE
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\

AC! BA; CB

1, s - . = = 1. C yuérom pasencrsa (1), orciona ciemyer,
C'B A C B A
—
ACT  ACH ,
4TO ——5 = . 3uaunt, Touku C) u C] coBHAJAIOT. g
B Gy

Samevanue. JIErko MpOBEPUTH, YTO €CIM BBIIOJHEHO paBeHCTBO (1)
u jBe u3 npsaMbix AA;, BBy, C'C] mapaJuie/ibHbl, TO TPETbs IPsAMast
TOXKE UM TIapaJlIeIbHA.

Bamaga 3.2.1. /lokaxkure, 9TO OUCCEKTPUCHI ITPOU3BOJILHOIO Tpe-
YTOJIbHUKA IePeceKaloTcs B OJHOI TOUKe.

Pewenue. Tlycts AA;, BB; n CC| — OuCCEKTPUCHI TPEYTOJTbHUKA
ABC'. Tlo cBoiicTBy OGHCCEKTPUCHI

AC; AC BA, BA CB, CB

CiB CB A,C AC’ BjA BA’

Takum obpaszom,

N \

AC, BA, CB, AC BA CB
G 1.C BA CB AC BA

u 110 Teopeme Uesnl mpsambie AA;, BB, u C'C} nepecekatoTcs B OIHOI
TOYKe. U

L,

[Ipu noKazaTebCTBE YTBEPKIACHUN O MPUHAICZKHOCTH TPEX TOYEK
OJITHOM IIPAMOM 4aCTO UCHOJIB3YeTCA CJIeLYIONad

Teopema 3.2.2 (Teopema Menenas). [Iycmv na npamoix, codeporca-
wux cmoponv, BC, AC' uw AB mpeyzoavhuxa ABC', évbparv. mouku
Ay, By u CY, npuuem onu ne cosnadarom ¢ mouxamu A, B u C. To-
2da mouxu A1, By u C1 aesrcam na 00not npamoti mozda u moavko
mozda, xo20a

AC, BA, CB,
CiB A,C BA

= —1.
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Sagaan

1. C nomoriipo TeopeMbl YeBbI JOKaXKUTE, 9TO B IIPOU3BOJIHEHOM TPe-
YTOJIbHUKE:

i.  MeguaHbI;

ii. mpsgMmbIe, cojiepKaIre BHICOTHI, IEPECEKAIOTCs B OTHON TOUKE.

2. Ilycrs Ay, By mu C; — touknu Ha croponax BC, AC' u AB Tpe-
yronpuuka ABC. okaxure, uro BiCy || BC' torjga n ToabKo
rorja, Korua BA; = AC.

3. Ha croponax BC, AC u AB tpeyrosbuuka ABC oTMevueHbI TOY-
ku Ay, By u C] KacaHusi BOUCAHHOW OKPYKHOCTHU C 3TUMU CTOPO-
namu (A; nexur va BC, By — ua AC, C} — na AB). Jokaxu-
te, uro orpesku AA;, BBy u C'C nepecekaiorcs B OIHOI TOYKe
(mouxe 2Kepeonna).

4. B ocrpoyrosbsaoMm Tpeyronbanke ABC 6uccektpuca AA;, meaua-
na C'CY u BeicoTa BB nepecek/uck B oaHoit Touke. Cropona AB
pasaa 2¢, a AC' = b. Haiiure kocunyc Z/BAC.

Cm. maxotce 3adanwy 19 paszdesa 3.5.

5. Ha croponax AB, BC' u AC tpeyronbpuuka ABC oTMedeHbI TOY-
ku C1, Ay u By tak, uaro orpesku AA;, BB, u C'C nepecekaiorcst
B Touke P. Haitmure momaap Tpeyroabanka PBC, ecin u3BecT-
no, uro AB: AC; =3:1, BC:CA,=7:3, Sppa = 2.

6. Jlam Ttpeyrompauk ABC u Tpu ero BHEBIIHUCAHHBIE OKPYKHOCTH.
Touknu kacanus co croponavu BC, CA, AB — Ay, By, C; coorBer-
crBenno. /lokazkure, aro npsimbie AA;, BBy, C'C nepecekaiorcst
B OJTHOI TOYKE.

7. (Teopema Heswvr 6 mpuzoromempuyeckotls gopme) Jan Tpeyrosnb-
nuk ABC u toukn Ay, By m C) na croponax BD, CA u AB
coorBercTBeHHO. JloKarkure, aro npsimbie AA,, BB, u CCY nepe-
CEKaIOTCA B OJIHOI TOYKE TOI/Ia U TOJBKO TOI/A, KOT/Ia BBIIIOJHEHO
paBEHCTBO

sin ACAAl sin AABBl sin 4B001 —1
sin /A,AB sin /B,BC sin/C,CA
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10.

11.

12.

13.
14.

15.

Touku X, Y, Z sayrpu Tpeyronbanka A BC takoBbl, uto LABZ =
= /XBC, /BCX = LYCA, LZCAY = LZAB. lokaxure, 11O
orpeskn AX, BY u CZ nepecekarorcst B OJHOIl TOUKeE.

Ha okpy»xkHocTH pacmosio:kens! 1o nopsiiaky Toaku A, B, C, D, F,
P. Jlokaxkute, aro orpesku AD, BE, C'F nepecekatoTcs B OJTHOM
TOYKe TOIJIa M TOJBKO TOIJIA, KOI/Ia BBIIIOJTHEHO PABEHCTBO

sin ZAPB sin/ZCPD sin/ZEPF B
sin /BPC sin/DPE sin/FPA

1.

[Iycrs I — nenTp Brnumcannoit okpyzkuoctu AABC, kKoropasi Ka-
caerca cropon Tpeyroiabauka BC, CA nu AB B Toukax Ay, By n
C1 coorBercrBerno. Ha orpeskax [ A, IB; u IC} ormedeHbl TOY-
Kk Ay, By u Cy makue, uro Ay = 1By = IC5. Jlokaxkure, 9To
npsimbie AAs, BBy u C'Cy 1epecekaiorcst B OQHON TOYKE.

Ha croponax npsamoyronbaoro AABC ¢ npsmbim yriom C' 1mo-
CcTpoeHbl BO BHelnHIOW cropony KBaaparbl ACC1As u BCCyBs.
Jlokaxkure, uro ABy n Ay B mepecekaioTcst B OJHOIl TOYKE C BbI-
coroit Tpeyrossuuka ABC, onytiennoit n3 yria npu Bepiuae C'.

Ha croponax ocrpoyromsaoro AABC mocTpoeHbl BO BHEITHIOK
cropony keazparbl AAs BB, BB,ChC u CCyA1A. Ilycte D —
nenTp kBagpara BByCC'. Jlokaxkure, uyro nupsmbie AD, BA; n
C' A, 1epecekaiorcst B OJIHOI TOYKe.

Hoxkaxkure Teopemy Menejag 3.2.2.

(Teopema Ban-Obeas) Ilycrs upsvbie AP, BP u C' P nepecekaror
npsmbie BC, CA u AB B Toukax Ay, By u C] cOOTBETCTBEHHO.

Jokazxkure, 9T0O IO
AC, | AB, AP

C.B  B,C PA,

OKpY>KHOCTh W KacaeTcss OKPYXKHOCTeH wq U wy B ToUKax A; n
Ay coorBercTBenno. Jokazkure, uro npsamast A; Ay npoxoaur de-
pe3 TOYKY Ilepecedennsi OOIUX BHENTHUX MM OOIIUX BHYTPEHHIX
KaCaTeJIbHBIX K OKPY2KHOCTAM W1 U Wa.
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16.

17.

18.

19.

20.

Ha croponax AB, BC' u C' A tpeyronbauka ABC' jaHbl cCOOTBET-
creerno Touku C, A; u By Takune, 94T0
AC’l . BAl OBl

1B AC  BA

Haiiure mromaas Tpeyromsanka ABC, ecim n3BeCTHO, UTO ILIO-
Ia/1b TPEYTOJIbHIKA, 0Opa3oBanHoro npaMbivu AA, BBy u CCY,
paBHa 1.

[Ipsimast, mpoxoasdinast Yepes TOUKY IepeceueHns MeInaH TPeyroJib-
nuka ABC', nepecekaer cropousl AB u AC B Toukax P u () co-
PB QC ]
orBercTBeHHO. /loKaxkure, UTO AT oA
(*) (Teopema Ilanna) dansr mects Touek Aj, By, Cq, Ag, By, Co
Ha 1miockocTu, npudeM Ap, By, C] jexar Ha OXHON HPSMOi, n
Ag, By, C5 TakKe Jjie;kar Ha 0110 mpsamoii. [Tycts npsimble A Bs,
B Cy, C1 Ay nepecekaror npsiMbie As By, BoC, Cy A1 cooTBeTCTBEH-
no B Toukax X, Y, Z. Hokaxwure, yro Toukn X, Y, Z jexkar Ha
OJTHOU IIPAMOY.
Ha cropornax BC u AD napasutenorpavva ABC D BeIOpaHb! CO-
orBercTBenno Touku P u Q). Ilycts X — Touka nepecevueHus mpsi-
Mbix AP u BQ, a Y — touka nepecedenus npsambix CQ) u DP.
Jlokaxkute, 9To npsiMast XY IMPOXOJUT Uepe3 IMEHTP IapaJsiie/io-
rpaMma.

(*) Illycts A, B, C'; D — geTbipe TOYKH B IPOCTPAHCTBE TAKKE, UTO
orpesku AB, BC, CD u DA kacatorcs nekoit cdepsnl. [lokaxkure,
9TO TOYKU KacaHUsl 9TUX OTPE3KOB €O cepoii JiexkaT Ha OJIHOI
ILJIOCKOCTH.
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3.3. CkaJjsgpHoe nmpou3Be/ieHIe

Omnpenenenne 3.3.1. Cranraprvim npoudsederuem @ - b 1ByX HEHy-
JIEBBIX BEKTOPOB HA3BIBAETCsT IHCIIO |d| - [b] - cos £ <c?, b). Eciu xors

ObI OJINH U3 BEKTOPOB @ ¥ b HYJIEBOI, TO UX CKAJISIPHOE TTPOU3BEICHIE
10 OIIPEJIEJIEHUIO TTOJIaraloT PaBHBIM HYJIIO.

CroiicTBa CKAJISIPHOTO MTPOU3BEICHUS:

lL.Vab ab=b-a

2.Va a-a=|a>
Omnpepnesienne 3.3.2. Boipaxenne @ - @ (wim @°) HasblBaeTcs cka-
AAPHBM K8aIPATOM BEKTOPA .

—

3.3-b=0 < alkb (mpu 3TOM cumTaercs, 9To () MepIeH KY-
JIIpeH JIF060MY BEKTODY ).

4. Va,bVaeR  (ad@) -b=a(@-b)nd-(ab) = a(d-b).
5.Va,b,é d-(b+d) =a-b+a-cu(@+b)-é=a-c+b-¢

6. B mpsiMoyrosibHOI JieKapTOBOil cucTeme KOOpJAuHAT (CM. HU-
JKe pasziest 3.3) cKaJsipHOe [TPOU3BE/ICHIe BEKTOPOB PABHO CyM-
M€ NPOU3BEJICHUIT UX COOTBETCTBYIOINX KOOPAWHAT, T. €. €CJIN

i = (aw) ub— (Zi)) To G- b — azby + ayb,. 31ecs BeKTOp

Qy

- .. a
@ OTOXKJECTBJIEH CO CBOMM CTOJIOIIOM KOODJIMHAT az , T. €.

Y
quces a, u a,, paBHbBIX PA3HOCTU KOOPAMHAT KOHIIa MHUHYC KO-
OopJinHaT Ha4daJla 9TOI'0 BEKTOPa.

[Ipu pemrennn 3aj1a4 HA BBIYUCIEHNE YTJIOB U PACCTOSHUIM ITPUMEHSI-
10T CJIEJICTBUSA U3 Olpejiesienus a - b:

S a-b Lo
@ =V&@ u cosé(@,b)z%(&#O,b#O).
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[Tpoekiust BekTopa @ Ha BeKTOp b # (0 BbIUMCIsSETCS 110 (DOpMYyJIe

L a-b-
prza = Wb (obparure BHUMAHUE, YTO IPOEKIUsI BEKTOPA Ha BEK-
b
a-b
TOp — 3TO BEKTOp, a HE YHUCJIO; IIPU TOM HYUCJIO W HA3BIBACTCS
b

aJIredpardIecKoil MpoeKIyeil BEKTopa @ Ha BEKTOP l;) B cnyuae ecomm
BEKTOD € mMeeT JIuHy 1 («eAUHIIHBI BEKTODP» ), TO Pryd = (@ - €)€.
W3 sToro ciemyer, 94To B IPAMOYTOJILHON JIEKAPTOBOI CUCTEME KOOD-
muHat {0, €], €} (COBOKYITHOCTH TOUKM — Hadasia KOOPUHAT U [aphl
HEKOJITMHEAPHBIX BEKTOPOB) UHCTIA @ - €] U d - €y €CTh KOOPIMHATHI
BEKTOPA .

[IpuBe1éM TpuMep peleHns 3a/1a9l Ha BLIYUC/ICHUE YIJIOB U PACCTO-
AHMI C IIOMOIIBIO CKAaJAPHOrO IIPOU3BEJICHNAA BEKTOPOB.

Bagaua 3.3.1. B napamrenorpamve ABC'D touka K — cepenuna
croporbl BC', a Touka M — cepemauna croponbl C'D. N3BecTHO, 9TO
AK =6, AM = 3, ZKAM = 60°. Haiiure JyIMHBI CTOPOH mapaJi-
JIeJIOTpaMMa U ero YIJIbL.

Pewenue. ITycTnb Ff =d, m = b. ITo srum HEKOJIJTUHEAPHBIM BEK-
TopaM OyJIeM pacKJ/IaJIbIBATh BCe OCTajbHbIe BeKTOPHI. s yaobcrsa
BBIMUC/IEHUS CKAJSIPHBIX MMPOU3BEJIEHUII COCTABUM «TaOJIUILy YMHO-
JKEHUST» 9TUX BEKTOPOB, 3AIMCAB B HEE TONAPHBIE CKAJISPHBIE TPOU3-
BeJlICHUd 4 U b:

a|b|a=36,b0=9,ab=>bad=6-3-cos60° = 9. Pazoxxnm
a |36 |9 | BekTOpHBI A§ u AD no BekTopam @ u b (IIpoMeKyTOIHBIE
b| 9 |9 | BBIKIAIKUH OCTABJICHBI YUTATEIIO):

4 9. 2 4.

AD = 2G—°p AD = —=G+ -b.
347 3% 3973

BquI/IC.HI/IM, HOﬂb3yHCb CBOﬁCTBaI\IH CKaJIHpHOFO HpOI/ISBe;LeHI/IH n «Ta6—

JIUTEN YMHOXKEHUST», BEJTNINHBI A§2, AD? u AB - AD:

4 N2 4 L\ 4
B%g(za—b) 25(462—46-b+b2)=§(4-36—4-9+9):
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=4-13 = AB=2V13;

2 _ A oo Y (2 maai) — Y6490 4.0y —
ZB._9<a+2® —9<a 4ab+45)_9@6 4-9+4.9) =
—16 = AD —4;

e DN (el — A (o T e an T o) —
ﬁ-ﬁ_§(2a—b)-(—a+2b)_9( %2 +b-d+A4d-b 2b)_
= 5(~2-36+5-9-2-9) = —20.

HaﬁgeMZ<E,E):a:
AB-AD 20 5

T AL-[AD | @VB)-4 2D

3
= (= arccos (—— = T — arccos

5
213 213

D10 TYHOIt yroJi napasiesorpamma. Kro ocTpelit yroi paBen m—q =
5

. 0
2413

| o~

— arccos

Sagaan

1. Hamwr gBa kBajgpata ABCD u DEFG, rpaHulibl KOTOPBIX Tepe-
CEeKaroTCsI TOJIBKO 10 Touke D). JloKaKuTe, UTO ec/ii KBaJIpaThl
PACIIOJIOXKEHBI TaK, 9TO BEPIIMHBI 000MX OOXOIATCA 10 YaCOBOM
crpesnike, To npsamasi C'G neprieniukysisipaa npsmoir AE, a ecin
BEPIINHBI KBAIPATOB 00XO/ISITCS B IIPOTHBOIIOJIOYKHBIX HAIIPaBJIe-
Husix, To Meguana DM tpeyronbauka C'DG nepreHuKyIsspHa
npsamoit AFE.

2. Jlau Takoit BbIyKJIbIi deTbipexyroibuuk ABC D, ato AB = BC
u AD = DC. Toukun K, L u M — cepenunst orpeskos AB, C'D n
AC coorBercTBenHO. [leprieHuKyasap, MpoBeAEHHBIN U3 TOUKT A
K npsamoit BC', nmepecekaeTcs ¢ MePIEHIUKYJIAPOM, TPOBEIEHHBIM
u3 Touku C' K npsimoit AD, B Touke H. JlokaxXure, 9TO IPAMbIE
KL v HM nepnenuKyaIgpHbIL.
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3. Ha nyuax BC u BA, conepxkamux OOKOBBIE CTOPOHBI IIPSIMO-
yrojibaoro tpeyrojbunka ABC ¢ mpsimbiM yrjiom B, BbIOpaHbI
toukun D u E coorBercrBenno Tak, uro BE = BC' u BD = BA.
Jokaxxkute, uro npsmas E D neprnennukynapraa meanane AABC,
[IPOBEJIEHHON K TUIIOTEHY3E.

4. Tlyctb Touka I — neHTp BrmcanHoii B TpeyroibHuK ABC OKpyXK-
noctu. Beipasure jquny orpeska Al 1uepes JHbBL a, b 1 ¢ CTOPOH
tpeyrosibauka ABC.

5. Ha cropone BC tpeyronbanka ABC B3sita Touka K, a Ha CTOpOHE
AC — mouka L rak, uro AL = LC, KC = 2BK. JljiuHbl ¢cTOPOH
AB u BC pasubl coorBerctBerno 1 u 2, a ZABC = 60°. Haiinure
JunHbl 0Tpe3KoB AK u BL u yroy MexXIy HUMH.

6. B ugernipéxyronpauke ABC D, BuucaHHOM B OKPYKHOCTH PajInyca
R, oxazasnock, uto AB%?+CD? = 4R?%. JlokaxKnTe, 9TO INATOHAJIT
YeThIPEXYTOJIbHUKA, TE€PIIEH /UK Y ISTPHBI.

7. (Bcecorwsnas osumnuada) dan xkBajgpar ABCD. Touku P u Q
JIeykaT coOTBeTCTBeHHO Ha cropoHax AB m BC, npuuém BP =
BQ. Ilycre H — ocHOBaHWE TIEpIIEHINKYJIApPa, OIMYIIEHHOTO U3
toukn B na PC'. Jlokaxure, aro yrog DH() npsimMoii.

8. Haiinure HeoOX0IMMOE U JIOCTATOYHOE YCJIOBHE, CBI3bIBAIOIINE JIJTH-
HbI cTOpoH Tpeyroibuuka ABC, npu KOTOPOM MeJIMaHbl, TTPOBe-
néunbie K croponam AC' u BC', nmeprieHinKy/IsipHBbI.

9. (@opmyaa Jlinepa) ToKazkuTe, 4TO €CJU OKOJIO TPEyToJbHUKA
onmcana OKpy’KHOCTb pajinyca R ¥ B HEro BIHCAHA OKPYKHOCTH
paJimyca r, TO paccTogHue d MezKLy WX IIEHTPAMU MOYKHO BBIUIC-
mTh 110 opmyite d? = R? — 2Rr.

10. i.  Jloxaxkure, uTo Juig MOOBIX 4eThIpéx Touek A, B, C u D

CITPaBEJIJIUBO PABEHCTBO 1@ . @ + @ . jﬁ + (74 : ﬁ =0.

ii. Ilosb3ysicb 3TUM paBEeHCTBOM, JIOKaXKHUTE, YTO IPAMBIE, CO-
Jep KaIiie BBICOTBHI TPeyTOJbHUKA, MEPEceKaloTcsd B OIHOM
TOYKE.
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11. i.  Joxkaxkure, 9ro it J0ObIX 4deTbipéx Touek A, B, C' u D

BBITIONIHEHO pasencTso AB?+CD?— AD? -~ BC? = 21@ . lﬁ

ii. Ilosb3ysch 9TUM paBEeHCTBOM, JJOKAXKUTE, YTO JTUATOHAJIU e~
THIPEXYTOJbHUKA TTEePIEHIUKYJISTPHBI TOT/ I8 U TOJIBKO TOTJIA,
KOTJIa CYMMBbI KBa/IpaToOB JUTMH €r0 IMPOTUBOIOJIOXKHBIX CTO-
pOH paBHBI.

iii. /lokazkure, 4TO CyMMa KBa/IPaTOB JMaroHaJjeil Tpalemun pas-
Ha CyMMe€ KBa/IpaTOB 60KOBbIX CTOPOH C YJABOCHHBIM IIPOU3-
BeJIEeHMEM OCHOBAHWIA.

a-+b

12. Jloxkazkure, 9TO

i-b| e aLb
13. Hamwr Touku A, B, C'u D. Jlokaxure, uro AB? + BC?* + CD?* +

+ DA? > AC? + BD?, npuuéM paBeHCTBO JOCTUTAETCS TOTIA U
TOJIbKO Torjia, Korga ABC D — napaJiieorpaMm.

14. JlokaxknTe, 94TO JJId YIJIOB JI00OI0 TPEYTOJbHUKA BLIIIOJHEHO Hepa-
BEHCTBO COS & + cos 3 + cosy < 7

15. Hawmbr BoceMb umcen a, b, ¢, d, e, f, g, h. Jlokaxkure, 9T0 XOTs OBI
ojiHo u3 uuces ac+ bd, ae +bf, ag+ bh, ce + df, cg + dh, eg+ fh
HEOTPUIATE/IHHO.

16. Cpean Bcex pelenuii CUCTeMbl YpaBHEHU

22412 =09,
rt + yz = 6;

HaiiiuTe Te, JijIg KOTOPBIX CYMMa T + 2z IPUHUMAET HAubOoJIbIIee
3Ha4YCHUC.

17. JecdaTh BEKTOPOB TAKOBBI, YTO JIJITMHA CYMMBI JIIOOBIX JIEBATU W3
HUX MEHbIIE JITUHBI CYMMBI BCeX JecATH BEKTOpOB. Jlokaxkure,
YTO HaiijeTcss BEKTOP, aJjiredpamdecKast HMPOEKIMs Ha KOTOPBIi
KazKJI0r'0 U3 JeCATU BEKTOPOB IIOJI0KUTEIbHA.
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18.

19.

20.

CymecTByer i HAOOp PA3JIMIHBIX BEKTOPOB @1, . . . , (4, TAKOIi, YTO
JLIsA JTI0DO0I Taphbl Pa3InYHbIX BEKTOPOB U3 3TOro Habopa Haligercs
JIpyrasg mapa u3 3Toro Habopa Takasi, 9T0 CyMMbl BEKTOPOB B 9THUX
rmapax paBHBI?!

I[OK&)KI/ITG, 9TO CyMMa BCE€X BEKTOPHBIX HpOeKHI/Iﬁ JaHHOI'O BEK-

TOpa @ Ha CTOPOHBI MPABUIBLHOTO TPEYTOJIbLHIKA PABHA 56.

Tpeyrompuuku ABC' n Ay B (| paco/ioyKeHbl Ha TIJIOCKOCTH CJie-
JytormuM obpazom: psambie AAy, BBy, CCy, nepieHmKyIsipHble
coorBercTBeHHO npsaMbiM B Ch, C1 A1, A1 B1, nepecekaiorcss B O]
noit rouke H. [Iposenem npsimbie A Az, By Bs, C1C3, nepuesmKy-
ssipubie coorBeTcTBeHHO BC, C'A, AB. /lokaxkure, ITO €/ XOTs
OBl JIBe U3 HUX IIEPECEK/INCh B OMHOI TOYKE, TO TPEThSA IIPOXOIUT
gepes 9Ty Ke TOUKY.
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3.4. Meroa KoopauHaT

B sTom pazsesie K pereHnto reoMeTputiecKnx 3a/1ad aK THBHO [TPUMe-
HseTcss MeToJ Koopaunat. Ha rrockoctun dukcupyem npamoyzons-
HY10 dekapmosy cucmemy Koopounam — JiBa 3aJIAHHBIX €IMHUIHBIX
BEKTOpA €] U €3, OTJIOXKEHHBIX 0T Touku O (Hauana xoopdunam). Sa-
nagum ocu OX u OY | HanpaB/IieHHbBIE BJIOJIb €] U €3 COOTBETCTBEHHO.
Besikast Touka P Ha IIOCKOCTH MOXKeT OBITH 3aJaHa CBOEi mapoii Ko-
opaunat (z,y). s nx Haxoxqenus depe3 ToUKky P Hy»KHO IIPOBECTH
psIMbIE, TapaJl/IeIbHbIE KOOPNHATHBIM OCSIM, U HANTH TOYKH UX IIe-
pecedenus ¢ OX (rouka P,) u ¢ OY (rouka P,). Bekropsr OP; u €
KOJIJIMHEAPHBI, U [TOITOMY CYIIECTBYET €INHCTBEHHOE UUC/IO & TaKOe,
aro OP, = x - €. AHAJIOTMYIHO OIpeJIesIIeTcs INCI0 i TaKoe, UTO
O—>Py = y - €. Hailienuble ancia & v y U HA3BIBAIOTCI KOOPOUHAMAMU
mouxu P 6 dannoti cucmeme xoopduram. Mbl OygeM 9acTo OTOXK-
JIECTBJISITH TOYKY C €€ KOODJMHATAME U IHCATh «TOYKa (T,Y)» WIIH,
€CJTM HYKHO yKa3aThb UMsl TOUYKH U €€ KOOP/IMHATHI OJHOBPEMEHHO,
«touka P(x,y)».

Paccrosinue mex ity jaBymst Toukamu A(zq, y;) u B(xs, y2) MOXKeT ObITH
BBIYHUC/IEHO 110 Teopeme [Tudaropa:

AB = /(x; — 22)? + (y1 — 12)2.

Bresiém B paccMoTpenne TakkKe KOOP/IMHATHI BEKTOPA.

Onpenenenne 3.4.1. Koopdunamamu sexmopa /@ C KOHIIAMHU B
touxax A(x1, y1) u B(xg, y2) Ha3bIBaETCs apa duces (3alnCbIBACMBIX
B CTOJI0€EI]) — TIOMAPHBIX PA3HOCTEl COOTBETCTBYIONIMX KOODJUHAT:
T2 — T1
Y2 —U
YacTo 310 yTBepKieHne hOPMYyJIUPYIOT TaK: «KOOPOUHAMbL 6EKMOPa
ecms pas3HoCmu Koopdunam KOHUG U HAYAAA IMO20 6EKMOPL».

Mper OysieM OTOXKJIECTBJISITH BEKTOP @ U €r0 KOOPAUHATHBIN CTOJIOe]

a

x) Hecmoxmno 3amMeTuTh, 9T0 KOOPAUHATHI BEKTOPA MPEJCTABIIS-
a

y
10T cO00I KO3(DPUIMEHTBI, ¢ KOTOPBIMU 3TOT BEKTOP PACK/IA/HIBACTCS
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0 €MHUYHBIM BEKTOPAaM BJIOJIb OCeil KOOPIUHAT: @ = Gz€1 + Gy €.
OTmeTnM TakzKe, IT0 KOOPAMHATHI TOUkH P(x,y) — Te ke 1Ba duc-
Jla, 9TO U KOOPAMHATHI pajuyca-Bekropa OPF (BekTopa u3 Havasa
KOODJIMHAT B TOUKY P).

V100cTBO pacCMOTpPEHHsT BEKTOPa KaK CTOJIONa CBOUX KOOPJAUHAT CO-
CTOUT B TOM, YTO JIMHEHHbIe orieparun (T. e. CyMMa BEKTOPOB U yMHO-
JKEHIEe BEKTOPA Ha YUCJIO) MOXKHO ITPOBOJUTH TOKOOPJAUHATHO — OT-

. S a
JIEJIBHO 110 KaXKJION KOOpJWHATE: ecji «v, 3 — 4ducia, a a = ( m),

Qy
(i)
. > Qg b\  [oag Bby\  [aay + Bby
adt+po=a (ay> +5 (by) B (O‘ay) " (5%) a (O‘ay + Bby) '

ITouck KOOpAuHaT KaKoii-11b0 TOYKHU 4acTO yﬂO6HO IIPOBOJUTD C IIO-

MOIIIBIO TIONCKA KOOPJUHAT €€ pajmyca-BeKkTopa. [Ipuseném mpocroit
npumep, oO0OIIeHe KOTOPOro MPeIaraeTcd YUTaTe/I0 B 3a/1a4e 3.

Bamaua 3.4.1. Ilycrs Toukn A u B uMeoT KOOPJIMHATHI (T4, Y,) U
(zp, yp) coorBeTcTBenHO. Haiinure kKoopaunaret cepeunbl C' 0Tpe3Ka

AB.

—

Pewenue. Bresiem paJinychl-BEKTOPHI /T, B u C rtouex A, Bu(C

coorsercTBenno. Torya C=A+AC=A+ %zﬁ — A+ %(ﬁ —

-,

—A) =

1 — —
§(A + B), 4ro, BipoueM, cpa3dy sicHO u3 TeopeMbl 3.1.3 pas-
nena 3.1. Ilosromy KoopgamHaThI pajuyca-BeKTOpa 8 PaBHBI TIOJTY-
cymmam koopamaaT BekTOopoB A m B. Urak, C' nmeer KoopmHATHI

<%+$b ya+yb) 0

2 2
3ajlanre CHCTeMbl KOODJMHAT — CYIIEeCTBEHHAs! CTEIeHb CBOOOJIBI.
Yiadnblii BBIOOp KOODJAMHATHBIX OCeil M HadaJia KOOPJIUHAT MOYKET
IIPEBPATUTh 3aJa4y B TPUBHUAJBHYIO, & HeyJaYHbIiI — MHOTI'OKPaTHO
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YBEJUUIUTH CJIOKHOCTH TPOMEXKYTOUHBIX BbIUucjenuii. Kcu npu Bbl-
6ope Kakoi-imbo cucTeMbl KOOPJMHAT YUTATE/IIO IPUXOIUTC NMETH
JEJIO C YPE3BbIYaiiHO I'POMO3IKUMU BBIPAKCHUAMU, PEKOMEHTYETCS
HOJyMaTh O JApYyruX (BO3MOXKHO, GoJiee yJOOHBIX NI PEIeHus 3a-
Jadn) crocobax BbIOPATH CUCTEMY KOODJMHAT, JIMOO He IPUMEHSITh
MEeTO/I KOOPJIMHAT BOOOIIE W OTAATH IPEIINOYTeHNEe UHBIM METOIAM.
B npuBenénubix HUXKe 3a/1a49ax JIMO0 KOOPJANHATHAS CUCTEMA 33 IaHa,
€ caMoro HadaJjia, JJuOO MOXKET ObITh BbIOpaHa TakK, YTOOBI pPereHue
OBLIIO OTHOCUTETHLHO KOPOTKHUM.

Sagaan

1. Jokaxkure, aro uerbipexyroibuuk ABCD ¢ BeprimHaMu B TOY-
KaxX A(Za,Ya), BTy, 1), C(e,ye), D(Tq,yq) sBIAsIETCA TTApALITE-
JIOTPAMMOM TOTJIa U TOJIBKO TOTJIa, KOTJIa CYMMbI KOOD/IMHAT A U
C paBHbI cymMMaM KoopjuHaT B u D, T. e.

Toq + Te = Tp + Ty,

Yo + Ye = Yp + Ya-

2. Jlan mapasmenorpamym ABC D u npousBoJibHast TodKa X Ha II0C-
koctu. Jlokazkure, uro esmunna X A2 + XC? — XB? — X D? ne
3aBUCUAT OT BbIOOpa TOYKU X, U BbIpa3uTe €€ depe3 CTOPOHBI U
JIMArOHAJIN MTapaJiieorpaMMa.

3. anbr gse pasauunbie Toukn A u B ¢ koopgaunaramu A(zq, 1),

B(x,ys). Touka C(z, y) Ha nupsmoit AC' rakosa, uro «AC' = C
JUUIsT HEKOTOPBIX 4ncesl « u [3. Beipasure koopaunarsbl Touku C
Jepe3 KoopaumHaThl TodeK A n B u auciaa o u f3.

4. Hnsa rpeyrosbauka ABC ¢ 3aJaHHBIMU KOOPAUHATAMU BEPITHH
A(1,2), B(5, —2), C(0,3) BbrancanTe KOOPIHHATHL:

i.  Toukmu mepecederus meauan G;

ii. ToukmM nepecedenus: buccekTpuc I;
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10.

11.

Bepmmna A pasroGenpennoro tpeyroibanka ABC (AB = AC)
pacIoJiozKeHa B HadaJjie KOOPJMHAT, & JIBE JIPYTHe BEPIIUHBI JIeKAT
Ha 1apabosie y = 2 1 UMeIOT OJHY U Ty ¥Ke HEeHyJeBYIO Op/uHa-
Ty. K gemy npubsimzkaercst pajuyc onucaHHoi OKPY?KHOCTH 9TOTO
TpeyrosibHuKa, ecyin Toukn B u C' npubsmkath K A Bj10Jb mapa-
60JTbI TaK, ITOOBI UX OPJUHATHI BCE BpEMSI JBUKEHUST COBIIAJIAIN !

Ha mmockoctu jramsr jgBe pukcuposanubie Touku A u C') a Touka
B upoberaer Bech oTpe3ok mexay numu. /IBa kBajpara ABW X
u BCY Z nexat o oxny cropony ot npamoit AC, a Toukun Oy u
Oy — ux nenTpol. Haitiure MHOXKECTBO TOUEK, KOTOPOE ITpoderaeT
cepennna orpeska 010, mpu nepemertiennn B o orpe3ky AC.

Bepmmmaa A kBajpata ABC'D Haxomutcs B Hadaje KOODIUHAT,
a B umeer koopaunatet (x,y). Haiimure koopauuarer Bepiun C'
u D, ecam m3BeCTHO, YTO 00XOJ B aI(paBUTHOM TOPSIKE BEPITUH
ABCD Benércst 110 9aCcOBOil CTpeJIKe.

Ha croponax Tpeyroisanka A BC' BO BHEITHIOI CTOPOHY TIOCTPOe-
ubl kBajparel ACDE n BCFG. [Jokaxure, 9T0 cepeiHa 0TPes3-
ka FG ue 3aBucut ot nosioxkenus Touku C' (1npu GUKCHPOBAHHBIX
Au B).

JlBe MaTepuaJibHbIe TOYKHU, H3HAYAJIb-
HO Haxojdmumecst B Toukax A u B (Ha
paccrosiunn AB = a), HAIMHAIOT JIBU-
raThCsa ¢ MOCTOSTHHBIMU CKOPOCTSIMU,
KaK IT0Ka3aHO Ha pHCyHKe. Uepes Kakoe BpeMs ITOc/Ie Hadaja, JIBH-
JKeHHsI PACCTOSHME MEXKIy ToYKaMu Oymer mMuHuMajbHo! Ilapa-
METDPbI, YKa3aHHbIE Ha PUCYHKE, cuuTanTe N3BEeCTHBIMU.

U

Haiiure paccrogame oT IpsaMoit y = x — 1 10 napabosst y = 2.
Vkasanue. ITox paccrosinmeM MexK Ly JIByMsI MHOXKECTBaMU Ha ILJIOC-
KOCTHU IIOHHMAaETCA HaMMCHbIIICE PaCCTOdAHHE MEK/Y ITapaMKu TO-
YeK: IepBas U3 OJIHONO MHOYXKECTBA, BTOpas U3 JIPYyTroro, ecjii OHO
CYIIIECTBYET.

Boruucmre 1yMHy cTOPOHBI KBAPATa, BIUCAHHOIO B 00J1aCTh MEK-
ny rpadukamu y = /r u y = z?, x € [0, 1].
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12.

13.

14.

15.

16.

17.

18.

Ha mtockoctu maner jiBe paziauanabie Toukn A u B. Haiijaure Bce
touku M Taxue, uro AM? — BM? = k, rye k — dbukcuposannoe
YHCJIO.

Jan mpsamoyronsauk ABC D. Haitaure Bce Touku M Takme, 9T0:
i. MA?2+ MC?=MB?+ MD?;
ii. MA+MC=MB+ MD.

IIycrs mapabosia y = az? nepecedena npsamoit [ B Toukax ¢ abe-

[IICCaMU T1 U Xo, & IpsMas [ B CBOIO odepeib repecekaeT och OX

. 1 1 1
B TOUKe ¢ abciuccoit x3. Jokaxkure, yro — + — = —.
T ) T3

[Tycrs Touka D jexkut Ha cropone BC' tpeyrosbanka ABC. Bol-
pasute jymnay AD uepe3 mimabl 60KOBBIX cTopoH AB u AC, a
Tak’Ke depes JJINHbI JacTeil Tperbeit cropoust BD u C'D.
Samenanue. Cm. Takzxe Teopemy Crioapra (3a1ady 1.7.1) Bo BBe-
JIEHNU K pazfiey 1.7 0 MeTPUYeCKUX COOTHOIIEHUSX B TPEYTrOJib-
HUKE.

Jlokazkure, 9TO IpU MOBOPOTE HA YIOJ ¢ C IIEHTPOM B HadaJe
KOODJIMHAT TOYKa € KOOpAMHATaMU (x,Y) MepexoIuT B TOUYKY C
KoOpAmHaTaMu (X cos ¢ — ysin o, x sin g + y cos ¢).

Ha croponax tpeyrosbauka ABC MOCTPOEHBI BO BHEITHIOI CTO-
poHy paBHOOeIpeHHbIe MOA00HBIE Tpeyroiabanku ABD, BCE u
ACF. Hokaxkwure, 9To nenrpoubl Tpeyroabankos ABC' u DEF

COBITAIAOT.

Bajana Kybudeckas napabosa y = r° 1 KacaTeabHas K eé rpadu-

Ky B Touke A ¢ orpunarenbuoii abcruccoii. Obo3HavIMM BTOPYIO
TOYKY IepecevdeHnsl KacaTe/IbHOI ¢ KyOudecKoii mapaboJioit yepes
B, a Touky nepecedenusi ¢ ockio abcruce depe3 C'. [lokaxkure, 110

AC:CB =1:8.
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3.5. YpaBHeHUe IIPIMOit

[Ipu pabore ¢ TPAMBIME YACTO OKa3bIBAETCH YJIOOHBIM I10JIb30BATH-
cs HECKOJBKUMU DAa3IUIHBIMU SKBUBAJEHTHBIMU CIOCOOAME WX 3a-
nanusi. OOcy MM OCHOBHBIE (hOPMbBI YPABHEHUs MPSAMON Ha ILJIOCKO-
CTHU, CIOCOOBI MEPEX0/Ia MEXK/Iy HIUMU, & TaK¥Ke PsiJi TeOMEeTPUIECKUX
XapaKTePUCTUK, KOTOPble MOXKHO OBICTPO HaXOJUTh 110 YPaBHEHUAM
NpSIMBIX. ByjieM cuuTaTh, 9TO Ha IJIOCKOCTH 3a(DUKCUPOBAHA TTPIMO-
yroJibHas JIEKAPTOBa CHCTEMa, KOOP/IMHAT.

1. BekTopHoe nmapamMeTpudeckoe ypaBHEHHE ITPIMOI.

st 3a1aHust IpsiMoit £ Ha TJIOCKOCTH BBIOEPEM Ha, 9TO MPAMOiT HEKO-
TOPYIO TOUKY (C PaJInyCOM-BEKTOPOM ) U IIPOU3BOJIbHBII HEHYJIEBOI
BEKTOD @, mapaJuiesbHblil mpsimoit £. Torma Besikasi ToUka Ha 9TOM
IPSIMOI UMeeT paJiyCc-BeKTOp 7(t) = 7 + dt TPy HOIXOSAIIEM 3Ha-
venun t. Ho u obparHo, 11pu JIF0O0OM 3HaYEHNN IHCIa T TAKO BEKTOD
7(t) ecTb pajimyc-BEKTOD TOUYKH, KOTOpasi MPUHAJIEIKUT HPIMOii £.
Uraxk, ypasuenue 7(t) + 7o + at, rjue t npoberaeT MHOXKECTBO Belle-
CTBeHHBIX duces R, ecTb ypaBHeHue mpsamMoit £.

Onpenenenne 3.5.1. HenyneBoit BeKTOP @ HA3BIBAETCS HANPAGAA-
OWUM 6EKMOPOM NPAMOT £, €C/T OH IMapaJsIeeH 3TOH IMPAMOIi.

Omnpenenenne 3.5.2. [lycrs npsimast £ cOEPAKUT TOUKY C PAINYCOM-
BEKTOPOM T, & @ — HEKOTOPBII HAIIPABJISIONINIA BEKTOP STOM IPSIMOIi.
Torga ypasuenue 7(t) = 7o + dl Ha3BIBAETCS 6EKMOPHHIM U GEkK-
MOPHLIM NAPAMEMPUIECKUM YpasHeHuem npamos L.

OTrmeTuM, 9TO OJIHA U Ta YKe MPIMas MOXKET 3alMChIBATHCS Pa3/INt-
HBIMH YPaBHEHHUIMU B TAKOH (popMe: HaYaIbHAS TOYKA MOXKET OBbITh
BBIOpaHa COBEPIIEHHO TPOU3BOJIBLHO, & HAIIPABJISIONINN BEKTOP MOK-
HO YMHOKaTh Ha IIPOU3BOJIbHYIO HEHYJIEBYIO KOHCTAHTY M CHOBa IIO-
JIydaTh HaIllPABJILIONIUIT BEKTOD.

BanunireM Bce BXOIAIINE B 3TO YpaBHEHHE BEKTOPhI KaK KOOPIUHAT-
HBIE CTOJIOIBI:
x(t) o ay
= + t.
y(t) Yo Qy
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/IBa BeKTOpa paBHBI €CJIU U TOJBKO €CJIM UX KOOPJMHATHI PaBHBI, U
IIO9TOMY BEKTOPHOC ypaBHEHHUE PABHOCUILHO CUCTEME IBYX CKaJIdp-
HBbIX yPaBHCHUIA:

x(t) = xo + a,t,

y(t) = yo + ayt.

2. Vpasuenne Buja Ax + By + C = 0.

[IpesooKuM, YTO HA OJTHA U3 KOOP/IMHAT HAIIPaBJISIONIEr0 BEKTOPa
He paBHa HYy/0. Torma m3 cucTeMbl CKaJIAPHBIX yPaBHEHUN MOXKHO
NCKJIIOYUTD t:

Qg @y

T—To Y—UYo

910 ypasuenue umeet Buj Ar + By + C' = 0, rje BBeJieHbI 0003HA-
qennda A = a,, B = —a,, C = azyo — ayxo.

[IycTh Tenepb Kakas-aub0 M3 KOOPJMHAT HAIPABJIAIONIETO BEKTOPA
uyseBas. K mpumepy, mycts a, = 0 (Bropoil ciaydaii paccmarpu-
BaeTcsd anajgorndno). Torma Takas npsimasg napajuiesnbHa ocu OY
U 33JIa6TCs ypaBHEHUEM Y = Yo, UTO TaKyKe MPUBOIUTCI K BUJLY
Ar+By+C=0cA=0,B=1,C = —y,.

Urak, Besikast psiMast 3aj1aétes ypasaeaneM Ax + By + C = 0. O6-
paTHOe TakKe BepHO: ecyin Kodddurnmentol A 1 B He paBHBI HYJIIO
O/THOBPEMEHHO, TO 3TO YpaBHEHHE OIPEJIEJIsieT HEKOTOPYIO HPAMYIO
Ha IIJIOCKOCTH.

Kak u B ciiygae BEKTOPHOTO IMapaMeTpPUIEcKOTrO YpaBHEHUSI, IIPH 3a-
JIAaHUU MIPSIMON B TaKoil hopme mapaMeTphl OIPeIe/ITiOTCs He eIH-
CTBEHHBIM 0Opa3oM. B camMom nere, eciim yMHOXKHUTH BCE ypaBHEHUE
Ax+ By+C' = 0 Ha 1pOU3BOJILHYIO HEHYJIEBYIO KOHCTAHTY, [IOJIY 9€H-
HOE ypaBHEHUE IMO-TIPeKHEMY 3aJIaéT Ty Ke caMyto npsamyro. OKas3bl-
BaeTcsI, TeEM He MeHee, 9TO 3TUM «CB00OIa BhIOOpay KO3 MUIneHToB
1 OrPAHUINBAETCS.

Emé onoit Ba2KHOI XapaKTePUCTUKOM MTPSIMOI SIBJIAETCSA BEKTOP HOP-
MaJId.
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Onpenenenne 3.5.3. Hopmanrvnvm eexmopom K npamoti { Ha3bI-
BaeTCsd IIPOU3BOJILHBIN HEHYJICBOI BEKTOP, OPTOINOHAJILHLIN 3TOM IIpd-
MOM.

Bamayga 3.5.1. /lokaxkure, 9TO JIjisd NPSIMOI, 38/laHHOI ypaBHEHIEM
B bopme Az+By+C = 0 (¢ A2+ B? # () B KauecTBe HAIPABJISIONIErO
—-B
A

BEKTOPa MOXKHO B3ITh 4 =

BEKTOD 71 = A
op 1= B)

Pewenue. Eciu Touka ¢ KoopiHaTaMu (T, Yo) Y/IOBIETBOPSIET ypaB-
neanio Ar+ By+C = 0, To Touka (xg —abB,y —{—aA) TaK2Ke YyI0BJIe-
TBOpSET eMy IIpu BCAKOM « € R, m mosToMy yKa3aHHBII B YCJIOBUI
BEKTOD @ MOXKHO B3SITh 3& HAIIPABJIAIONINN. DTOT BEKTOP HEHYJIEBOI
B cury yenaosusa A% 4+ B2 # (. ITockoIbKy cKajlspHOe IPOu3Be IieHIe

a-n = —BA+ AB = 0, yka3aHHBIl BEKTOp 7i MOXKHO BbIOpaTh B
KadecTBe HOPMAaJIbHOTO. U

, & B KaueCTBe HOPMAaJbHOI'O —

3. OT1/e/bHbIE YaCTHBIE CJTyJau.

Ecm okazasock, ato B # 0, To u3 ypasuenus Ax+ By+C' = 0 mox-
HO BBIPA3UTh ¥ U NPUHTH K (0OBIYHO U3ydaeMoii Ha ypoKax aaredphbl)
dopme 3amucu ypaBHeHus npsaMoit y = kx+b. B takoit popme HEBO3-
MOZKHO 3allMCATh pa3Be uTO MpsMble, TepIeHInKyasspabie ocu OX, a
YUCJIO k UMEeeT TeOMEeTPUIECKUI CMBIC/T TAHPE€HCa, YTJIa HAKJIOHA MPsi-
MOIT K MOJIOZKUATEJIbHOMY Harpasjenuio ocu OX.
B ciyuasx, Korya Tpebyercs 3alucarh MPsSMYyIo, IIPOXOIAIILYIO0 depe3
JIBe 3aJlaHHble TOYKU (T1,%y;) U (T2, Ys2), HOJIE3HON OKA3BIBAECTCS CJIe-
Jytoras (popMa ypaBHEHUS ITPSIMOIA:

rT—21r  Y—U

To—T1  Ya— Y1
B gacTHOCTH, MOXKHO 3aIicaTh TaK Ha3bIBAEMOE « YpPasHeHUue Npamotl

6 ompeskar»: ecim npsiMasi iepecekaer ocb OX B Touke (a,0), a ocb
OY B rtouke (0,b), To OHa 33/1a8TCs ypaBHEHHEM

Ty
a+b_ ’
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4. Yroa MeKAYy HPAMbIMH, ITapaJlJIEJIbHOCTb U OPTOI'OHAJIbHOCTD.

Bo3MmokHOCTB 110 YypaBHEHUIO MPSIMOil 3aIUCAThH KAKOW-HUOY/Ib €€ Ha-
HPABJISIONIII BEKTOP AT KOPOTKUIT CIIOCOO BBIYUCICHUS YIJIa MEXK-
Jy AByMd TpAMBIME. B caMoMm jiesie, cjieflyeT 3alucaTh UX HallpaB-

JIAIONINE BEKTOPBLI 1 HalTH KOCHUHYC yIJla MEXKJ1y HUMU I10 cbopMyne

aq + as

cos Z(dy, ds) = HamoMHUM 9uTATEITIO, UTO Y2A0M MeHCY

|1 - |d@a|
NPAMBLMYU HA3BIBAETCST MMEHHO OCTDBIN (MM TPSMOI) yroJr Mexky
HUMU, & YTOJI MEXKJIY JBYMsI BEKTOPAMHU MOXKET OKa3aTbCs U TYIIBIM,
[IO9TOMY TP BBIYUCJECHUSX CJIEIYET B3AThb MOJLYJIb MOJIYYUBIIErOCs
KOCHHYCA.
N3 Tex ke coobpazkeHuit MOXKHO HMCCJIE/IOBATH U TAPa/LIeIbHOCTD 1
HEPIEHINKYISPHOCTD MPAMBIX: JIOCTATOYHO PabOTATH € UX HAIPAB-
JITIOIUMI BeKTopaMu. HecioxKHO yoeuThest B CIIPaBeTABOCTH CJIe-
JIYIOIIErO YTBEPIK ICHHS.

Teopema 3.5.1. IIycmb dee npamwvie Ha NAOCKOCMAU 360aHDL CEOUMU
ypasrernusmu Arx + By + Cy = 0 u Asx + Boy + Cy = 0. Omu npa-
MDBLE NAPANAENDHDL 0204 U MOALKO Mo2da, Ko20a HATOEMC YUCAO
a maxoe, wmo Ay = aAy u By = aBsy. IIpamvie cosnadarom mozda
U MOoALKO mozda, k0204 0HU NAPAALEALHDL, NPUUEM JOTONHUMEADHO
ewé u Ch = als.

s nByx npsimbix (He mapaJuieabHbix ocn OY), 33/ JaHHBIX ypaBHe-
HusiMu B popme y = kyx + by m y = ko + by, JJIA HAXOXKJIEHUST yIJIa
Qv MEKJIy HUMHU MOXKHO HCIIOJIb30BaTh (POPMYJIy TAHTEHCA Pa3HOCTH

ko — k
U T€OMETPUYIECKU CMBICT Ko dunnenTon ky u ko: tga = -2t
Sagaun
1. i. 3ammmure BEKTOPHOE ITapaMeTPUYecKoe ypaBHEHHUE PSIMOM

2c + 3y =1T.
. - 2 4
ii. Bamumure ypaBHenue npsivoit 7(t) = 3 + 5 t B BUIE
Az + By + C = 0.
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i. Jlokaxkure, 9TO TAHTE€HC yIJIa HAKJOHA NpAMO y = kx + b
K mojiozkuTe/ibHoMy Harnpasjennto ocu OX pasen k (ocTpbie
YIJIBI, OTJI02KeHHbIe OT ocu OX 10 YacOoBOi CTPesIKe, CINTa-
I0TCST OTPUTATETHLHBIMHT ).

ii. okaxkute, 9To npsiMbie y = kix + by u y = kox + by ¢ Heny-
JIEBBIMHU YTJIOBBIMU KOddunmentamu ky u ko IepIIeH UKy~
JISIDHBI, €CJIN U TOJILKO ecu kiky = —1.

iii. Ilomyuure Kpurepwmii mepreHIUKYIAPHOCTH TpAMbIX Ajx +
+Bly+Cl :OHA2$+BQ:I/+CQIO

Jokazkure, 910 NpsiMasi, IPOXOJIAIIAsl Yepes3 JIBe Pa3InIHbIE TOY-
KI ¢ KoopuHaTamu (1,y1) U (Tg,y2), 387a6Tcsd ypaBHEHHEM

T — 2 _ Yy—Wh
Tg — 1 y2—yl7

ec/ii HyJell B 3HaMeHaTe e He BOZHUKAECT.

O6vb14H0 NPUHUMAIOM COZAQUIEHUE 3ANUCHIEATND 6 MAKOM 6ude U
NPAMDBIE, NAPAAACADHBLE KAKOT-HUOYID U3 Koopdunammwix ocetl. B
MAKOM HOPMANLHO 3ANUCAGHHOM PAGEHCTMBEE YUCAUMEND U ZHAME-
Hamens 00HoU u3 dpobetl pasHvl HYAIO.

B tpeyronbuuke ABC u3BeCTHBI KOODJIMHATBI CEPEJIMH CTOPOH:
A1(2,3), B1(0,7) u C1(—2,5). CocraBbre ypaBHEHUS MPAMBIX, CO-
JepzKaIliX CTOPOHBI TPEYTOJIbHUKA.

[Ipn kakux 3HAYEHUAX @ IpsMbie ax — 4y = 6 u ar — ay = 3
MEPIEH UK YISTPHBI ?

Haitiure yron mex iy npambivMu 20 +y =3 u 7o + 9y = 1.
Touka (3, —2) sBJisleTcs BepIMHOI KBajipaTa, a Touka (4, —3) —
TOYKOI Tepecederus ero quaronasieir. CoctaBbTe ypaBHEHHUS CTO-
POH KBaJjIpaTa.

Janbwr 1Be npsamvble 3z — 2y — 1 =0un o 4+ 3y — 2 = 0, a Takke ux
TO4YKa IepecedeHus: P.
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10.

11.

12.

13.

14.

15.

16.

i.  JokaxkuTe, uTo 1pH J0OLIX @ 1 [ Takux, uro o + 3% # 0,
ypasaenue a(3x —2y—1)+ B(x+3y—2) = 0 3amaéT npsamyio,
HIPOXOJISIIYI0 depe3 P.

ii. Jokakute, 9TO JJIs1 JTFOOOI TIPAMOIL, TIpoxosdiieit depes P,
MOXKHO HafiTu Takue 9ucjia « u [3, 9T0 9Ta UpsMasi 3aa6Tcs
ypasHenuem a3z — 2y — 1) + B(x + 3y — 2) = 0.

Haiitu koopaumuaThl obpasa TOYKU (g, Yo) TPU OPTOrOHAJBHOIL
MIPOEKIN Ha npaMyio 2x — 3y + 6 = 0.

CocraBbTe ypaBHEHHE MPSIMOI, CHMMETPUIHON MpsiMoit 3x — y +
+ 5 = 0 orHOCHUTE/ILHO TIpAMO = + iy = 1.

B paBHOGEIpEHHOM MPAMOYTOJIBHOM TPEYTOJIbHUKE ITPOBEIU Me-
JUaHy K KaTeTy, a 3aTeM N3 BEPIINHBI IIPAMOIO YIJIa OILyCTHUJIA
MIEePIIEHIUKYJIAD Ha 3Ty Mejnany. Haiigure, B KAKOM OTHOIIEHUN
IPOJOJIZKEHUE TIEPIEHIUKYJIAPA JICJIUT TUIIOTEHY3Y TPEYTOJIbHUKA.

JBe MeauaHbl TPEYroJbHUKA JIeXKAT Ha MPSAMBIX C yPaBHEHUSIMU
x+y =3mu22xr+3y =1, arouka (1,1) — Bepumnra A sToro
rpeyrobauka. CocraBbTe ypaBHEHUs CTOPOH TPEYTrOILHUKA.

Hokazkure, uTo paccrosinue or Touku P(xg, yy) /10 mpsamoit ¢, 3a-

nanHoit ypaBuenuem Ax + By + C' = 0, Berauciisiercs 1o opmyiie
- ’Al‘o +By0 +C‘

VA2 + B2
JlokaxkuTte, 9TO MPU CUMMETPUU OTHOCHTEIHHO NpsMOil y = kx
Touka (o, yo) IIEPEXOIUT B TOUYKY

Qkyo — <k2 - 1)5(]0 2]{35(70 + (]{72 — ].)y()
k?+1 ’ k2 +1 '

Hokazkure, 910 TOUKa (2, 3) ABAAETCS HEHTPOM OKPYZKHOCTH, Ka-
caroleiicss TpEX MPsAMbBIX ¢ ypaBHeHusAMU 31 +4y = 8, dx+3y = 7,
ox + 12y = 20.

JlokarkuTe, 9TO BCe IPAMbIE, 33/1aBaeMble YPaBHEHUAMU 3T + oy +
+ 5+ 2a = 0 npu pas/IMIHBIX (v, TPOXOIAT depe3 OOIILYI0 TOUKY.
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17.

18.

19.

20.

21.

[lycrs xg # 0 u yg # 0 — abcerpcca U OpIMHATA TOYEK [T€PECeIeHIsT

upsmoit Ax + By + C' = 0 ¢ ocavu OX u OY cOOTBETCTBEHHO.
1 1

JlokakuTe, 9TO BCE MpSMBIE, JIJIsi KOTOPBIX BEJININHA — — —
Lo Yo

dukcupoBana, MPOXoJIAT Yepe3 OJIHY ODIIYI0 TOUKY.

Ha mockocTn nana mapabosa y = v u KacateabHasa Az + By +
+ C' = 0 K sToit napabose B Touke (g, r3).

i.  Jlokaxkure, 94TO 9TA KacaTeabHas MMEET OJMHAKOBLIC YIUIBI C
BEPTHUKAJIBIO U ¢ BEKTOPOM U3 TOUKH (Tg, 3) B Touky (0,1/4).

Bamevanue. Touka (0,1/4) nna napabosnsl y = 2 HasbiBa-
ercst GOKYCOM: eC/I JIyd CBETa BBIILYINEH U3 3TOH TOUYKH, a
napaboJia H3rOTOBJICHA U3 OTPaXKAIOIIEro MaTepuala, To 110-
cJie OTpazKeHUst JIyd OKazKeTCsl HAIIPABJIEH BJIOJIb BEPTUKAJIN.

ii. Kak msmensarcs KoopauHaThl (poKyca, eC/Ii BMECTO mapadoJIbl
y = x? paccMaTpuBaTh napaboiy y = ax?? A ecom y = ax? +
+bx +c?

B rpeyrosbauke ABC' Bepunna B umeer koopaunarst (0,0), a
sepimaa C' — koopausats! (1,0). Haiigure Takyto dyuknuio f(x),
sajannyto Ha unrepsase (0, 1), uro Touka A (¢ abcrpccoit U3 uH-
repsadia (0, 1)) sexut Ha rpaduke 910l GYHKINE TOTA 1 TOJIBKO
Torjia, Korja B Tpeyroibanke ABC memnana C'Ch n Guccekrpuca
BB; nepecekaioTcst B TOUKe, Jiexkaleil Ha Bbicore AA;.
Jocmamouno paccmampusams moavko mouku A u3 nepeoti wem-
sepmu, m. e. uckamsv f(x) > 0.

[Iycts ¢4 u {5 — ABe pasjuaHbIe MPsIMbIe Ha TIOCKOCTH. JloKaxKm-

Te, YTO ITU HPAMBIE IEPECEKAIOTCS TOTJIA M TOJBKO TOTJIA, KOIJIa

JIJIsT BCIKOTO HEHYJICBOTO YUC/Ia A U BCAKON TOUKM P, He JjiexKareit

Ha 00erX 3TUX MPAMBIX, HaiiyTcs Toukn Ay € (1 u Ay € {5 Takue,
e e

gyro PAs = APA;.

(Meorcdynapodnasn orumnuada) Ha nuaronansx AC u C'E mpa-

BuIbHOTO mectuyroyibauka ABCDEF B3stel Touku M u N co-

orBercTBeHHO Tak, uro AM : AC = CN : CE = ). UsBectHo,

gro Touku B, M u N jnexar #a oxHoi npsamoit. Haitgure A.
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22.

23.

3adaua yotce paccmampusanacy npu UYHEHUYU GEKMOPHO20 Me-
moda 6 pasdene 3.1.

(Asuamcero-muzooxeanckan orumnuada) Iycrs ABC — tpeyromn-
HuK, [D — ocHoBaHMe BbICOTHI u3 BeprmHbl A. Ilycts E u F —
TOYKHU Ha IPAMOIi, mpoxoadiei yepe3 D, takue, uro AE | BE
u AF 1L CF, upuuem E u F ormuunet ot D. [lyctb M u N —
cepenunbl orpeskoB BC' u E'F coorBercrBerHo. Jlokaxkute, 1TO

AN 1L NM.

(Asuamcro-muzookeancras oaumnuada) B tpeyroasauke ABC
nposejienbl Meguana AM u 6uccektpuca AN. Ilycrs QQ u P —
TOYKU TIepecevdeHus mepueHuKy/sapa K npsmoit AN B touke N ¢
npsmbiMu AM u AB coorBercTBeHHO, a () — TOYKaA, B KOTOPOIX
npsmasg AN TmepecekaeTcs ¢ eprneHInKyasipom K A B, BoccraHoB-
JleHHbIM B Touke P. Jlokaxkure, uro QO L BC.
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3.6. YpaBHeHUEe OKPY2KHOCTU

B sTom paszsene BHUMaHMe yjessieTcd 3ajadaM, B KOTOPBIX YI00HO
HACITOJIb30BATh METO/I KOOPAWHAT U YPaBHEHUS HEKOTOPBIX OKPYZKHO-
cTeii.

YpaBHeHnue OKpy>KHOCTH B TIPSIMOYTOJIbHOM JIeKapTOBOI CUCTEME KO-
Op/IMHAT UMEET BU/I,

(z —20)* + (y — o)* =17,

rje TouKa (Xg,Yp) — MEHTP ITON OKPY’KHOCTH, a I — eé pajauyc. B
caMoM JieJsie, 1o (hopMyJie PACCTOSHUA MEYKLY JIByMsI TOUKAMU Ha, KO-
opauHaTHOI tockocTu (1o Teopeme [Tudaropa) Besikast Touka (., y),
yaanéHHas ot (o, Yo) HA PACCTOSHEE T, YIOBJIETBOPSET STOMY yDaB-
HEHMHIO, a 60ﬂbﬂle HUKaKHue TOYKHN €My HE€ YIOBJICTBODAIOT.

OtmeTnMm cpasy, 9To 9acTO K YPABHEHUIO OKPYKHOCTH YIaETCs TPUii-
TH C TIOMOIIBIO TIpeoOpa3oBanmii u3 O60J1ee OOIIEro ypaBHEHUS:

2% +y* 4+ 2Ax + 2By + C = 0.

D10 ypaBHeHHe He NpH JIOObIX 3HadYeHHaAx napamerpoB A, B u C
3aJ1a6T OKPYXKHOCTh. B caMoM jieJie, BBIJIEJIMM IIOJIHBIE KBaJIpAThl 1
ImepenuimeM ero B Buie

(x+A)?*+(y+B)?=-C+ A%+ B

Ec/m B 1paBoii 4acTH CTOUT MOJOKHUTENBHOE UUCJI0, TO HCXOJHOE
yDaBHEHUE W B CAMOM JIeJie sIBJIAETCs YPABHEHHeM OKDY>KHOCTH, HO
IIPY HYJIEBO{i MJIM OTPUIIATEbHOI MPABOii 9aCTH MOIYT HOJIYIUThHCH
KaK OJ[HA €JMHCTBEHHAs TOYKA Ha IJIOCKOCTH, TaK M IIyCTOE MHO-
2KeCTBO (I/IHOF,H& 9TOT Cﬂyqaf/l Ha3bIBAalOT «MHUMaAd OKPY2KHOCTb», HO
HHUKaKad TOYKa IIJIOCKOCTH TaKOMY YPaBHCHHNIO HE yﬂ,OBHeTBOpHeT).

Bnavenue bynxunn f(z,y) = (x —20)? + (y —y0)*> — 72 B TouKe (T,Y)
MMeeT BIOJHE KOHKPETHbII reomerpuaeckuii cMbics. OKpYzKHOCTB
sagaérea ypasuenueM f(z,y) = 0, HO P TOJCTAHOBKE KOOD/IMHAT
LPOU3BOJILHOI TOUKHU, He 00g3aTeIbHO JIeXKalleil Ha OKPY?KHOCTH, B
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KauecTBe apryMeHTOB (bYHKIMH f, MBI HOJyYUM Da3HOCTb KBaJIpa-
TOB PACCTOSIHUS JI0 IEHTPa OKPY’KHOCTH U PAJINyca ITOH OKPYZKHO-
CTHU. HaHOMHHM, YTO TaK olIpeaesidiaChb CTCIIeHb TOYKHU OTHOCUTEJIb-
HO OKPYZKHOCTH, T103TOMY it Touku P(z',y') n oKpy:KHOCTH W, 3a-
nannoit ypasuernem f(z,y) = (z—z0)*+ (y—yo)? —r* = 0, Bemmanna
f(#',y') = pow, P.

Onpegenenue 3.6.1. Vaon meorcdy 06yms nepecerarowumMuca OKpyartc-
HOCMAMU — ITO YI'oJI ME2Ky KacCcaTeJIbHbBIMU, HpOBe,ZLéHHbIMI/I K JTaH-
HBIM OKPY?KHOCTSM B UX TOYKE IT€PECEUCHU.

C moMoIpbio yriia MeXIy OKPYXKHOCTSIMHU €CTECTBEHHBIM 00Pa30M
OIPEJIEIAIOTCA U OPTOrOHAJIBHBIE OKPY2KHOCTH. B 3asade 12 umra-
TEJTIO TIpejiaraeTcd 00OCHOBATH KPUTEPHUl OPTONOHAJILHOCTH JIBYX
OKPY2KHOCTEH.

Teopema 3.6.1. Ilycmv ypasnenus

x2+y2+2A1x+231y+01:Ouac2+y2—|—2A2$+2Bgy+02:O

1
sadarom oxpyoscrocmu. Pasencmeo A1Ay + B1By = 5(01 + Cy) —
Kpumeputl 0pmo2oHaAbHOCTU IMUL 06YT OKPYAHCHOCTE.

[IpumennM 3TOT KpUTEpHil JIId PelleHns CaeIyIoNel 3a/1aqu.

Bagaua 3.6.1. HaiiTu ypaBnenue oKpy>KHOCTH, OPTOTOHAILHOM 224
y? — 4z + 2y — 11 = 0 u npoxojdiieil Yepes TOUKH ¢ KOOPIMHATAMU
(0,0) m (1,1).

Pewenrue. TlogcraBum B ypaBHEHHE HCKO- 16

Moit oxpyxkHocTH 22 + y? + 2Ax + 2By + \

+ C =0 roukn (0,0) u (1,1) u mosy«mm, [ 4 L o
gro C' =0, a A+ B = —1. Tenepnb nc- 2N
OJIb3yeM YKA3aHHbIH BBIIIE KPATEPHit Op- L \ 2\
ToroHasbHOCTH: —2A 4+ B = -5 Pemas ., C

HOJIY YUBIITYIOCA CUCTEMY JIMHEHHBIX ypaB- \ ) /
HEHUI, HAXOIUM HEM3BeCTHBIE KO3 DUIn- N

eHTel: A = §, B=—-.
2 2
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[TosryyaeMm ypaBHeHHe MCKOMOI oKpyskHocTu: 22 + 42 + 3z — 5y = 0

_|_§ 2_|_ _§ 2—% ]
nimn { r 5 Y 5 —4.

Bamaga 3.6.2. [lonyuure ypaBHeHMe KacaTe/IbHOW K OKPYKHOCTH,
3a/aHHON ypasHeHueM (x — o) + (y — yo)? = 1%, npoxoasmeii uepes
TOYKY (1,Y1), JIEKAILYIO Ha STOH OKPYKHOCTH.

Pewenue. MoxkHO B34TH B KadecTBe HOPpMaJIbHOI'O BEKTOpPa K 3TON
Ty — Iq

Yo — U ) Torma nckomasi npsimas 3a1aéTCst
0o— %

MPSIMOI BEKTOD 71T = (

ypaBHEHUEM
(o — 1)+ (yo — 1)y +C =0,

npudéM TouKa (1, Y1) Jexur Ha Heil. [logcraBum KoopuHaTH 9TOM
TOYKHU B ypaBHeHue u Bbraucjinm C':

(xo — z1)z1 + (Yo —y1)y1 + C =0,

OTKY/Ia TIOJIydaeM ypaBHEHHe KacaTeJIbHOI B hopme

(o — 1) (2 — 1) + (Yo — y1)(y — 1) = 0.

Sagaun

1. B kBaJipar BImcaHa oKpy:>KHOCTb. /loKaxKuTe, 9T0 cyMMa KBaIpa-
TOB PACCTOSHUI OT JII0OO TOYKU OKPYKHOCTHU JIO BEPIIUH KBa/I-
para UMeeT OJTHO U TO K€ 3HaUeHHe JIJIT BCeX TOUYEeK OKPYKHOCTH.

2. OkpyxkHocTb mpoxoauT depe3 Touku (7,8) u (9,2). Haiigure eé
pajnyc, ecimn:

i.  e€ meHTp JeKuT Ha UpaAMoit 2x + y = 4;

ii. omna Kacaerca npamoit 2x + y = 4.
3. Ha oxpyxnoctu 22 + y? = 1 BLIOpanbl 1Be Pa3JIUYHbIC TOYKH

(x1,y1) u (x2,ys). Borumcanre KOOpAMHATHI TOYKHU IMEPECEICHUST
KacaTeJIbHBbIX K OKPYZKHOCTH, IPOXOJIAININX YepPe3 3T JBE TOUKU.
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10.

JlokakuTe, 94TO CyIIECTBYET 110 KpaliHeil Mepe OJ[HAa OKPYZKHOCTb,
paBHOyJaJIEHHAs OT 3a/laHHBIX YeThIPEX TOYEK, €CJIU:

1.  9THU YeTbIpe TOYKU JieXKaT B OJHON IIJIOCKOCTU, HO HE JIeXKaT
Ha OLHOI IPAMOIL;

11. 3THU YeTbIpe TOYKHU IIO-IIPEKHEMY He JIeKaT Ha OJTHON MPAMOI,
HO BBIOpaHBbI B TPEXMEPHOM IIPOCTPAHCTBE.

Yucna x 1 y yJA0BIETBOPSIOT COOTHOIIEHUIO \/E + \/ﬂ =z +y.
Haitnure HanboJIbimee BO3MOXKHOE 3HAUCHHIE L.

[Iycte A m B — nBe pa3indHble TOYKU Ha IIockocTH. Haitmure
MHOXKECTBO Bcex Touek M takux, uro AM? + BM? = k?, rue
k — 3aJaHHOE YHCJIO.

[Iycts A, B u C' — tpu pasjimdnble TOUYKN Ha psamMoit, B gesmt AC
B orHomrenun 2 : 1, cauras or Bepmmubl A. Haiiaure Muoxkecrso

Bcex Touek M Takmux, uro AM? 4+ BM?* + CM? = k2, rne k —
3aJIAHHOE YHUCJIO.

JlaHbl JiBe HEKOHIIEHTPUUIECKNE OKPY?KHOCTU Wi U Wo C IIEHTPaAMU
01 u Oy u pajmycamu Ry u Ry coorBercTBenHo. Haiture Mmuoxe-
CTBO BCEX TOYEK X, JyIst KOTOPBIX pow,, X = pow, X.
Sameuanue. Ira 3a1a9a yrKe pernaiach u mogpooHO 00Cy K Ia1ach
B pazjiene 1.11 o crenenn TOYKM.

JlaHbl JiBe OKPY?KHOCTH, 3a/alHble ypaBHeHusMu x2 + y? = b u
2% + y? = x. JlokazKnuTe, 9TO ecJu « IIpoberaeT BCE MHOXKECTBO
BeIeCTBEHHBIX ucesT, Kpome o = —1, To ypasuenust (22 +y*—5)+
+a(x? +1y? —x) = 0 3a1a10T BCe BO3BMOKHbIE OKPYZKHOCTH, [TPOX0-
JiATme gepe3 obIme TOUYKNA MePBhIX IBYX OKpyzKHOCTel. OTe/nb-
HO paccMOTpHUTEe ciaydaii a = —1 u jaiiTe ero reoMeTpuvecKyio
MHTEPIPETAINIO.

JIBe OKpYyKHOCTU C Pa3JMYHBIMEU pajimycamMu r u R Kacaiorcs
BHeIHUM obpaszoM. IIpsamas nmpoxomuT depes ux OOINLYIO TOUYKY
U OTCEKaeT Ha OKPYKHOCTAX nBe japyrue Toukn B u C. Jokaxku-
Te, YTO IpU OBOpoTe 1psaMoit BC OTHOCUTE/IHHO TOUYKM KACAHUS
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11.

12.

13.

14.

15.

16.

OKPYy2KHOCTEl cepejinna orpe3ka BC nepeMeriaeTcs Mo OKpyKHO-
ctu. Boerauciiure e€ pajuyc.

Tpeyronbuuk ABC' Bnmcan B OKpyKHOCTL pajmyca R. Ha cro-
porax AB u AC ormermiu coorBercTBeHHO Touku M u N, me-
Jisitye 9T ¢Toponbl B otHomenun AM : MB = AN : NC = 3.
Jlokaxkute, 9T0 ecjim TOYKa A JBUKETCS 110 OIMMCAHHONW OKPYKHO-
cru tpeyronbanka ABC' (npu dukcupoBanubix Toukax B u (),
TO TOYKa Tepecedenns oTpe3skoB BN u C'M Takike JIBUKETCs 10
OKpYy2KHOCTHU. Boraucinre eé pasuyc.

JokazkuTe, 4TO IEpeceKaloecss OKPY>KHOCTH, 3a/[aHHBbIE yDaB-
Heamayu 22 + y? + 2412 + 2By + C, = 0 m 22 + y? + 242 +
+ 2Bsy + Cy = 0 oproronaysbHbl (yros mexty Humu paser 90°)

TOIJ& U TOJILKO Torja, Korna A Ay + B1By = 5(01 + Cy).

(M@ TH ) OKpyKHOCTb, IIEHTP KOTOPOii jiexkuT BHe KBapara ABC D,

npoxoauT 4yepe3 Touku B, C. Haiiure yroa mMex iy KacaTe/bHbI-
MU K OKPY2KHOCTH, IIPOBEJIEHHBIMU U3 TOYKHU [), ec/ii OTHOIIEHUE

3
FUIMHEL CTODOHEI KB8JPaTa K JMAMETPY OKDYXKHOCTH PaBHO .
Touka A B3siTa BHYTpHU OKpPYKHOCTH. JJTsT KarK 101 XOPIbI OKPY K-
HOCTH, MPOXOJIsIneii dyepe3 A, mocTponM TOYKY IepecedeHns Ka-
caTeJIbHBIX K 3TOH OKPYKHOCTHU, IMPOBEIEHHBIX B KOHIIAX XOP/IbI.
,ZLOK&)KI/ITQ, Y9TO BCE 9TU TOYKHU II€peCcedICHUd Jie2KaT Ha O,ZLHOI';I Ips-
MOYA.
[Iycte A m B — napa pa3audHbiXx To4dek, a k > 0 u k #£ 1.

i.  (Oxpyorcnocmo Annoaonus) JTokazkure, 9T0 MHOXKECTBO TO-
yek P Ha 1iockoctu Takux, 9t0 PA/PB = k ecTh OKpyK-
HOCTDH C IEHTPOM Ha Ipsmoit AB.

ii. (Osaave Kaccunu) Vzobpasure Ha IIIOCKOCTH MHOXKECTBO TO-
qek P rtakux, uto PA - PB = k. Kakue ciyyan BO3MOXKHBI?

(Meorcdynapodnasn oaumnuada) A, B, C, D — deTbipe pasindHble
TOYKH Ha IPSIMOil B YKa3zaHHOM Hopsijike. OKPY>KHOCTH C JTHAMET-
pamu AC' u BD mnepecekaiorcss B Toukax X u Y. IIpamasg XY
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nepecekaer BC' B Z. [lycts P — Touka Ha orpe3ke XY, orymi-
nas ot Z. [Ipamas C' P nepecekaeT OKpy>KHOCTH ¢ guamerpom AC
B Toukax C' u M, a npsamas BP mnepecekaeT OKPY:KHOCTb C JIHa-
MerpoM BD B Ttoukax B m N. Hokaxwure, auro AM, DN, XY

nepecekaroTcd B OJIHON TOYKE.
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3.7. BekTopHoe nmpou3sBejieHUE

B sTom pasjenie uzydaercs emié oJuH BUJ TPOU3BEICHU JIBYX BEKTO-
poB. B oTimune oT cKaJIIPHOrO YMHOYXKEHUS, PE3YJILTATOM KOTOPOTO
SIBJISIETCsT IUCJIO (CKAJISIP), Pe3YJIbTATOM BEKTOPHOIO MPOU3BEICHHUSI
ABJIETCA BEKTOD, IPUYEM Pedb WUJET HENPEMEHHO O IPOU3BEIEHUN
JIBYX BEKTOPOB TPEXMEPHOI'O IIPOCTPAHCTBA U O pe3yJibTaTe — BEKTO-
pe TPEXMEPHOTO NPOCTpaHCTBa. TeM He MeHee B 9TON KHHUT'e U3y4daeT-
cd B OCHOBHOM ILJITAHUMETPHS, ¥ TOITOMY PacCMaTPUBATL MbI OyjiemM
BEKTOPHOE IIPOU3BEJIEHNE C TOUYKU 3PEHNs ITPUMEHEHNS K IIJIaHUMET-
PHUYECKUM 3a/1a9aM.

BekTophnoe 1mpousBejeHne mMo3BOIAET OBICTPO BBIYUC/IATDH ILIOMIAN
TPeyTrOJIbHUKOB U TTapaJlIesIorPAMMOB, & TaK2Ke ITPOBEPSATH KOJIJINHE-
apHOCTH ToueK. [lepeiigém K ompejieieHUsIM.

Onpenenenne 3.7.1. Bexmopnvim npoussedenuem 06Yr 6exmopos
d u b B TPEXMEPHOM IIPOCTPAHCTBE HA3BIBACTCS TAKON BEKTOD (060-
3HadaeMblit @ X b win [d, b)), aro:

1. oH paBeH HYJIIO, €cJi XOTs Obl OJIUH U3 COMHOXKHTEJIEH paBeH
HYJIIO;

2. ecau 06a COMHOXKUTEJIS HYJIIO HE PaBHBI, TO €r'o JJIMHa YUCJICH-

-,

Ho pasHa |a@| - |b| - sin Z(@, b);

3. 9TOT BEKTOP HAalIpaBJieH NEPIEHIUKYIAPHO IJIOCKOCTH, COJIep-
JKaIeil BEKTOPBI @ 1 b Taxum 00pa3oM, YTO KpaTJdalIinii TOBO-
POT OT KOHIIA @ K KOHILY b coBepIaeTcs MPOTUB 4acoBOil cTpeJi-
KU, €CJTH CMOTPETh C KOHIIA BEKTOPA @ X b.

W3 onpeiesieHnst SICHO, 9TO d X b=—bxa. OrmeTuM, 9TO MOCJIETHAM
IyHKT HHOI/AA (DOPMYIUPYIOT TaK: BEKTOPbI @, budxb obOpasyior
IIPaBYIO TPOMKY.

Wrak, ecin 3a/1aHbl JIBa HEHYJIEBBIX BEKTOPA, TO IJIOIIA/Ib ITapaJiie-
JIorpaMMa, IOCTPOEHHOI'O0 Ha, HUX, MOXKET ObITh BBIYHC/IEHA KaK MO-
AYyJIb UX BEKTOPHOI'O IIPOU3BEJACHUA, a €CJIM OKazKeTCd, YTO UX BEK-
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TOPHOE MPOU3BEJCHNE PABHO HYJIIO, TO 3TO OY/JET O3HA4YaTh, YTO Ta-
KIe BEKTOPBI KOJUINHeapHbl. boJiee TOro, BEKTOPHOE ITPOU3BEICHUE
TaKyKe MMeeT HallpaBJIeHHe, OTParKalolllee «OPHEeHTAINIoy IapaJlie-
JIOTpaMMa, MOCTPOCHHOTO HA BEKTOPaX @ 1 b: ecuut st JIBYX TIapaJiie-
JIOTPAaMMOB B OJTHOII IIJIOCKOCTH, IIOCTPOEHHBIX HA PA3JUIHBIX ITapax
BEKTOPOB 3TOI IJIOCKOCTH, KpPaTUafIIme MOBOPOTHI OT KOHIIA OJHOTO
BEKTOpa K KOHILY JIpDYIOoro BOKPYT HX OOIIEro Hadaja COBEpIIaroT-
¢ B TIPOTUBOIIOJIOXKHBIX HAIPABJICHUAX, TO BEKTOPHBIE NTPOU3BE]IE-
HUA Oy/IyT, KOHEYHO, 00a OPTOrOHAJIBHBI ILJIOCKOCTH, HO HAaIlpaBJie-
HbI B TPOTUBOIIOJIOZKHBIE CTOPOHBI. [l0 3TOMY MOBO/IY YacTO TOBOPHT,
YTO BEKTOPHOE IPOU3BEJIEHUE TIPEJICTABIIAET COOOU OPUEHMUPOSAH-
HY10 NA0ULGOL COOTBETCTBYIOIIETO ITapaJslIelorpaMMa.

Oka3sbIBaeTCsI, YTO MOYKHO 3aIlMCATh JIOCTATOYHO KOMITAKTHBIE hOp-
MYJIbI, BBIPazKaloIue KOOPAUHATBI @ X b Jepe3 KOOpIMHATHI COMHO-
kureseit. [l 3Toro yio6HO BBECTH TIOHITHE 0Npedesumens pasmep-
HOCTNU 2 1T ONPEJENUMENT PAZMEPHOCTU 3.

Onpenenenue 3.7.2. Ilyctb aip, ai2, Gs1, Gge — HYETbIpE YHUCIIA.
0 @11 A12
npedesumenem G (o | HASPIBACTCH (HCIIO (11022 — (12021
21 G239

Onpepenenne 3.7.3. IIycTb a11, a1z, a13, as1, 22, 23, G431, A32, A33 —
a1 iz a3
JIEBATH 4ncesl. Byjiem Ha3bIBaTh onpedesumenem [agy Aoy Gog| GHC-
az1 a3z G33
JI0
Qo2 A23 Q21 (23 Q21 (22

aii — a13 + a3
a3z a33 a31 33 a31 432

[Io amasorum BBOJAMUTCA ONUpeJIeUTENb 3 X 3 JUId cydas, KOrja B

[IEPBOil CTPOKE CTOSAT TPU BEKTOPa (TOJIBKO Ha 9TOT pa3 pPe3yJIbTaToM
OKasKeTcsl y7Ke BEKTOD, a He UHCJIO):

€1 €9 €3
_ o |A22 Q23 ~ |G21 d23 5 |A21  A22
Q21 G2 G23| = €1 — € + €3
a3z Aas3 ag1 ass a31 Aa3z2
a31 daz2 G33
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Herpyano 3aMeruThb, 94TO OHpeAe/nTe]b 2 X 2 paBeH HyJIO TOIJa U
TOJIBKO TOTJIA, KOTJa €ro CTOJONbI (MM ero CTPOKM), HOHUMAEMbIe
KaK KOODJMHATHI JBYX BEKTOPOB Ha ILUIOCKOCTH, 3aJal0T KOJIJIMHE-
apHble BeKTOPHI. [loxoxkee yTBEp:KI€HIE MOKHO C(DOPMYIUPOBATH U
JUUIST OIIPeIeIuTeNst 3 X 3: OH paBeH HYJIIO TOTIA U TOJLKO TOT/A, KOTIa
OJIH M3 €ro CTOJIONOB (WM €ro CTPOK), MOHMMAEMbI KaK BEKTOD B
TPEXMEPHOM IIPOCTPAHCTBE, PACKIAABIBACTCA B CYMMY JABYX JIDYTHX
€ HEKOTOPBIME KO3 durmenraMu.

OkasbIBaeTCs, UTO C MOMOIIBIO OIPEJIE/IUTE/ T MOXKHO CPa3y BbIIU-
CaTb BbIpazKeHue IJjigd BEKTOPHOI'O HpOI/ISBe,ZLeHI/IH HYCTB B HpOCTpaH—
CTBE 33J1aH OPTOHOPMUPOBAHHBIN 6a3uc 17, J, k a BEKTOPBI 4 1 b sa-

a1 by
JaloTCd B HEM KOOPJIMHATHBIMHU cTojiOmaMu | as | u | by |. Torma
as b3

BEKTOPHOE ITPOU3BE/IECHNE ITUX JBYX BEKTOPOB MO2KHO BbIYUCJIATD 110
dopmyiie

Tk
axb=la; ay ag
by by b3

PacKkpbiB BO3HUKAIONIME ONPEIETUTENN 2 X 2, MBI TIOJTY UM KOOPJIH-
HATBHI (TPEXMEPHOro) BeKTOpa d X b: OH paBen

Z(a2b3 — Cbng) + j((lgbl - albg) + E(albg - CL2b1),

azbsz — azby
TO €CThb 3aJaéTcst cTojornoM | asby — a1bs
ai1by — azb;

W3 sroit hopmysibl, KCTaTh, BUJIHO, YTO BEKTOPHOE IIPOU3BEICHUE JIU-
HEIHO 110 00ONM COMHOMKHUTE/ISIM: JIJIsT TPOU3BOJIBHBIX duces o, (3, 7y
1 BEKTOPOB @, b 1 € BBIIIOJTHEHO

(ad@ + Bb) x €= a(@ x &) + B(b x ),

-

@ x (Bb+~@) = B(d@ x b) +~(a@ x o).
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¢lcHO, YTO BEKTOpHOE MPOU3BEJIEHUE OIIPEJIEIEHO OJIHO3HAYHO: €ro
ompejiesienne (UKCUPyeT KaK ero JJINHY, TaK U €ro HallpaBJIeHUE.
[TosTomy /11 JTOKa3aTeIbCTBA (POPMYJIbI BEKTOPHOTO ITPOU3BEICHUS
Jepes OlpeJIeJINTeNb U KOOPIMHATEI BEKTOPOB-COMHOXKATEICH JJocTa-
TOYHO IMPOBEPUTH, UTO B pe3yJIbTaTe MOJICIETA 10 YKa3aHHOH (hopMy-
JIe TIOJIyYIaeTCsl BEKTOD, YJIOBJIETBOPSIONIHiT onpejesiennio. Oproro-
HAJILHOCTH OOOUM COMHOXKUTEJISIM IIPOBEPsieTCst OBICTPO, U MBI ceffaac
3TO C/eJIaeM.

-

Sagaua 3.7.1. Jokazkure, 9T0 BEKTOD ;(agbg—agbg)%-j(agbl—albg)+
k(a1by — agby) meprieHuKyIsipeH 060MM BeKTOpaM d u b.

PeweHue HOK&)KGM HaIPUMEp, YTO ITOT BEKTOP IMEPIEHIUKYJIAPEH
a= ml + ]ag + kag Berancssiem ckasisiproe poussesienne: a(agbs —
— azby) + as(agby — arbs) + az(aiby — azby) = 0, uTo U TPEGOBATIOCH.
O

— — —

t gk
Tor daxr, 4ro mmHA BEKTOpa |a; ap a3| PaBHA IJIOMIAIN HapaJ-
bi by by

JIeJIorpaMMa, HATSHYTOro Ha d 1 b, MeHee odeBuieH. Jloka3aTebcTBO
BBIHECEHO B 33JIa9M, HO YaCTHBIN cjrydail 9Toro hakTa Mbl pa3depém.

Sagaua 3.7.2. TpeyroabHuk Ha IJIOCKOCTH 3aJaH CBOMMU KOOP/IU-
natamu BepumH A(0,0), B(xy,11), C(x2,y2). Beraucaure ero mio-
1a,/1b.

Pewenue. Ipsimast, conepzkaitasi cropony AB, 3amaércsa ypaBHEeHIEeM

hn .
y==—ux, T e x1y —y1x = 0. Paccrogame or Touku C' 10 3TOil mps-
€
‘9513/2 - y19€2|
2 2
V21 + Y1

ocHoBaHus AB Ha BBICOTY:

1 |x1y2— 1I2’
S = \/ 1 2+ y1 — —\$1y2 - y1x2] U
V 331 + ?J1

1
Jlerko ybeuThCcs B TOM, 9TO BeJIUYINHA, é(xlyQ — Y122) TOJIOKUTEIb-

MoOIi PaBHO . HJIOHI&,HJ) PaBHa IIOJIOBUHE IIPOU3BEIACHU A

Ha, KOIJIa KpaT4Jailinil I0BOPOT BOKPYT HavdaJla KOOPJANHAT OT TOYKHU
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B x touke C' mponcxo/uT MPOTUB YaCOBOI CTPEJIKH, U OTPUIIATEIbHA,
KOTJIa 3TOT IOBOPOT COBEPINAETCA B ITPOTUBOIOJIOKHOM HAaIlpaBJIe-
nun. TTosTomy BekTop K - (Z1Y2 — Y12) YIOBIETBOPSIET BCEM IIyHKTAM
orpe/ie/ieHnsi BeKTOpHOro mpoussesienuss AB x AC.

B zagaue 1 npemjiaraercss o000IUTEL 3Ty HOPMYJy Ha CIydail, KOrja He
rapaHTUPyeTCsd, 9TO OJIHA W3 BEPINUH COBIAJIACT C HAYAJIOM KOODJUHAT.
D10 yI00HO ¢IeIaTh ¢ TOMOIIBIO APAJIETHHOIO [IEPEHOCA Ha, HEKOTOPBIi
BEKTOD.

[Tocne pemenus 3aja4un 1 dopmysia Jijisi BEKTOPHOTO ITPOU3BEICHUS
0bOCHOBaHA JIJIsI CJIydasi, KOrjia y BEKTOPOB @ 1 b TPEThs KOOPJAUHATA,
(armmuinkaTa) paBHA HYJIIO, T. €. 00a 9TH BEKTOpa JeyKaT Ha ILIOC-
koctu z = (). DTOro JOCTATOYHO I PEIIeHUs] MPAKTUIECKH BCEX
33,189 JIAHHOI'O pas3Jjesia, MOCKOJIbKY YATATENIO MpeJlaraloTces Ilja-
HuMeTpudeckue 3aa4uu. Ho 1 maTepecylomerocss oo0ImM CiydaeM
qUTaTesd TOCHEIHAA 3a7a9a 3TOrO pas3feiia CIENUAJbHO OTBeJIeHA
110/, TPEXMEPHBIH ciIydail 1 000CHOBAHUE <«IIOJTHOWY (DOPMYJIBI st
BBIYUCJIEHUS BEKTOPHOT'O MTPOU3BEAEHUS C OMOIBIO OIPeae/TUTE .

[TokazkeM, Kak BEKTOPHOE IPOU3BEJICHIE MOXKET OBITh 3PHEKTUBHO
IIPUMEHEHO TTPU PEIEHUN YUCTO MJIaHUMETPUIECKON 33 1a4H.

3ama4va 3.7.3. Ha croponax Tpeyroinbanka ABC oTMedeHbl TOUKH
A, € BC, By € CA, C1 € AB rak, uro BA, : A\C = CB

: B1A = AC, : C1B = 1: 2. lokaxure, aro u3 orpe3kos AA,, BB
u C'C] MOXKHO COCTaBUTH TPEYTOJBHUK, U BBIUYHUCIATE €0 ILIOIIA/Ib,
ecan S ABC — 1.

Pewenue. Herpynno BujgeThb, 9To cymMMa BEKTOPOB

— 2 1 — 2 l— — 2— 1

AA, — “AB+-AC, BB, =ZBC+-BA CC,=-CA+-CB
3 3 3 3 3 3

paBHa HyJHO, HOQTOMy TpeerJII)HI/IK n3 JaHHbIX BEKTOPOB CJIOXKUTDH

MOKHO. BprauciisieM BeKTOpHOe MPOU3BEJEHUE, IO MOJIYJII0 pPaBHOE
YJABOEHHON ILJIOIIAANA 3TOI0 TPEYTrOJbHUKA!

mxB—Bl}:g/ﬁxB?—kgmxﬁvLéﬁxﬂz
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ﬁxB?——BAxB?——@xE QXB?

[Tpu BBIYUCICHUAX MBI UCHOJIB30BAJIHI, UTO MPU JTIOMHOXKEHIH COMHO-
JKUTEJI B BEKTOPHOM ITpom3BejieHnn Ha (—1) BCE BEKTOPHOE IpOns3-
BeZeHpe TaKxe JOMHOXKACTCH Ha (—1), a Takxke uro AC' X B

= C'A X C@ —BA X B? [IOCKOJIBKY KpaTdaillinii IOBOPOT OT
Toukn A K Touke B BOokpyr Touku C' W Kpardafmuii moBOpOT OT
Ak C BOprI‘ B 1poBojisiTCS B TIPOTUBOIIOJIOXKHBIX HaIIPABJIEHUSX
(1@ X ﬁ BA X B? [IOCKOJIBKY HAaIIPABJICHHE ITOBOPOTA OJTHO U
TO Ke).

Orcrosia 3aKII0IaeM, 9TO TJIOMAb TPEYTOJIbHUKA U3 OTPe3KoB A A1,

BB, CCy pasna 7/9. O

B srom paszjiesie 6yem 0603HauaTh Yepes m3(7) allInKaTy BeKTopa i°
B TPEXMeEpHOM TpocTpaHcTBe. OTMeTHM, ITO HHOTIa aucio 73 (d X b)
HA3BIBAETCS MICEBIOCKAISPHBIM MM KOCBHIM POM3BEICHIEM BEKTOPOB
amnb.

Samaun

1. Tloayuure opmysty i BbIYUC/IEHHS ILIONIAM TPEYroJbHUKA,
BEPIINHBI KOTOPOT'O UMEIOT KOOPIMHATHI (o, Yo), (T1, Y1) 1 (X2, y2).

2. Jlokaxkute, 9TO psIMasi ¢ HAITPABJISIONINM BEKTOPOM @ U TOYKOIL C
PaJIIyCOM-BEKTOPOM P, JIEZKAINE Ha TOM MPSIMOI, 3a/1a€TCA ypaB-
HeHueM d X T(t) = d X p.

Basucum Au Yycrosue u pewerue 3adavu 0m mozo, PaccMampuei-
eMeCA AU NPAMAA HG NAOCKOCTU UAYU 8 NPOCTPAHCNEE ?

3. Jlng n1ByX BEKTOPOB @ U b Ha IJIOCKOCTHU OIPE/IEJIUM HOBBII BEKTOD

ab

C KOOpJAuHaTaM" - Ha TOH K€ IIJIOCKOCTH. ,B;OKa}KI/ITe,

7T3( X b)

9TO OH HMeEeT C BEKTOPOM ( ), HallpaBJIEHHBIM BJ/IOJIb IIOJIO2KHU-

0
TeJLHOrO Hanpasenus ocu OX, TOT 2Ke yrojl, 4T0O U YyIoJI MEK Ly
anb.
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10.

Jlaubl gBE HIpsiMble Ha IIJIOCKOCTH, YIOJI MEK/Iy KOTOPBIMU paBeH
45°. Ilycrs HEM ojiHa M3 HUX HE NapaJiiebHa HU OJHON U3 KOOp-
JIMHATHBIX Oceii, a yryoBoit Koaddunuent (ducio k B ypaBHEHUH
npsiMoit y = kx) ofHON W3 HUX B 6 pa3 MeHbIle YyIJI0BOr0 Ko3b-
durmenTa Bropoii. Haitiiure 3t yriioBbie KO3 PUITUEHTDI, €CIu
00a OHU TOJIOKUTETLHBI.

3a/laHHbIE BEKTOPBI U U U MEePIeHIUKYIIPHBI 1 008 UMEIOT JIJINHY
1. Beraucsmre (... ((((€ X U) X U) X U) X U)...), 176 yMHOXKeHHe
Ha v npoucxoaut 2021 pas.

IIycrob ¢4 1 {5 — 1Be UpsMble Ha IJIOCKOCTH, HAIIPABJISIONINE BEK-
TOPBI U PAJINYChI-BEKTOPhI HAYAIbHBIX TOYEK KOTOPLIX PABHBI CO-
OTBETCTBEHHO {1, U2, P1, Pa. O6o3HATNM ¢; = T3(d; X P;), i = 1, 2.
Jokazkure, 910 PaJIyC-BeKTOP TOUKH IEPECETeHNs IPAMBIX Ha~
Ci1a2 — Caa1

XOJIuTCA 10 popMysie ——————.

7r3(a1 X ag)

JlokaxkuTe, 9TO ILIOMALL N-yrojabHuka AiAs ... A, c¢ Bepmmna-
MH B TOYKaxX (T1,Y1), (T2,Y2), -, (Tn,Yn), YIOPITOICHHBIMHE TIO
YacoOBO#l CTPEJIKE 110 IePUMETPY N-yroJIbHUKA, MOMKET ObITh Bbl-

qucJIieHa 110 hopMyJIe

1

5 |<l’1y2 + TolYs3 + ...+ xnyl) — (yll’g + Ya23 + ...+ ynx1)| .

Haner npsmoyrobauk W XY Z, paznuanasie Toukn A, B Ha cTo-

poue WZ, a takxe toukun C, D, E nma croponax WX, XY u

Y Z coorBercrBenno. lokaxkure, yro miomaiar W XY Z pasna
1

|75 | |15 « 8|

Jan Beimykibsiii mectuyroibHuk ABC DEF, IpoTHBOIIOIOXKHBIE

CTOPOHBI KOTOPOT'O MONAPHO MapaJiebubl. JokaxkuTe, 4TO ILI10-

maau TpeyronbaukoB ACE nu BDF paBHBIL.

Ha smcre 6ymarn HaprucoBana KOOpAWMHATHas ceTKa. JIner crumba-
0T BJIOJIb HEKOTOPOI#i MpsiMoii TakumM 06pazom, uro Touku (6,0) u
(0,4) coBmeratorcs. Haiiure, ¢ Kakoif TOYKON COBMECTUTCS TOU-
ka (13,4).



BekTopHnoe npoussejienne 138

11.

12.

13.

14.

15.

16.

17.

Ha croponax BC', CA u AB tpeyroibsuuka ABC ejauHUYIHON
IJIOMIAIN OTMEYEHBI COOTBETCTBEHHO Touku Ap, By, C] Tax 410
BCl : ClA = ABl : Blc = CAl : AlB = ]{I, riae k € [O, 1] ILOKa—
)kuTe, 9T0 U3 0Tpe3koB AA;, BBy u C'C| MOXHO COCTABUTH TpPe-
YTOJIBHUK, ¥ BBIYUCUTE TIOMIA/IH 9TOr0 TpeyroybHuKa. Haiiure,
[IPU KaKWUX k IIPUHUMAIOTCS HAnOOJIbIee U HAaNMEHbIIIee 3HAYCHUST
9TO¥ TIJIOIIA/IN, U BHIYUC/IATE WX.

Touka B nexut na orpeske AC. Tpeyrompauku ADB u BEC
JIe’KaT B OJIHOM ToJtyIutockoctu orHocutenbuo AC, npuaém AD ||
| BE uw DB || EC. Ilycte M — cepemuna AC. Jlokazkure, 910
wioma/b rpeyrosibuuka DEM paBHa mosycyMMe IIomaaei tpe-
yroabankoB ADB u BEC.

B tpeyronpuuke ABC' ormedenbt opronieHTp H U 1eHTp onucaH-
noit okpyxkuoctu O. /lokaykure, 9YTO cpesin TJIOMAJIENR TPEYTOIb-
nukoB AOH, BOH, COH onna paBHa CyMMe JIBYX JIPYTHX.

Jan xkBajpar ABC'D u touka P BHyTpum Hero. Bo BHemHO0
cropony Tpeyronbauka APD mocrpoennst kBagpatet APNM u
DPQR ,H‘OKa}KI/ITe, 4q9TO SCPN = SBPQ'

B tpeyronpauke ABC Touku Ay, By u C| — cepejuHbl CTOPOH
BC,CAu AB coorBercTBenHO. Touxku Ny u Ny jiexxar Ha nps-

moit AB tak, uro C1N; = —C1Ny. AnanornaabiM 06pa30oM ompe-
nenstiorest Touku My u My wva npsamoit CA u P, P, Ha npsiMoit
BC. Jokaxkure, 910 1mioma i TpeyrogbHukoB Ny My Py u No My Py
pPaBHBI.

[Ipsimast mepecekaer cropoust BC', C'A, AB tpeyronbanka ABC
Wi ux npojosKenus B toukax Ap, By, Ci. Touku Ay, By, (s
cummerpuanbl Ay, By, C orHOocuTebHO cepenun cropon BC, C'A,
AB coorBercrBenno. Jlokazkure, aro Touku Ay, By, Cy jnexkar Ha
OJIHOM IIPSIMOMA.

(Teopema T'aycca) B Boimykom derbipéxyroiabanke ABC D mpsi-
mbie AB u C'D nepecekarorcs B Touke K, a npssmbie BC'u AD — B
touke L. ITycrs P u () — cepeauHbl guaroHaJjeil 9eTbIpexyroib-
nuka ABCD. Jlokaxkure, 9TO ILIOMAA TPEyroabHUKoB PQK u
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18.

19.

20.

21.

PQL paBHBI MKy cO0OI 1 PaBHBI Y€TBEPTH ILJIOMIAIN YETHIPEX-
yronbauka ABCD.

Ompenennm orobpazkerne Or(A, B, C'), conoctapiisiroriee TpéM TOY-
kam A, B, C' ma miockoctn Bektop AB x AC. Jlokaxkure, 9T0:

i. smagenne Or(-,-,-) He MEHsIETCS TIPHU [UKIMIECKUX epeCTa-

nokax Touek: Or(A, B,C) = Or(B,C,A) = Or(C, A, B);

ii. npwm mepemene mMectamu JHOOBIX JIBYX apryMEHTOB 3HAYECHHE
Or(-,-,-) momuoxkaercs Ha (—1);

iii. z-kommnonenta Bekropa Or(A, B,C') nomoxunrenbHa, eciin I
TOJIBKO ecjii 00X0/T BEPIITUMH TPEYyTroJibHUKA B mopsjake A —
— B — C — A npoBofuTcst MPOTUB YacOBOI CTPEIKI, OTPHU-
HaTe/bHa, €CJIN U TOJBKO €CJIU 9TOT 00XOJ| COBEPIIACTCs 110
JacoOBOI CTpesKe, M paBHA HYJIO, €CJIU M TOJHKO €CJIH TOUKH
A, B, C' exkar Ha OJHOI MPSMOIi.

JlokazkuTe, ITO MHOTOYTOJMBHUK A1 As . .. A, sIBIS€TCSI BBITYKJIBIM,
ecan 1 TosIbKO ecin dncia w3 (Or(Ag—1, Ak, Ak41)) b0 HEOTPH-
HATEeJIbHBI IPU BeeX k oT 1 10 n, b0 HEmoJIoKUTEeIbHBI (00X0T
BEPIIUH CIUTAETCS MUKJINIECKUM, T. €. Ag = A,, A1 = Ay).

JIaHbBI 1B HEKOJIIHHeapHBIX BEKTOpa @ I b Ha ILIOCKOCTH H HEKO-
TopbIii BekTOp 7. Kak m3BecTHO, T €JMHCTBEHHBIM 00pa30M pac-
KJIa[LIBACTCA 110 @ 1 b, T. €. CYIIECTBYIOT eIHHCTBEHHBIM 06pasoM
otpeiesieHubie KO3hduIimenTer o u 3 Takue, 4To 1 = ad + ﬁl;
Beipasure stu ko3 durimenTsr uepes d, bur.

JToKazKuTe, 4TO JUIMHA BEKTOPA i (asbs — asba) + J(ashy — aibs) +
+E(a1b2 —asby) B IpocTpaHCTBE paBHA ILIOIAJIN TAPAJLIEIOPAM-
Ma, IIOCTPOEHHOTO Ha BEKTOpax @ I b Kak Ha cropoHax (a; u b; —
KOOP/IMHATBL BEKTOpoB @ 1 b, 1 = 1,2, 3).
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I'maBa 4

HepaBencTBa 1 3KCTpeMyMbI
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4.1. TeomeTpuyecKue HepaBeHCTBa

OcHoBHOE HCIIOJIb3yeMOe B 9TOM pa3jie/ie yTBEPKJIeHne — HePaBeH-
CTBO TPEYTOTbHUKA:

Yr1BepxKaeHue 1. B aobom mpeyzosvhure dauna 10000 CmopoHol
MEHBULE CYMMDBL ONUH 08YLT OPY2ULT CIMOPOH.

3amevarue. B HEKOTOPBIX Kypcax IJIAHUMETPUU 3TO YTBEPKICHHE
IPUHUMAIOT B KAYeCTBE OJHOM U3 aKCHOM (TO €CTh YTBEPIKJECHUE He
JTOKA3BIBACTCS ), B IPYTUX KypCax — 9TO TeopeMa (TO eCTh yTBepIK/ie-
HIEe JIOKA3bIBACTCH ).

Teopema 4.1.1 (O jaymue jsomanoit). JJauna somanot Goavwe pac-
cmoanua mexcdy eé KoHUAMU.

DTa TeopeMa sIBJIIETCs MPSIMBIM CJIeJICTBUEM YTBEPKICHUS 1, ecyim
IIPUMEHATH €0 MMOCJIeJ0BATEILHO K IIapaM COCEIHUX 3BEHLEB JIOMa-
HOIA.

Sagadn

1. Kakoe HanMeHbIllee 3HaUEHIE MOYKET IIPUHUMATD [IEPUMETDP HepaB-
HOOEIPEHHOTO TPEYTOJbHIKA C TeJIBIME JIJIMHAMI CTOPOH?

2. UsBectno, uro B Tpeyronbauke ABC yron A pasen 60°. Jloka-
xure, aro AB + AC < 2BC.

3. Hokaxkure, 9TO B JIOOOM MHOTI'OYTOJIBHUKE HANIYTCHA JBE CTOPO-
HBI, OTHOIIIEHHE KOTOPBIX 3aKJII0YEHO MeKty uucaamu 1/2 u 2.

4. JlokaxkuTe, 9TO CyMMa JUATrOHAJIEH BBITYKJIOIO YeThIPEXYTOJILHU-
K& MEHbIIE ero IepuMeTpa, HO OOJIbINE TOJIYIIEPUMETPA.

5. B paBroGeapennom Tpeyronbanke ABC na ocHoBanuun BC' B3siTa
touka D, a Ha 60koBOil cropone AB — mouku F u M Tak, 4ro
AM = MFE w orpe3sok DM napasutenen cropone AC. lokaxkure,
gyro AD + DE > AB + BE.
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10.

11.

12.

13.

14.

15.

16.

PaccmarpuBaercss mHOrOyrosbHuk. g Kayk10il CTOPOHBI 110/1€-
JIUM €€ JIJINHY Ha CyMMY JIJIMH BCEX OCTAJIbHBIX CTOPOH. 3aTeM
CJIOZKHMM BCe ToJIyumBInuecsd Japoou. Jlokaxkure, 4TO MOJIydeHHasd
cymMa Oyner Bcerja MeHbIIe 2.

CKOJIbKO CTOPOH MOKET MMETDb BBIIYKJIbIII MHOI'OYTOJIHUK, BCE
JIaroOHAJIM KOTOPOT'O PaBHbI?

Tpu ruomMa KMBYT B pa3HbIX JIOMaX Ha IJIOCKOCTU M XOJAT CO
ckopoctamu 1, 2 m 3 KM/4 coorBercTBenHo. Kakoe mecTto syrst
€KeJIHEBHBIX BCTPEY UM CJIE/lyeT BbIOPaTh, 9TOOBI CyMMa BPEMEH,
HEOOXOIUMBIX KayKJIOMY M3 THOMOB Ha IIyTh OT CBOEro JIOMa 0
9TOTO MecTa (110 IPIMOii), Oblia HAUMEHbIIEH !

CepenHHBI TTepIIeHINKY/IIp K cropore AB Tpeyroibauka ABC
nepecekaeT orpe3ok AC' B Touke K, mpuuém Todka K JeauT J10-
manyio AC'B na aBe dactu paBHoii jyinHbl. Jlokaxkure, 910 Tpe-
yroiabauk ABC — paBHOOGEIPEHHBIA.

Jlan Brucannbiii gerbipéxyronbauk ABC'D, B xkotopom BC =
= CD. Touka E — cepemuna muaronagm AC. Jlokaxkure, ITO
BE+ ED > AC.

B mpsiMOYroJIbHUK BIIHMCAH YEeTHIPEXYTOJIBHUK (Ha KaXKIOil CTo-
POHE TPSMOYTOJIbHUKA O OJHON BEPIIUHE YETHIPEXYTOJbHUKA).
JlokakuTe, 9TO MEPUMETD YETBHIPEXYTOJTbLHUKA HE MEHbIIE YIBO-
CHHOI TMaroHaJ/n NpAMOYTOJIbHUKA.

Ha ocnoBanun AC paBHOOeiperHOr0O Tpeyroibanka A BC BeiOpa-

sm Touky D, a na upogoszkenuun AC 3a Bepuinny C' — 1ouky F,
npuaém AD = C'E. Hoxkaxkure, uro BD + BE > AB + BC.

Cy1miecTByeT Jin TOYKa, YAAJEHHAS OT BEPIINH HEKOTOPOI'O KBa/I-
para Ha paccrogaus 1, 5, 7, 87

JlokaxkuTe, 4TO U3 CTOPOH ITPOU3BOJILHOTO YETHIPEXYTOJIHBHUKA MOXK-
HO CJIOKUTDH TPAIICIUAIO NN TapaJiIeJIOrPaMM.

Orpeskn AB u C'D mmuabl 1 nepecekatorcst B Touke O, TpUIEM
ZAOC = 60°. Jlokaxure, uro AC + BD > 1.

Hanbt n touek Ay, As, ..., A, 1 OKpyKHOCTL pajuyca 1. Jokarku-
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17.

18.

19.

20.

Te, YTO Ha OKPYKHOCTU MOXKHO BBIOpaTh TOUKY M, JiJisi KOTOPO
MA, + MAy+ ...+ MA, >n.

Jlana 3aMKHyTas JJOMaHasd, TPUIEM JIIobas ApyTras 3aMKHYTas JIO-
MaHasd ¢ TeMU K€ BEepINUHAMH UMeeT JITUHY OOoJIbIle, YeM Y JlaH-
Hoii. /lokazkuTe, 9TO Takas JIoMaHas He MOYXKET UMETh caMoIllepe-
CEYEeHUIA.

B nekoTtopoMm Jiecy paccTosinre MexKIy KaxKJIbIMU JIBYMs JI€PEBbsI-
MU He MMPEBOCXOJUT Pa3HOCTU UX BBICOT. Bce JiepeBbst NMEIOT BbI-
coty menbirre 100 M. /JokazkuTe, ITO 9TOT JieC MOXKHO OT'OPOIUTH
zabopom JymuHoi 200 M.

Haiijiure HanboJIbIIYIO JIUIMHY JIOMAHOM, BCE Y3JIbl KOTOPOI ABJIs-
I0OTCA BEpIIMHAMM IIPABUJIBHOI'O IMIECTUYT'OJIbHUKA CO CTOPOHOI 1,
a caMollepecedeHud BO3MOXKHBI TOJIBKO B y3JIaX 3TOH JIOMaHOM.

(Onmuueckoe ceoticmso aarunca) Jaubl ssmunc ¢ horycamu Fi,
Fy n Touka A, nmexkamas Ha HEM. J[oKaxKuTe, ITO yIJIBI MEXKTY
KacaTeIbHOM K 3junricy B Touke A ¢ orpeskamu AF) u AF, paBHBL.
Hanomwnum onpedenenue sarunca, dannoe panee 6 3adave 17 pas-
deaa 1.5. Dasuncom Ha3vi8aEMCs 260MEMPUHECKOE MECTNO MOYUEK
M naockocmu, cymma paccmoarut om xkomopwvixr do deyxr dam-
noix mouex Fy u Fy nocmosanuna: MFy + MFy = const, npuyém
KoHcmarma 6 npasoti wacmu bosvwe dauns, ompesdka FyFy.
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4.2. DKcTpeMaJibHbIE 3aJa4M: KJIACCUIECKUl I10/I-
XO/,

B srom pa3zziesie B OCHOBHOM TO-IIPEXKHEMY HCIIOJIB3YeTCsl HEPABEH-
CTBO TpeyrojibHuKa. [loMumo 3Toro mpuHuMmaloTcs 6e3 JoKa3aTesb-
CTBa JIBa YTBEPKICHHUS O KPATIANIIINX PACCTOSHUAX. ITH YTBEPIK 1€~
HUS He dABJIAIOTCA aKCHOMaMH, HO MX JI0Ka3aTeJIbCTBO BBIXOJUT 3a
PaMKH IIKOJIBHOI IIPOrpaMMBbl.

Teopema 4.2.1. /launa kpamuatiuezo nymu mescdy 08YMa mouka-
MU — IMO QAUNG OMPEKA MENHCIY HUMU.

B kauecTBe 1EPBOrO CJIEJICTBUSA Mbl MOXKEM IOJIYIUTD CJIEy oIt
(TakzKe MHTYUTHBHO MOHATHBIN) (akr:

Teopema 4.2.2. Jlauna kpamuatiwezo paccmosHus om mouky 0o
NPAMOT — MO 0AUHG NEPREHIUKYAAPE U3 IMOT MOYKU K 0aHHOU
nPAMOoT.

[Ton kpaTyaiiimuM paccTOAHUEM OT TOYKHU JI0 MPAMOI MOHUMAETCI
MHUHUMAJIbHOE PAaCCTOSHIE OT JAHHON TOYKH 10 KaKOi-ImbO TOUYKU
npsmoii. s mokazaresibeTBa TeopeMbl 4.2.2 10CTaTOIHO IPUMEHUTH
teopeMy 4.2.1 u TOT (hakKT, UTO KATeThl B IPAMOYTOJIbHOM TPEYTOJIb-
HUKE MEHbIIIe TUIIOTEHY3bI.

Jlpyroe ciejcrBue — JijTMHA, JI000# JJoMaHO# He 0OJIbIEe PACCTOSHUS
MeXKJIy €€ KOHIIAMHU. DTO yTBEp:K/IEeHNEe MOXKEeT ObITh JOKAa3aHO 3JIe-
MEHTapHBIMU METOJIAMU C MOMOIIBIO HEPABEHCTBA TpeyrojbHUKa. B
TeopeMax BBIIIEe pedb UJIET O OoJiee OOIIEeil CUTyaluu, KOT/ia MexK-
JIy JIByMsl TOUYKaMU PacCMaTPUBAIOTCS KPUBbBIE, 0018 1al0Iue JIJIMHON
(T. H. CIpsIMJIsIeMble KPUBBIE). DTO MOHSTHE, BIPOYEM, HE OyJIeT uc-
IIOJIb30BATHCAd B I[aHHOfI KHHUT'€ 1 IIOTOMY 3/1€Ch He IMOACHACTCA.

Onpenenenne 4.2.1. KCTpeMyM — 3TO MAKCUMYM HJTH MUHUMYM.

Jl1st moncka dKCTpeMyMa KaKoW-TnO0 reOMeTPUYeCcKOil BEJTMINHbI 1
J0Ka3aTe/IbCTBa, YTO HalilcHHad BeJIMYNHA — B CAMOM JIejie IKCTpe-
MaJbHa, UHOIJa MOXKHO IPUMEHUTH CEPUI0 CUMMETDPUN WU JPYTUX
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JIBUKEHUI ¢ TeM, 9TOObI paccMaTPpUBAEMyIO BEJIMIUHY CBECTH K Pac-
CTOSTHUIO MEKJIY JIByMs TOYKAMU WUJIA PACCTOAHUIO OT TOYKHU J0 IPs-
MOTA.

Samaua 4.2.1. Ha koopjaunaTHoit mmockoct ke ocu OX pacrio-
JI0’KeHa peka, a Bbiie — 6Geper. Toukn A(zg,yo) n B(xy,y;) umeror
[OJIOKUTEJIbHBIC OPJIMHATHI U pa3ndHble abciuccesl. B Touke A Ha-
XOJIUTCST YEJIOBEK C IYCTHIM BEJIPOM, a B TOUKe B pasropesicst OroHb.
[To KaKoif TPAEKTOPUH YEeJIOBEKY CJIE/LyeT JABUIATHCS, ITOOBI 3adepI-
HYTb BOJbI B peKe (KOCHYBINUCH OOJIACTH, I/l T€UET PeKa) U MOTY-
IIUTH OFOHb B TOYKE B Tak, 9T06bI MPOATH IPU 9TOM HANMEHbIIIEE
paccrosinue?

Pewenue. Orpasum Touky B OTHOCHTETHHO Oepera peKu B TOUKY
B'(x1,—1y1). Coenuraum A ¢ B’ oTpe3skoM, a 3aTeM BCIO €ro 4acTh,
«IIOTABIIYIO B PEKy», orpasuMm obparHo. Jlokarkem, 4TO IIOJIydeH-
Hasg TPAeKTOpud — ONTUMaJIbHAg. B camoMm jiejie, BOBbMEM JIOOYIO
JNIPYTYIO0 TPaeKTOpHIo, HaunHatonyocs B A, nmepecekaromntyo ocb OX
1 3aKaHIUBAIOINIYIO MyTh B Touke B. OTpasumM BCIO €€ 9acThb MOCTIe
nepBoro nepecedernsi ¢ OX OTHOCHTEIBHO 9TOH OCH, TOJIYIUM Tpa-
exkTopuio n3 A B B’, nupuuem Toii ke aymubl. Eciu oHa He coBragaer
C OTPE3KOM MEKJYy 3TUMU TOYKaMU, TO ee JJINHA 6OHbHIe JJINHBI OT-
peska AB'. O
B 3asavax Huke mpejjiarailoTcsl BapHalluu 3TOW HJEH, & TaKXKe ce-
pud 33714, B KOTOPBIX JOKa3aTh 3KCTPEMAaJbHOCTh HEKOTOPOT'O Iy TH
BO3MOKHO UHCTO KJIACCHIeCKUME MeTojamu (6e3 mepexosia K aHasm-
TUYECKUM BBIKJIQTKAM ).

Sagadn

1. JlepeBan A u B pasaeneHbl pekoii, bepera KOTOpOil — mapaJiaeib-
Hble TpsgMble. [7e Ha peKe HyKHO ITOCTaBUTH MOCT, UTOOBI IIyTh
U3 OJIHOM JIEPEBHU B JIPYT'YIO OBLT HAMMEHBIUM (MOCT IEpPIICH U~
KyJisipeH Oeperam peku)?
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2. Jlan npstmoyroJibHbIi Tpeyroiabuuk ABC u Touka P BHyTpH HeEro.
[TocTpoiiTe TPaeKTOPUIO MUHUMAJILHON JIJIMHBI BHYTPH TPEYTOJIb-
nnka ABC' Takyto, 9TOObI OHa HAaUMHAJIACH B TOUKe P, 3aKkaHvn-
Bajiach Ha rurnorenyse AC um comepaja Obl XOTsS OBbI 10 OTHOM
TOYKe Ha KaykJIOH CTOpOHE TpeyroJibHUKA.

3. Jlan xBagpar ABCD. Hajigure Bce TOYKM Ha €ro IPAHUIE, JIJIs
KOTOPBIX CyMMa PaCcCTOsIHUI JI0 BEPIIMH MUHUMAJIbHA.

4. Buyrtpu octporo yria jana touka M. Haitaure na ero croponax
toukn A n B takue, uro nepumerp AM AB — HauMeHBIINIA.

5. IMocrpoiiTe st 3aJJAHHOTO HPAMOYTOJBHUKA YeThIPEXYTOIbHUK
HAMMEHbIIIEr0 IEPUMETPA, BIIMCAHHBIN B 9TOT IIPAMOYTOJIbHUK (Bep-
IIUHBI Y€TBIPEXYTOIBHUKA JIEZKAT 110 OJIHOM Ha YETHIPEX CTOPOHAX
[PSIMOYTOJTEHUKA).

6. Ha ommoit cropone octporo yria ganbl Touku A u B. Haitaure na
Jpyroii ero cropore Touky C, u3 KOTOpOoil 0Tpe3ok AB BujieH 1101
HauOOJILIITIM YTJIOM.

7. Buyrpm octporo yria mana touka M. Haiiaure takyro mpsmyio,
IPOXOJAIILYIO Yepe3 M, 4ToObl oHa OTCeKasa OT yIJia TPEYTroJabHUK
HauMeHbITeH II0MAa/H.

8. Ha mrockocTu JlaH BBIMYKJIBIH YeThIpexyroibHuK. Haitaure Tou-
Ky, CYMMa PacCTOAHUI OT KOTOPOI [0 ero BeplInH HauMeHbIIad.

9. /lokaxkuTe, 9TO CyMMa PACCTOSHUI OT IPOU3BOJIBHON TOYKN BHYT-
PU TPEyTroJIbHUKA JIO €TI0 BEPIIUH OOJIbIIE, YeM MOIYIIeEPUMETD, HO
MeHbIIle, YeM IePUMETP.

10. BmyTpnm octporo yria mgansl ase Toukn M u N. Haiinure Ha cTO-
porax yria Touku A u B Ttakue, aro jymHa jjomanoit M ABN —
HaMMeHbBIIIasl.

11. B mpocrpanctse gaubl Touku A, B u npamas (. Haiiaure Ha mpsi-
Moii ¢ Takyto Touky C', aro cymma qiua AC'+C' B — HanMeHbIas.

12. Ha miaockocTy Jambl npsiMas u aBe Touku A u B 110 pa3Hbie CTopo-
bl oT Heé. Haitanre Takyto Touky C' Ha IpsMOil, 9TOOBI pa3HOCTH
AC — BC 1o MojyJio mpuHAMaJ I HauboJIbIliee 3HaYeHHe.



147 DKcTpeMabHbIe 3a0a4n: KIACCHIECKII TOIX0.T

13.

14.

15.

16.

17.

Jan npsamoyrosibHbIil napasuienenuren 30 X 12 x 12. Haiigure
KpaTuaiiliiee pacCTOSHUE 110 TOBEPXHOCTH HapaJliesIelne/1a MezxK-
JIy JIByMsI TOYKAMU HA TPAHAX, CAMMETPUIHBIMU OTHOCUTE/IHHO €€
nenrpa. K npumepy, mexxay roukamu (0,6, 1) u (30,6,11) B moz-
XOJIAIIEll cucTeMe KOOPIMHAT.

Jan xBagpar ABC'D co croponoit 6. Ha orpeskax AB u AD BbI-
6panbl Toukn P u () coorBercTBeHHO, ipuuém AP = 2, AQ = 3.
[TocTaBbre 1m0 OMHON TOUKE HA OCTABIINXCS JIBYX CTOPOHAX TaK,
9TOOBI TIEPUMETD TIOJTY TUBIIETOCST YeThIPEXYTOJIBHUKA ObLT MITHI-
MaJTbHBIM. Haiiure 9TOT mepumerp.

Toura Toppuwearu (mouxa Pepma) Ha cropoHax ocTpOyrosbHO-
ro tpeyrojibauKa ABC' BO BHEIIHIOIO CTOPOHY MOCTPOEHBI PABHO-
croponnune Tpeyronbanku ABCY, BC Ay, CAB;. Jlokaxkure, 910
touka 1’ mepecevuenns upsambix AAy, BB; u CC) saBigerca Toi
TOYKON IIJIOCKOCTH, JIJId KOTOPOH cyMMa PacCTOAHUI 10 BepIInH
tpeyrosibHuka ABC mpuHUMaeT HauMeHbIee 3HATEHNE.
Pexomerndyemes obpamumuocs chavana x 3adave 18 6 pazdene 2.1
0 0B8UINCEHUAT HG MNAOCKOCTAU.

(Teopema 06 opmompeyeorvrure) Oprorpeyroibauk A B;Cy oct-
poyrosibHOTO TpeyrogbHuka ABC' — 3T0 TpeyroJbHUK, BePITNHBI
KOTOPOT'O — OCHOBaHMUs BbIcOT Tpeyrobauka ABC.

i.  JlokaxkuTe, 9TO B OPTOTPEYTOJHLHUKE BBICOTHI TPEYTOJbHIKA,
ABC aByisitoTcst OUCCEKTPUCAMA.

ii. Jlokaxkure, uyro m3 Bcex TpeyrosbaukoB A'B’'C’, BepiiuHb
KOTOPOTO JIe’KaT Ha CTOpOHAX Tpeyroibunka A BC, HauMeHb-
it mepuMerp nmeer oprorpeyroiabauk A ByC].

Jlan paaocToponnunii TpeyroibHuk ABC u Touka P BHe 3TOro
TPEyTrOJTbHUKA.

i.  JlokaxkuTe, 9TO eciu TOYKa, P He JIE?KUT Ha ONMUCAHHON OKPY K-
Hoctu Tpeyroabanka ABC, To u3 orpeskos AP, BP, CP
MOYKHO COCTaBUTH TPEYTOJIbHUK.
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18.

19.

ii. (Teopema Ilomnero) Jlokaxkure, 4T0 ecau TOUKa P JIeXKUT
Ha OIMCAHHOI OKpYy:KHOCTH Tpeyroiabanka ABC, To onuH n3
orpeskoB AP, BP, C'P paBen cymme JIBYX JPYTUX.

Yeroipéxyroabunk ABC'D BrmcaH B OKpPY»KHOCTh, & F/ — TOYKa
nepecevenus ero jguaronaseii. Touku P, @), R u S nexar na or-
peskax AB, BC', CD u DA coorBercrBenno, npuiem KP 1 AB,
EQ | BC, ER 1 CD, ES 1 DA. [lokaxure, 9T0 YeTBIPEX-
yroiapuuk PQRS wmMeeT HAMMEHBINUN TEPUMETD CPEJId BCEX Ue-
TBIPEXYTOJIBHUKOB, BEPITUHBI KOTOPOT'O JIEYKAT HA CTOPOHAX YeThI-
péxyronbauka ABCD.

(CLIA) BuyTpu 3ajaHHOrO yria ¢ BeprmHoii A BbIOpaHa TOYKA
X. Ilposeaure yepes X orpe3ok BC' ¢ KOHITaMHU Ha CTOPOHAX YTJIa

TaK, 9T0ObI BEJINUNHA —— + —— OBbLJIa MaKCHUMaJibHa.

XB XC



149 DKcTpeMasbHbIe 3aJa9N: AaHAJUTHIECKHANA TOIXO,

4.3. DKcTpeMaJibHBIE 3aJa9N: AHAJIUTUIECKUIT ITO/I-
XO/,

B sTom pazjerne paccMaTpuBaioTC 3aJ[a9d Ha MOUCK SKCTPEMyMa B
reOMETPUIECKIX KOHCTPYKIIUAX, JIJIsT PEIIeHIs KOTOPBhIX OKa3bIBA€T-
¢ yJIOOHBIM TIEPeX0/T K aredpaniecKnM 3a/iadaM, CBe/IeHre 3a/1a91 K
MIOVMCKY 9KCTPeMyMa HEKOTOPOil (PYHKIINU, BKJIIOYas, BO3MOYKHO, Me-
TOJI, KOOP/IMHAT, TPUTOHOMETPHIO, BEKTOPHI MJIN KJIaCCHYeCKNe Hepa-
BeHncTBa o cpeaneM. [l uccnenoBanus byHKIUNA HA SKCTPEMYM MO-
2KeT OBITh YJI00HO MPUMEHUTDh TEXHUKY juddepeHnupoBanus, KOTo-
pas TpeJiroiaraeTcs n3BecTHOM ynrareso. [Ipuseém psi1 10BOTBHO
JacTO MPUMEHSEMbBIX HEPABEHCTB U CJIydan, B KOTOPBIX B 3TUX Hepa-
BEHCTBAX JOCTUTAETCS PABEHCTBO.

Teopema 4.3.1 (HepaserctBo Mexkity cpegHuM apudMeTHuIecKuM,
CPEJIHMM IeOMETPUYECKUM U CPEJIHUM KBAJPATUIECKUM). J[Ad 6C-
KUT HEOMPUUAMENLHBIT YUCEA L1y . . ., Ty

= Z /T1 Ty Ty,

\/x%+x§+...+xi>x1+x2+...+xn
n n

NPUMEM PABEHCMBO JOCMUZAETNCA AUWD HA HAOOPAT PABHVIT 3HAYE-
Wutl: £ = To = ... = x,. Jlesoe nepasencmeo (mescdy cpednum
K6a0PAMUYECKUM U CPEOHUM aAPUPMEMUECKUM) CNPAGEOAUBO U 6
MOM CAYUGE, ECAU HEKOMOPVIE U3 NEPEMEHHBLT OMPUUATEALHDL.

Teopema 4.3.2 (Hepasencrso Komun-Bynskosckoro-IlIBapra). /i
GCAKUL YUCEA T1, T2y - Ty Y1 Y2, - - - s Yr, EINOAHEHO

(4234 42yt +. +yl) = (T + Taye 4 4 T0Yn),

npUMEM PABEHCME0 JOCTMUZAEMCA AMUULDL NPU NPONOPUUOHANDHBLT H-
bopax xi U Yr, M. €. auwb ecau Ja € R : VE 1z = ay, usu

48 e R:Vk y, = Buy.

T'eomempuveckut cmuica nepasencmea Kowu—bynaroscxozo—Illsapua:
JIJI BEKTOPOB Ha, IJIOCKOCTH 9TO HEPABEHCTBO O3HAYAET, YTO CKAJIAP-
HOE [IPOM3BEJIEHNE JIBYX BEKTOPOB (B JBYMEPHOM CJIyuae — BeJTUINHA
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T1Y1 + ToYo, & B TPEXMEPHOM, COOTBETCTBEHHO, T1Y1 + ToYs + :Egyg)
HE TIPEBOCXOJIUT 110 MOJLYJIIO0 TPOU3BEJIEHUS JIJIUH STHX BEKTOPOB. B
TaKOM T'€OMETPUYECKOM CMBICJIE MOXKHO PAaCCMaTpPUBATh U HEPABCH-
CTBO B ero obiieit (bopme, HO BEKTOPHI HEOOXOIUMO PacCMaTpUBaTh
yKe B N-MEPHOM IIPOCTPAHCTBE. DTa ujied He IPUMEHAETCA B JIaHHO
KHUIE, U II0OTOMY JaJIbHEHINEe ITOACHEHU 3/1eCh HE IIPUBOIATCA.

Sagaan

1. i.  Cpean Bcex TpeyroJbHUKOB 3aJJ@aHHOIO IepUMeTpa HaiinTe
TPEYTOJbHUK HAMOOIbINEN LTI/,

ii. Cpemn Bcex TpeyroJbHIKOB 33 IaHHOM IJIOMIA U HAl iU Te Tpe-
YTOJIbHUK HAaUMEHBIIETO IIeEpuMeTPa.

iii. Cpean TpeyroJbHUKOB €O CTOPOHOH @ W ITPOTHUBOJIEZKAIIIM
YIJIOM (v HaliINTe TPEYTOIbHUK C HANOOJIBIIINM EPUMETPOM.

iv. Yemy pasen makcumym™ sesimannbl AC? + AB? nia Tpeyroins-
uukoB ABC' ¢ dpukcupoBanubiMu cTOpoHON a = BC' u yrjiom

a=/LBAC?

2. i.  Cpeau Bcex MPAMOYTOJBHUKOB 33/ JaHHOIO IIepuMeTpa Hailu-
Te MPsIMOYTOJIbHUK HauOOJIbIINEH ILIOMIAH.

ii. Cpemn Bcex HpsIMOYTOJIBHBIX IMapaJsiIesIelnieoB 3a1aHHOi
ILJIOIIAINA [TOBEPXHOCTH HAIUTE MapaJiiesenunel HanOoIb-
mero oobEMa.

3. okaxkure, 9TO Cpe/id BCEX BIUCAHHBIX B OKPYKHOCTD 71-YTOJTbHUKOB
HauOOJIBIIYIO ILIOMA/ b UMEET IMPABUIbHBIN N-YTOJTbHUK.

4. Cpean Bcex Tpalleluii, BIUCAHHBIX B JAHHYIO OKPYKHOCTb 1 UMe-
TOIUX OJTHAM U3 CBOMX OCHOBAHUM JMaMeTp OKPYKHOCTH, HAM M-
Te Tpalenuio HaubOoIBIIETro IIepUMeTpa.

5. Cpenn Bcex MpsiMOYTOJIbHBIX TPEYTOJBHUKOB HaiuTe (¢ TOYHO-
CTHIO JI0 TOJO0OUsT) TOT, JIJI KOTOPOTO OTHOIIEHUE DPAJIyCa BIIV-
CAHHOUM OKPYKHOCTU K PaJINyCy OIMUCAHHON OKPY>KHOCTH MaKCH-
MaJIbHO. Bhraucimre 3To oTHOIIIEHME.
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10.

11.

12.

Haiiure BbICOTY W pajinyc OCHOBaHUS IUJINHIPA HAUOOJIBIIETO
00bEMa, BIUCAHHOTO B IIAp €IMHUYIHOIO PaJInyCca.

(Teopema Jletbruua) Ilyerb G — TouKa TepecedeHus] MeHaH
rpeyrosibauka ABC. Jlokaxkure, 9ro g jo6oit Toukn X Ha
IJIOCKOCTH cipasemiBo cootHomenne X A2 + XB? + X(C? =

=3XG? + AG? + BG? + CG*~.

Haitmnre BHYyTpH TpeyroabHUKa TOUKY, CyMMa KBaJIpaTOB PaCCTO-
SHUNU OT KOTOPOH JI0 BEPIIUH TPEYTroJbHUKA MUHAMAJbHA.

Cpe/in TPeyroJIbHUKOB, BIMCAHHBIX B JIAHHYIO OKPYKHOCTH, HAali-
JuTe (C TOYHOCTBIO JI0 JIBUZKEHWsI) TOT, Y KOTOPOrO MaKCUMAaJIbHA
CyMMa KBaJIpaTOB JIJINH CTOPOH.

[psimoyronbabtil guct 6ymaru ¢ Bepiunavu ABC D u menbieit
croponoit AD = 1 cBopauauBaroT B0k mpsimoit XY, riae X jexut
Ha cropore AD, a Y jexwur na cropone DC. Oka3zajioch, 9TO
Touka [) momaJa mocjie ceopadnBanus Ha cropony AB. Haiiaure
HAMMEHBIITYIO BO3MOXKHYIO ILIOMAIh Tpeyrojabuuka DXY .

(puryun Pepma u zarxon Crearuyca) PacemoTpum KoopauHaT-
HYIO ILJIOCKOCTB € BbIjIe/eHHON npsmoii — ocbio OX. Touka mo-
2KET JIBUTaTbCA B BEpPXHEH ITOJIYIJIOCKOCTH TOJIBKO CO CKOPOCTBIO
V1, @ B HI2KHEH TIOJIYILJIOCKOCTU TOJIBKO CO CKOPOCTBIO V. Haiianre
TPAEKTOPUIO JIBUYKCHUS U3 38JaHHON TOUYKMN A € IMOJIOKUTETHHON
OPJIMHATON B 3aJIAHHYIO TOYKY B ¢ OTpHUIaTe/IbHON OpINHATOI,
3aHUMAIONLYIO HAMMCHBIIEE BpeMd.

Kopabiib IBIBET IO KaHAJIY, HPEICTaBIIAIOIIE- '
My yros (cMm. pucynok). O6e CTOpOHBI yriia B \h
9TOM KaHaJjie UMEIOT OJHY U Ty Ke IupuHy h. :
Cumrast, 910 KOpabJib MPEICTABIISIET CODOI TIPs-
MOJIMHEWHBIA OTPE30K, & TOJIIIMHA €ro IIpeHe-
OPEeKUMO MaJia, BBIYUC/IUTE HAMOOIBIIYIO BO3- t---5----

MOKHYIO JuHy L KopabJisg, KOTOPBIIT MOXKeT
HPOIUIBITH Yepe3 TakKoi KaHaJ (IOBEpHYThb, HE 3aCTPsiB BHYTPU
yriIa).
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13.

14.

15.

16.

17.

18.

2r — 4z
Haiiyure makcumym byuxiuu f(x,y, z) = y+ U Olu-

a2+ y? 4+ 22
HIATE TOYKHU HPOCTPAHCTBA, B KOTOPBIX 3TOT MaKCHMyM JOCTHIa-

eTcHd.

Tpu npsimbie mapasutenbabl oct OX U MPOXOJAAT Uepe3 TOUKHU
(0,0), (0,28), (0,36). Tpeyronbuuk ABC paBHOOEPEHHBII ¢ BEp-
muHaMu Ha 3tux npsambix, AC' = BC, npudem C' nMeer HauMeHb-
YO OPJIMHATY W3 BceX TPEX BepinmH. Haiiaure, KaKylo MHUHN-
MaJILHYIO ILIOIIAIb MOXKET uMeTh Tpeyroabuuk ABC.

JIBe KOHIIEHTpUIECKHE OKPYKHOCTH UMeIOT pajinychl R u 2R. Pac-
CMaTPUBAIOTCA BceBo3MOXKHBIE Tpeyroiabaukn AQOC, r1e ToYka
O — obmuii eHTp OKpYyzKHOCTel, a Toukn A u B jiexkar Ha pas-
JIMYHBIX OKpYyKHOCT#AX. [lycTh BBICOTA, MpOBE/IEHHAsT K CTOPOHE
AB B TakoMm TpeyrojibHuKe nmeer jymHy h. Haiiaure Han6Gosb-

1ree BO3MOKHOE OTHOIIIEHHE 15
(M®TH) Kakast HamMeHBbITIast MI0IIAIb MOXKeT ObITh Y TPEyTOJTh-
nuka AOC, Bepmuna O KOTOpOro JieskuT Ha Karere BC npsiMo-
yroJibHoro tpeyroybanka A BC' u siBJIgeTCst IIEHTPOM OKPY2KHOCTH
pamguyca R, kacaomeiica runorenyssl AC u npoxopgdieit gepes
TOuKy B?

(M@TH) 3anan ky6 ABCDA;B1C1D; ¢ pebpom jaymnbr 1. Haii-
JIATE TLIOMA/Ib ceUeHUsT KyOa IIOCKOCTBIO, ITPOXO/IIIEil depes Bep-
muHy By m napasuienbnoit npsmoir A;Ch, y KOTOpO#l IIomainb
[POEKIMK cedeHns Ha ItockocTb A;C1 A MakcuMaJsbHa.
(M®TH) ABCD A, B;Cy D1 — npsiMOyTOJIbHBII TTapasiIesIenue/,
BHYTPU KOTOPOI'O PACIOJIOXKEHBI JIBa Iapa Wi U Wy, KacaloIre-
cd IPYT JIpyra BHEITHUM 00pa30M; KpoMe TOro, Iap Wi KacaeTcs
rpaneit ABCD, ABB1A;, ADD A, a map w, Kacaercs rpaHei
AB,C,Dy, BCC,B,, CDD;C,. Ussectno, uto AB = 6 — /2,
A Dy = 6++/2, CCy = 6. Haiimure paccrosiame MKy HEHTPAMMI
MAapoB wy U wo. Haiiiure HaubobImit 1 HAMMEHDBIIHI cyMMap-
HBII 0OBEM ITAPOB.
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I'maBa 5

Macchl 1 6apHUIIEHTPHI
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5.1. T'eomerpus macc

Pacemorpum cucremy touek X, ..., X, ¢ IPUIUCAHHBIMUA UM HEOT-
pUTATETbHBIMIA YUCTAMA Myq, ..., My,. Dy/lIeM Ha3bIBaTh 3TU YHCIA
MACCaMU, PACIOJIOKEHHBIMI B YKA3aHHBIX TOYKAX, & BCIO CHCTEMY
Mace (COBOKYIHOCTb TOYEK W YHCEJI, IPUIUCAHHBIX ITUM TOYKAM)
6yaem samucbBaTh B Buje (Xi,my), ..., (X,, my,).

Onpenenenne 5.1.1. Touka X Ha3bIBaeTCd YeHMPOM MACC cucme-

L
Mbl (Xl,ml), ceey (Xn,mn), ecJjin kaXXk = 6>

k=1
B sajsiaue 1 tpebyercs mokasarb, 9TO JIjIsI BCSIKON KOHEYHOH cHCTe-
MBI TOY€EK C HEOTpUulaTeJIbHbBIMAU MaCCaMU CyIIECTBYET eILI/IHCTBeHHbII'?I‘
1eHTp Macc. [Ipu 9ToM 1Mo XOmIy JI0Ka3aTebCTBa MOXKHO TaKKe I10-
JIVIUTH U BBIPasKEHUe JIjIsd BEKTOpa U3 IPOU3BOILHOIO moJioca O B

IEeHTp mMace X:
1 L =
D k=1 Mk ;

Yuraresib, 3HAKOMBI ¢ BbIPA2KEHUEM [1J1si KOOPJIMHATDI [EHTPa Macc B hu-
3UKe, YBUJIUT B 9TOM BBIPDAYKEHUU 3HAKOMYIO (hOPMYJIY.

[HeHTpBI Macc 4acTo y00HO HAXO/UTD, IOJIb3YsICh TEOPEMOIl O Tepe-
TPYIIAPOBKE.

Teopema 5.1.1. I[enmp macc cucmemvt He UBMEHUMCA, ECAU YACTVD
MACC 3GMEHUMD HA 00HY, PABHYIN CYMME MACC IMOT 4ACmU, PAcno-
NOHCEHHYIO 68 UL UEeHMPE MACC.

[Tose3en yacTHBIN ciydail 9TOi TeOpeMbl, HA3bIBAEMbI MHOTJIA 1pa-
BUAOM PIYA20, U MEOPEMOT, 0 Pblua2e.

Teopema 5.1.2. I[enmp macc X cucmemn (A, a), (B,b) us deyx
macc deaum ompesok AB 6 omnowernuu AX : XB=0b:a.

OTa TeopeMa cpa3y CJeyeT U3 OIpeJesIeHns IeHTPa Macc: B CHUJLY
BEKTOPHOTO paBeHcTBa @+ X A = —b- X B Touka X JIe?KUT HA MPSIMOIt
AB, a jgmusbl BeKTopoB X A u X § OTHOCATCS Kak b : a. O
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Teopembr 5.1.1 u 5.1.2 MO3BOAIOT HAXOIUTH TEHTPHI MACC CJIOYKHBIX
cucTeM, «nU30aBJIAACh» OT Macc 110 oiHoil. [IpuBesém, moxasyit, ca-
MBIl U3BECTHBINA IIpUMEP IIPUMEHEHUA ITON TEeXHUKU.

Bamaga 5.1.1. Jlokaxkure, 9T0 MeMaHbl TPEYTOJIbHUKA IepPeceKa-
IOTCS B OJHON TOYKE W JENIATCd dTOW TOYKON B oTHOIeHWH 2 : 1,
CUYATad OT BEPIIUHBI TPEYIOJIbHUKA.

ITo »Toit OpUYIrMHEe TOYKa IIepeceuceHMrd MeIruaH HNHOT/Ia Ha3bIBaeTCA ITeH-
TPOM MacCC TPpEyIroJIbHHUKA.

Pewenue. Pactionoxxkum B Beprmaax A, B, C' tpeyrosibauka ABC 1o
macce 1 (1. e. pacemorpum cucremy (A, 1), (B, 1), (C, 1)). Lenrp macc
Touek A u B 1o npasuiy peldara pacrosiozker B cepeaune C oTpes-
ka AB. Ilonb3ysach TeopeMoii 0 IeperpylnpoBKe, 3aMEHUM MaCCh
u3 A u B nHa onny, pasayio 2, jexamryio B Touke C;. IIpu aToM nentp
Mace Beefl CHCTeMbl He M3MEHMIICS, & Mace ocTaaoch Beero ase: (C) 1)
u (C4,2). Ilo npasuity peraara neatp macc G cucrembr et CC B
orrortennn C'G : GO = 2 : 1. AHajlornyHO, eperpynmnupoBaB JIpy-
rue mapbl Macc BMecto A u B, moydaeMm, 4To IEHTP MAacC UCXOIHOM
CHCTEMBI TAKZKe JIC?KUT U Ha JIPYTUX JABYX MeIUaHaX, IPUYEM JCJIUT
WX B TOM K€ OTHOIIEHWH. U

Teneps pazbepéM MeHee TPUBUATBHBI (Ha HEPBBI B3MJIsIT) TPUMED.
Ero mpojo/KkeHme npuBejieHo B 3a1a4e 3.

3ama4da 5.1.2. B tpeyronbanke A BC niposejierb otpesku AA,, BB,
(A; nexur na orpeske BC', a By — na AC), nepecekaommuecsi B TOY-
ke X. Ornomenus orpeskos BA, : A;C =3:4, AX : XA, =1:2.
Boraucimure BX : X B;.

Pewenue. Pacriosioxxum B B u C' maccst 4 u 3 coorBercTBenHo. Torma
Aj Oyzer neHTpoM Macce 3TuX JByX TodeK. CrpynmnupyeM UX B OJIHY
maccy 7 B Ay m momectum B A maccy 14. Torma X Oymer 1mieHTpom
Macc cucreMbl. [locsie sToro Bepuém obparHo Macchl U3 Toukn A; B A
u B. Ilockonbky By — nenrp macc cucremsl (A, 14) u (C,3) (maccs
u3 A u C' JI0/KHBI CIPYIIIUPOBATHCH B Takyio Touky Ha AC', 4T00bI



['eomeTpus macc 156

OHa JiezKaJla Ha O,ZLHOfI HpHMOfI cBmn HOEHTPOM MacCcC BCEN CHUCTEMBI

X), moxHO crpymmupoBath Maccel u3 A u C' B (By, 17). Ilo npasury
poiuara BX : XBy =17 : 4. Il

B GoabmuHCTBE MpeI0sKEeHHbIX 3a/1a4 HYKHO TOJIXO/IAIIIM 00pa30oM
BBIOPATH CUCTEMY MACC, ITOCJIE Yero MCI0JIH30BaTh IIPUBEIEHHBIE TEO-
PEMBI O IEPErPYIIIIPOBKE U O phivare.

Sagaan

1.

JlokaxkuTte, 4TO I JTIOOOH CUCTEMbI MaTepHAIBHBIX TOYEK CYIIe-
CTBYET IeHTP Mace, MPUYeM POBHO OJIVH.

Jlokaxkute TeopeMy O IDYIIIMPOBKE: MEHTP MAaCC CUCTEMbI HE W3-
MEHUTCSI, €CJIN YaCTh MAcCC 3aMEHUTH Ha OJTHY, HaXOIAITLYI0CHd B UX
IEHTPE MAacC M PaBHYIO UX CYMME.

IIpodossicernue 3adavwu 5.1.2. B tpeyrospauke ABC' mpoBejieHbI
orpesku AA;, BBy (A; nexur na orpeske BC, a By — na AC),
nepecekaroruecss B Touke X . OrHomenust orpeskoB BA; : A;C =

=3:4, AX : XA, =1:2.

i.  Haiinure ornomenne AB; : B1C.

ii. B rpeyrosbuuke nposesm takxke npamyo C'Cy (touka Cy Je-
xkut Ha orpeske BC') tak, uro AC) : C1 B = 2 : 7. Jlokaxure,
aro npsimbie AAy, BB, C'CY nepecekaiorcs B TOUke X .

iii. Haiisinre ornomenue wiomajieit Sxpa, : Sapc-

B rpeyronpauke ABC nposesenst orpesku AA;, BBy (A; mexut
Ha orpeske BC, a By — na AC'), nepecekaoriuecst B Touke X.
Ornormenns orpeskoB BX : XB; =6:1, AX : XA, =3:2.

i.  Haitnure ornomenue BA; : AiC n AB, : B;C.

ii. Beraumcimre ornomenne, B KoropoMm npsmast C' X et AB.

B rpeyroisuuke ABC' u3BectHbl jymmnbl cTopon: AB = ¢, BC' =

=a, CA=0b.
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10.

1. Haﬁ,ZLHTe OTHOIIEHHE, B KOTOPOM JIEJIATCA 6I/ICC6KTpI/ICI)I Tpe-
YTOJIbHUKa TOYKON MX IepecedecHusl.

ii. Borumcimre oTHoOmeHue, B KoropoMm buccekrpuca AA; memut
Meuany BBj.

Ha memmane C'C tpeyrosnpauka ABC BeiOpana Touka P. 3atem
9Yepes 3Ty TOUKY IpoBejieHbl psamble AA; u BBy (Touku Ay u By
nexar Ha cropoHax BC' u C'A coorBercrBenHo). [Jokazkure, 910
A1 By || AB.

Ecau mouxa P deaum CCy 6 omnowenuu 2 : 1, cuumas om mouxu
C', mo ymeepoicoenue s3adavu — udeecmmviti Gaxm o napasiesbHOCU
cpedneli AMUHUY U COOMBEMCMBYWET CMOPOHy, Mpey2orvHuka. Jan-
Haa 3adava obobwaem amom daxm.

JlokaxkuTe, 4TO OTPE3KH, COEJMHSIONINE BEPIIUHBI TeTpasdjipa C
TOYKaAMHU IlepecedeHns MeIraH ITPOTUBOJIEXKAINX IpaHell, mepece-
KaloTcs B OJHON TOYKE W JIeJATCA €10 B OTHOIeHun 3 : 1, caurad
OT BEPIIUHBI.

(Teopema Hesw) Ilycts Touku Ay, By, C jiexkaT COOTBETCTBEHHO
na croponax BC, C'A u AB tpeyronsuuka ABC'. Jlokaxkure, 9410
upsmbie AAy, BBy, C'C} mepecekaioTcst B OJHONW TOYKE TOTJA U
AC BA CB

Mo Auwb HaAcHbLT C/Ly%alj meopemuvl Yesvr — mouku Aexcam Ha

TOJIBKO TOI'/la, KOI'Zla

CMOPOHAT MPEY20NLHUKA, G He Ha ux npodossicenuar. Obwul caywali
bydem paccmampueaemcs 6 CACOYOWUT Pa3Jeaar.

(Teopema Ban-Ob6easn) Ecmu npsimbie AP, BP, C'P nepecekator

coorBercTBenno orpesku BC, C'A, AB B Ttoukax Ay, Bi,C}, 10
ACy  AB, AP

uMeeT MEeCTO PaBEeHCTBO C.B + B.C =P A

B tpeyronsank ABC' BumcaHa OKPYKHOCTD, KaCAOIAsICs CTOPOH

AB, BC'u C'A B toukax C7, A; u By coorBercTBenHo. JlokaxKm-

te, uro upambie AA;, BBy, CC} nepecekalorcsi B OJIHOI TOUYKe J

(mouke Xepeonna).
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11.

12.

13.

14.

15.

16.

17.

[IycTh BHeBIHMCcaHHasE OKPYKHOCTH Tpeyroibanka ABC kacaer-
ca cropoubl BC' B Touke A, Toukum By u C; Ha croponax AC
u AB cOOTBETCTBEHHO OIpeje/IeHbl aHajaorndno. Jokaxkure, 9rTo
npsimbie AA;, BBy, CCy nepecekatorces B ofuoit Touke N (mowke
Hazens).

[Iycts B Tpeyrombshuuke ABC' ¢ Toukoii nepecedennss meauan G
na croponax AB, BC, C'A ormedennt Touku D, E, F coorBer-
AD BE CF
DB EC FA

repecevennsl MeJIal U Jijisd Tpeyrojbuuka DEE.

CTBEHHO, IIPUYeM Jokaxxure, uro G — TOYKa

B tpeyronbauke ABC' cropora AB BjBoe 6osbine croponubl BC,
AFE — buccekrpuca, BG — menunana, X — UX TOYKA [ePECEICHUS.
B kakux mpenenax msmensiercs ornornerne AX 1 X E?

B tpeyrosnphoit tupamuie ABCD orMeTnim TOUKY HepecevdeHunst
veaunan G rpann ABC. 3arem Ha orpeske DG oTmermim cepe-
quny K u nposemu AK 510 niepecedenusi ¢ miockoctbio DBC B
Touke L.

i.  okaxure, uro nupsimas DL nepecekaer orpe3ok BC' B ero
cepeiiHe.

ii. Haiinure oranomenue ML : LD, rne M — To4Kka nepecedeHust
upsmbix DL u BC.

Touku M u N nenar cropony BC' tpeyrombsuuka ABC wa Tpn
pasable dactu (M nexur 6imxke Kk B, yem k C). Ilpsamas, mna-
pasutenbHas cropore AC, nepecekaer orpesku AB, AM u AN B
toukax D, E u F' coorBercrBenno. /lokaxkure, uro FF = 3DFE.

Haner gersipe Touku A, B, C'; D B nIpoCTpaHCTBe, HUKAKUE TPU
He JiezkaT Ha ojHoit nmpamoit. Toukn M u N — cepeJIuHbI OTPE3KOB
AB u CD, Z — cepenuna orpe3ka M N, P — Touka niepecevdeHust
Meman Tpeyroabanka BC'D. Obssarenpro jm toukn A, Z, P
JIeKaT Ha OMHOIN HpsIMOii?!

Buyrpu Tpeyroabnnka ABC' B3sTa ToYka [, B TPEyroJbHUKAX
BDC, CDA, ADB ormedeHbl TOYKHU TI€pecedeHus MejiuaH (Tou-
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18.

19.

20.

ku R, S, T). B rpeyronpauke RST Takzke OTMEUEHA TOUKA [Eepe-
cevyenus Mejman M, a TOUKa Iepecevenns: MeIMaH NCXOTHOTO Tpe-
yroJjbHuKa obo3HavdeHa depe3 P. Haitjure oraomenue DM : M P.

Yerwipexyronbank ABC'D — prucannbiit. /lokaxkure, 9T0 ITeH-
Tpbl Macc Tpeyronbaukos ABC, BCD, CDA, DAB nexar Ha
OJTHOMT OKPYZKHOCTHU.

Ha croponax BC', C A u AB tpeyroibuuka ABC BeIOpaHBI TOYKHI
Ay, By u C; rak, uto BA; : Ai/C =1:2,a AC, : 1B = CB; :
: BiA = 3. Haiigure, B KakoM OTHOIIEHUU OTpe30K AA; menur
orpe3ok Bi(Ch.

(Bcecoroznas osumnuada no gusure) Torko-
crennyio chepy u3 crekia pajuyca R paspe-
3AI0T 110 ILJIOCKOCTH, HAXOISIIecsi OT IEeHTpa
Ha paccrossHuM R/2, a 3aTeM CTaBAT HUXKHIOK
JaCTh Ha MOy IeHHYIO «KPBIIIKY» 1 CKJIECHBAIOT,
KaK I0Ka3aHO Ha pucyHke. Haiigure, Ha Kakoi
BBICOTE OT OCHOBaHUsI HAXOIWTCS IEHTP MAacc
ITOJIYIeHHOTO «DoKaJiay.
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5.2. MowmeHT uHepnun

Badukcnpyem Ha IIOCKOCTH CHCTEMY TO9eIHBIX Mace (X1, my), (X2, ma),
coy (X my).

Onpenenenue 5.2.1. Momenmom unepuyuy yKa3aHHONR CHCTEMBI MaCC
n

OTHOCHUTEJILHO TOYKKM A HasbIBaeTcd 4nuciao J4 = g mp AX ,f
k=1

Yurarean, 3HAKOMbIE U3 (PU3UKN C MMOHATHEM MOMEHTa WHEPIIUN CUCTEMBI
MacC OTHOCUTEJIBHO OCH, BEPOATHO, Y2Ke JI0I'a/Ia/INCh, YTO BBEJEHHOE OlIpe-
JieJIeHe COOTBETCTBYET MOMEHTY MHEePIUU OTHOCUTEJIBHO MPSMOIA, IIPOXO-
Jsreii uepes TouKy A u mepreHInKyIIsipHOi TIJIOCKOCTH, B KOTOPOil pac-

IIOJIOZ2KEHBbI MaCCHhI.

thMeHT'HHGpHHHﬁHOSBOHHeTlﬂﬂqHCHHTb pacCTodHuA ME2KAY TOYKa-
MK C HUCIIOJIB3OBaHUEM CJICAYIOIUX ABYX TE€OpEeM:

Teopema 5.2.1 (T'witrenca—Illreitnepa). Momernmur unepyuu 00not
u Mot sice cucmemv, MACC OMHOCUMEALHO NPOU3E0ALHOT mouku A
u ommuocumeavro uenmpa macce X 2moti Cucmemvl C6A3ANDL COOMHO-

wenuem Jy, = Jx + X A? - ka.
k=1

Teopema 5.2.2 (dxobu). Momenm unepyuu ykazannol cucmemot
MACC OMHOCUMEABHO UeHmpPa macc X Mot cucmemsvt Paser

Z mkml(Xle)2

1<k<i<n

> m

1<k<n

Jx =

B kauecTBe npumepa JoKarxKeM eI OJIHUM CIIOCO0OM (opMyy Dii-
JIepa JIjIsd PpacCTOTHUS MEXKJy IeHTpaMU BIIMCAHHONW U OINMCAHHOI
OKPYZKHOCTE.



161 MowmenT nneprun

Bagaua 5.2.1. Jlokaxkure, uro B Tpeyronpauke ABC ¢ pajuyca-
MM BIIMCAHHON M OIMCAHHON OKPYKHOCTeW 7 m R COOTBETCTBEHHO
paccrosine d MeKJIy IeHTPpaMU TUX OKPYKHOCTEH YIOBJIETBOPAET
coorHomenuio d> = R? — 2Rr.

Pewenue. TTomectum B Bepruabl A, B u C' TpeyrojibHUKa MaCcChl @,
b 1 ¢ COOTBETCTBEHHO, YMCJIEHHO PaBHBIE JIJTMHAM ITPOTUBOJIEKAIITIX
9THM BepIIuHaM cTOpoH. Torja meHTp Macc TakKOi CUCTEMbI — TOY-
Ka nepecevdenusi 6ucceKTpuc . A OTHOCUTEIHLHO MEHTPA OMUCAHHON
oKpyzkHOCTH () MOMEHT WHEPIIUUA CUCTEMBI JIETKO BBIUUCIISETCS:

Jo = aOA?* + bOB? 4+ cOC? = 2pR*.

Ucnonb3yem Teopemy fkoOu i1 BBIYUCIEHNS MOMEHTA MHEPIUU OT-
HOCUTEJBHO IIEHTPA MacCC:

1 b b
Jy= ——— (abA32 + beBC? + caC’AZ) = M = abe.
a+b+c a+b+c
Haxowner, sanummem teopemy ['toitrenca—IIlreitnepa: Jo = Jr + (a +
b
Fbte)d?. Orciona 2pd®+abe = 2pR? = d? = RQ—% — R?-2Rr.B
p
[IOCJIETHEM TIEPEX0/Ie MCIIOIb30BaHbl (POPMYJIbI ILIOIIAIEH TPEYrob-
g abc =
Huka: S = — = pr.
ar 7
Samaun

Hoxkaxkute TeopeMy ['toitrenca—IlIreitnepa.

2. Hokaxkure Teopemy Arobu Jijis ciiydast, KOrjia KOJTIECTBO TOUeU-
HBIX Macc n = J.

3. Haitaure paguyc omnmcaHHol cdepbl NPaBUIBHOIO TeTpasdjipa C
pebpomM a.

4. PaccMoTpuM MOMEHT mHepIwn .J4 Kak GyHKIHIO TOYKH A.
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i.  Jlokaxkure, 9TO 3HaUEHUE ITOI (DYHKIINU B TOUKEe A HE MEHb-
e, 4YeM IIPOU3BeJIeHre CyMMapHOil Macchl Ha KBaJlpaT pac-
CTOSIHUSI OT TOYKU A 10 TIEHTPa Macc CUCTeMbI. B Kakux ciry-
Yasgx JIOCTUTAETCS PABEHCTBO?!

ii. JlokaxkuTe, YTO MUHUMAJbHOE 3HAYEHUE .J4 JTOCTUTAETCH B
IIEHTPE MACC CHCTEMBI.

5. Jlokaxure meopemy Cmioapma: eciim Touka D JIEKUT Ha CTOPOHE
BC' tpeyronsauka ABC, To
DC BD
AD* = AB*- — + AC?-— — DC - BD.
BC BC
6. /Ie ueBnmanbr AA; u BB; tpeyronbuuka ABC mepecekaioTcs B
TouKe P BHyTpH TpeyrojibHUKa, IPUIEM TOYKH A; u By jerdar
croporbl BC' u C'A B oguHakoBbIX oTHOIneHusx: AB, : B1C =
= C'A; : A1 B = 3. Beipasure paccrosinue or Touku P 710 1ieHTpa
OIMCAHHOW OKPYZKHOCTH TPEYTOJIHLHUKA Yepe3 JIJINHBI €r0 CTOPOH.

7. Hokaxute, uro jjuHa orpeska OH, coe uHSIONEro MEeHTD OIu-
CAHHOW OKPYKHOCTH U OPTOIEHTP Tpeyrojbanka ABC, moxker
OBITH BBIYUC/IECHA 110 (POPMYIaM:

4dpr

i. OH?=R?- ,

tg LA+tg LB +tg LC
OLIMCAHHON U BIUCAHHOU OKPYXKHOCTEN TPEyroJIbHUKA, & P —
€ro TMOJIyIIePUMET].

ii. OH?=9R?>— (a®>+ 0>+ ).
VKasanue: opTONEHTD SIBJISIETCA EHTPOM Mace cucrembl (A, tg LA),
(B,tg £B), (C,tg ZC). Jljsi IpOCTOTHI MOXKETEe DPACCMATPUBATH

Caydail OCTPOYTOJIbHOTO TPEYTrOJbHUKA, OTPUIATEIbHBIE MaCChl
PacCMATPUBAIOTCS B CJIEIYIONIEM pas/ielie.

rne R u r — pajamychl

8. Touka X jre;kuT Ha BIUCAHHON OKpPYKHOCTH TpeyroybauKa ABC
C JUIMHAMU CTOPOH a, b i ¢. Bepasure cymmy a- X A2 4+b- X B? +
+c- X C? uepes nonynepumerp Tpeyroiabiuka ABC 1 ero pajamychl
BIIMCAHHOM U OIUCAHHON OKPYXKHOCTEMH.
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9.

10.

11.

12.

13.

B uerbipéxyrosbauke ABCD u3BeCTHBI JJIMHBI BCEX CTOPOH U
JIaroHaJei.

i.  Beramcsmre moment nuepnuu cucremsl (A, 1), (B, 1), (C,1),
(D, 1) oTHOCHTENBLHO CepeuHbl P oTpe3Ka, COeIMHSIIONIEro
CepeIMHbI AUaroHaJJIeH.

ii. Haitqure paccrosame ot Bepmmabl A 10 Toukn P.

JlokaxkuTte, 9T0 CyMMa KBaJIPATOB PACCTOSHUN OT IMPOU3BOJILHOM
TOYKHU OINKUCAHHON OKPYKHOCTHU ITPABUILHOIO N-YTOJIbHUKA JI0 €TI0
BepmH pasHa 2nR?, Tae R — paJjnyc 3Toit OKPYKHOCTH.

BuyTpu okpyx)noctu w pajuyca R BbiOpana Toduka P.

i. Ilyctbs wepes Touky P upoenensl Tpu xopabl AB, C'D u
E'F tak, 94T0 yroa MexK /1y JIIOOBIMU JIBYMs U3 HIX paBeH 60°.
Boranciure cymmy PA? + PB? + PC? + PD?* + PE? + PF?.

ii. Ilycrsb gepes Touky P HpOBEJEHBI JIBE OPTONOHAJBHBIE XOP-
et AB u CD. [Jokaxure, 9To HeHTp Macc cucremsl (A, 1),
(B,1), (C,1), (D,1) He 3aBucuT 0T BBIOOpA MAPHI XOP/I.

(O6o6wénnan meopema Iotieenca—Ilmetnepa) lycrs (A, aq),
(An,an) u (By,b1), ..., (B, by) — JBe cuCTeMbl TOYETHBIX
Mace TaKI/IX YTO CyMMapHbIe MACChl 00ENX STUX CUCTEM PaBHBI 1:

Za, Z bj = 1. Ilycte A m B — TeHTPBI Macc 3TUX CHCTEM

7j=1
coorsercTBeHno. Obo3HaINM IIEPBYIO CUCTEMY Yepe3 SA, BTOpPY1O

dgepe3 Sp, & CHCTEMBI U3 OJHOI ToueuHoit Maccel (A, 1) u (B, 1)
Oymem obozHadaTh st Kparkoctn A n B. Obo3HaunM, HAKOHEIT,
JJI IByX cHcTeM Mace Jg, g, = ZaibinB?. Jlokazkure, 9ITO
0.

AB? + JSA,B + JSB,A = JSA,SB'

(Teopema @etiepbara) lokazkure, 9T0 BIUCAHHAS OKDPYZKHOCTDH
TPEyroJIbHUKa KacaeTcsd OKPYKHOCTH, IPOXOJAIIeil depe3 cepe-
JIMHBI €70 CTOPOH.
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5.3. OrpuiiarejibHbie MacChl 1 DapUIEeHTpUIeCcKe
KOOPANHATHI

B sTom pazgesie armapar 1eHTpa Mace OyIeT CyIecTBEHHO 0O0O0IIEH.
[Ipexke Bcero pacmmpuM OIpeJie/IeHre, BKJIIOYUB B PACCMOTPEHUE
OTPUIATETHHBIE MACCHI.

PacemorpuM, Kak U B HpeJIbLIYIIAX pasjeiax, CUcTeMy To4dek X,
..., X, C IPUMUCAHHLIMA UM YUCJIAMH My, . .., My, HA STOT pa3 Ji0-
IIyCKasl B TOM YHCJIe M OTPUTIATEIbHBIE 3HAUEHNS HEKOTOPBIX U3 ITUX
qucesi. ByJeM 3Tn 4ucsa no-npexKHeMy Ha3bIBATbh MaACCAMU, PACIIO-
JIO)KEHHBIMU B YKa3aHHBIX TOYKaX.

Onpenenenune 5.3.1. Ilycrs cymma macc my + ... + m, He pas-
na 0. Touka X HasbiBaercs yenmpom mace cucmemuv (Xq,my), ...,

—

(X, my,), €CIu BBITIOJIHEHO PABEHCTBO Z mpX X, = 0.
k

Mpb1 OyaeM cauTaTh, 9TO JJIsd CUCTEM C HYJIEBOW CYMMAapHON Maccoit

MOHATHE TEHTPa Macc He omnpejiesieHo. Kcim ke cymMma Macc HEeHy-

JieBasl, TO B HEM3MEHHOM BHJI€ COXPAHAIOTCH YTBEPXKJICHUA O CyIIle-

CTBOBAHWU U €IUHCTBEHHOCTHU IEHTPA Macc, a Takke (popMysa Jjsd

BEKTOpa M3 MPOU3BOJIBLHOTO 1oj0ca () B MEHTP MacC CUCTEMBI:

oo S mx

Teopema o pbraare TpedyeT yTOUYHEHU.

Teopema 5.3.1. Ienmp macc X cucmemv, (A, a) u (B,b) aeorcum
na npamots AB, npuuém |a|- XA =|b| - XB.

HenTp macc X jexkut OjimzKe K TOM U3 JIByX TOYEK, MOJLYJIb MaCChI
B KOTOpOii Oosibllte, mpuuéM X Tomagaer Ha OoTpe3ok AB B ToOM u
TOJILKO B TOM CJIy4dae, KOrJa a U b UMeIoT OJMH 3HaK.

Teopema 0 meperpymnmmpoBKe Mace COXPAHSIETCs C €IMHCTBEHHBIM 3a-
MeYaHMeM: CyMMa Macc, KOTOpble TpeOyeTCs CrPyIIIUPOBaTh, H0JIK-
Ha OBITH OTJIMYHA OT HyJs (C TeM, YTOOBI y STOH YacTH Macc ObLI
OIPEJIEIEH UX COOCTBEHHBIN IEHTP Macce).
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[IpuBesém npumep pabOThI ¢ OTPUNIATETBHBIME MaCCaMU.

3ama4va 5.3.1. Ha cropone BC' tpeyronbunka A BC' BeiOpana TOUKa
By, a ma npomokernn croponbl C'A 3a Touky A BbiOpaHa TouKa Aj
Tak, urodsl CB; : BiB=1:3u AA; : A;C =1:3. Ilycrs C — ce-
peauna AB, a M — touka niepeceuenus ripsimoit C'CYy ¢ mpsimoit A By .
Bersicaure, jexut sim M #Ha orpeske C'C mian Ha €ro mpooJIzKeHIH,
a TakzKe Bprancsure ornomenue CM : MC.

Pewenue. ITomectum B A u B 1o macce 1 ¢ Tem, arobbl cepenna Cy
orpe3ka AB 0OblLa IEHTPOM MAacC JJIst 9TUX ABYyX Macc. B Touxky C'
nomecTuM Maccy 3, 9Tober rentpom Mace (C)3) u (B, 1) okasanachk
touka Bp. 3arem B C' TIOMECTHM eIé OJIHY JIOTOJHUTETHHYIO MacCy

a tak, arobel nenTp mace (C, ) u (A, 1) monanan B A;. Ilockoabky

e e
AA, = §OA1, HECJIOZKHO MOHATH, uTo av = —1/3. Urak, M ssisier-

cst nenTpoMm Macce cucremst (A, 1), (B,1) u (C,3 —1/3) = (C,8/3).
[TosTomy §5?\7[ = 2]\—46_1> . Touka M nexxut Ha orpeske C'C, npudaém
CM:MC) =3:4. 0
OxasbiBaeTcs, ecin 3aUKCHPOBATH HEKOTOPBIN Tpeyroibauk ABC
(KOTOpBIH MBI OyJIeM B 9TOM CJlydae Ha3blBaTh OA3UCHBIM), & B Ka-
YECTBE «MAaCC» PA3PEINTh BbIOUPATh W OTPHUIATE/]IbHBIE THC/IA, TO
BCAKYIO TOYKY P Ha IIOCKOCTH MOYKHO, BBIODAB COOTBETCTBYIOIINE
MACChI B BEPIUHAX OA3UCHOTO TPEYTOJIbHUKA, C/IeJIATh IIEHTPOM MAaCC.

Taxkoit criocod 3ajaHusa TOYEK Ha IJIOCKOCTH MPUBOJUT K OIpEJieie-
HUIO 6apUUEHMPUYECKUT KOOPOUHA.

Onpepenenne 5.3.2. Tpoiika qucesn (p : q : r) HasbBaercs (HeHop-
MUDPOBAHHOIMU) OAPUYEHMPUECKUMU KOOPIUHAMAMU TOYKH P or-
HOCHTEIbHO GasucHoro tpeyrossanka ABC, ecian i HEKOTOPOTo
nosifoca O CripaBeJINBO COOTHOIIEHUE

?:ﬁ@ﬁﬂpﬁwﬁ).

Boei6op Tpoiiku unces B KauecTBe DapUIIEHTPUIECKUX KOOPIUHAT HEO/T-
HO3HAYEH: €CJIM BCe TPU KOOP/IMHATHI YMHOXKUTH Ha OJHY U Ty K€
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HEeHyJIeBYI0 KOHCTAHTY, TO 3aJaBaeMas HOBOI TPOiKoii 6apuIeHTpu-
YECKUX KOOPJMHAT TOYKA COBIAJIET C IPEIBIIYIIEH. DT0 00CTOATE b
CTBO TIOUEPKUBAETCS JTBOETOUNEM, PA3JEAIONM (HEHOPMUPOBAaH-
Hble) GapulleHTpuYecKne KoopanHaThl. JacTo GbiBaeT yiao6HO yMHO-
JKUTH BCE TPU KOOPAMHATHI HAa TAKyI0 KOHCTAHTY, YTOOLI CyMMa, 9TUX
KoopauHaT craja pasHa 1. Takue GapuieHTpudYecKue KOOPAMHATHI
MBI Oy/IeM Ha3BIBATH HOPMUPOSAHHbLMU U 0003HATATH (P, ¢, 1) (Tepe3
sansTyio). Ciesyer mostoMy pasiamdars 3amucu (p:q:r) u (p,q,r):
BO BTOPOM CJIydae Iojipa3dyMeBaeTcs, 9To p + ¢ +r = 1. B dopmy-
JIMPOBKAX 3a/1a4 9TOr0 pas3e/ia Mbl OyleM Ha BCAKMI CiIydail JomoJ-
HUTEJILHO HOAYEPKUBATH, O KAKUX KOOPAMHATAX BEIAETCS pedb — O
HOPMUPOBAHHLIX HJIM HEHOPMUPOBAHHLIX, YTOOLI HE CO3[aTh IIyTa-
HUIIBI, XOTs B IPUHIIAIE JIOCTATOYHO OBLIO ObI JIMIIL MEHAThL Pa3Jie-
JITEJIb MEKJIy YMCJIAMU B CKOOKax (M JOBEPUTHCS BHUMATEIHHOCTH
quTaTes).

YacTo oka3bIBaeTCs YI00HO BBIMHUC/IATH BEKTOP MEXKIY JIBYMs TOU-
kaMmu cieaytorum obpaszom. [lycrs Touku P u () 3ajaHbl cCBOMMEI
(HOpMUPOBaHHBIMI) GAPUIIEHTPUIECKUME KOOpAUHATAMUA (P, q,T) U
(u, v, w) coorBercrBenno. Torma @ = (u—p)z—l—(v—q) —|—(w—r)8.
Ecyin mmosiroc 0611 BRIOpaH yI00HBIM 00pPa3oM, TO U3 TAKOI'O ITPEJICTaB-
JIEHUS MOXKET OKa3aThCH BO3SMOYKHBIM BBIYUC/ISTH CKAJISIPHBIE TTPOU3-
B€JIEHNUs], BBIUUCIATD JIIMHBI BEKTOPOB, IPOBEPATH UX OPTOrOHAJIb-
HOCTB U KOJIIHHEAPHOCTh. [lycTh, HanpuMep, B KadecTBe MoJIroca ObLT
BBIOpAH IEHTP ONMHUCAHHOW OKpyKHOCTH Tpeyroibuuka ABC. Torma
jumHbl BeKTopoB A, B u C' paBubl R, a ux momapHble CKaJIspHbIE
[IPOM3BEIEHNST BBIYUCISIOTCS C TIOMOIIBIO TEOPEMBI KOCHHYCOB: TaK,
K IIpUMepY, 22 . ? = 2R? — AB?.

K 3ajagam sToro pasjesia OTHECEHBI HEKOTOPbIE 3aja4du Ha paboTy
C CUCTeMaMM MaTepUaJIbHbIX TOYEK, TEOPEMbI O pblYuare U Ileperpyl-
NUpPOBKe B 06oJjiee CIIOXKHBIX KOH(MUTYpAIUIX, a TaKxKe B CIydasdx,
KOIJIa yJIOOHO HMCIIOJIb30BATH B TOM YHCJIE U OTPUIATETbHBIE MACCHI.
[Tomumo 3TOrO NpUBEIEHBI U HEKOTOPbIE TeopeTHudecKne (PaKThl O
OapUIEHTPUIECKUX KOOPIMHATAX: OCHOBHBIE TEOPEMBbI IIPUBOJISATCS B
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KadecTBe 3a/da4. ,HJIH OOJIBLIIINHCTBA, STUX TEOPETUIECKUX q)aKTOB qu-

TaTeJ b HAMJIET U COOTBETCTBYIONINE 3a/Ia4U C PA3IUYHBIX OJIUMITNA,,
B KOTOPBIX TPUMEHEHNE JIAHHBIX YTBEPKIEHUI ITOMOTAET B PEIIEHNN.
[Ipu mepBOM O3HAKOMJIEHUU C MaTepHaJIOM JIAHHOTO Pas3jiesia JIOoIy-
CTHMO JIUIIb O3HAKOMHUThCA ¢ (DOPMYJIUPOBKAMU 3a/1a4, TOMEIEHHbBIX
3BE3/I0YKAMU, & BEPHYTHCI K UX JI0KA3aTEHCTBY TO3KE.

Sagaun

1.

JloKazKuTe, 9TO CepeJiHa OTPe3Ka MEKJLy TOYKAMU, 3 aHHLIME
(HOPMUPOBAHHBIME) GAPUIIEHTPUIECKUME KOOpAUHATaMU (P, ¢, 1)
u (u,v,w), eCTh TOYKa ¢ OGAPUIEHTPUICCKIME KOO/ MHATAME

p+u qg+v r+w
2 7 2 7 2

B Bepmunax A, B, C'u D napaJuiesiorpaMMa HaX0IATCs TOUeIHbIE
Macchl @, b, ¢ 1 d cCOOTBETCTBEHHO.

i.  JlokakuTe, 9TO TOYKa IlepecedycHus MaroHajieii — IeHTP
MacC 3TOU CUCTEMBI TOTJIa M TOJHKO TOT/A, KOTJIa @ = C |

b=d.

ii. okaxkute, aroecimma =c=1,b=—1,d =0, To D — niearp
MacCC CUCTEMBL.

iii. Jlokaxwure, uro 1nenTpnl macc cucrem (A, a), (B,b), (C,c),

(D,0) u (A,a+0b), (B,0), (C,c+1), (D, —b) coBuanaior.

Sameuanue. [locnennee yrBepK ieHne TO3BOJISET «I1€PEOPACHIBATEY
MacCy U3 BEPIIMHBI TPEYTOJIbHUKA B TPOTUBOIIOJIOZKHYIO BEPIITIHY
nmapaJijieJiorpaMMa, KOTOPBIN TOJIydaeTcss U3 JIAHHOTO TPEYTOJIb-
HUKa YJIBOEHHEM COOTBETCTBYIONIEN MeINaHbI.

Touky P BuyTpm tpeyrosbuuka ABC orpasmim OTHOCUTETHHO
cepequna cropon BC, CA u AB 3T0ro TpeyrojbHUKa, TOJIYIUB
pu 3ToM Touku P4, Pg m Po coorBercTBenno. /lokaxkure, 9TO
upsimbie APy, BPg u C' Py niepecekaroTcst B OJHOI TOUKE.
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4. Tlnockocthb a mepecekaer pébpa SA, SB, SC u SD npaBuibHOI
YETBIPEXYTOBHON MUPAMUJIBLI, COCIMHSIONINE BEPIIHY S C Bep-
mmaamu ocHoBaausg ABC D, B Toukax A, By, C; u D; coorBer-
crBerno. Mseectno, uro SA; : AJ/A=2:3,SB; : BiB=1:2,
SCy : C1C =2 : 5. Haitnure ornomenune SDy : D D.

5. Hokaxwure, uro derbipéxyroibauk W XY Z — mapasiensorpamm
TOrJIa ¥ TOJBKO TOIJA, KOLJa CYMMBI OJHOMMEHHBIX (HOPMHUPO-
BaHHBIX ) OAPUIEHTPUIECKIX KOOpAuHAT Touek W u'Y paBHbI (110-
KOMIIOHEHTHO) COOTBETCTBYIOIIUM CyMMaM JJist Touek X u Z.

6. Pemmre 3amaay 5.3.1 B obmem ciydae: mycts Touku A; u By Jte-

CA C
»katr Ha jaydax CA u CB Tak, 910 —— =2 1 = 9. Boramc-
CA Cgl

—
cCy )

JIITEe OTHOIIeHne —, rjae M ecTb TouKa IepeceveHnsd IPAMOi
CM

A1 B ¢ npsmoit, conepzkareii meguany C'Cy rpeyrosnnnka ABC.
Y
7. (Teopema Yeswi, obwasn gopmyauposka) Ha mpambix, cojepxa-
mx cropoubl AB, BC' u C'A tpeyrosbauka ABC, BBIOpaHbI TOY-
ku Cy, Ay u By coorBerctBenno. Jlokaxkure, uro mpsimbie AAq,
BB; u C'C| nepecekaroTcst B OJHOI TOYKE WM MapasljIeJbHbLI TO-
\ \

AB, CA, BC(C]

IJIa U TOJIBKO TOTJIa, KOI/a . . =
B.C AL CA
8. B uernipéxyrompuuk ABC'D Buucana oKpyKHOCTb. B Touku Ka-
CAHMS TOTO YETHIPEXYTOJBHUKA CO BIUCAHHONW OKPYZKHOCTBIO 110~
MECTUJIA TOYeTHbIE MACCHI, YUCJIEHHO PaBHbBIE JJTMHAM TeX CTOPOH,
Ha KOTOPBIX 9TU TOYKH KacaHus Jiexkar. Haiinre 1ieHTp Macc 1mo-
JIYYUBIIEHCSA CUCTEMBI.

9. Hokaxkwure, 910 GapurieHTpUIecKrne KOOPAUHATHL (P : ¢ : ) TOY-
K X HMMEIOT CJeAYIONUil reOMEeTPUIECKUil CMBICT: p @ ¢ @ T =
= SixBc : Staxc : S+aBx, e IUIOMAIA YKA3aHHBIX TPEYTOJIib-
HUKOB OEpyTCs CO 3HAKOM «~+», €cjii 00XOJ1 UX BEPIIIH COBEpIIa-
eTcs B TOM K€ HAIlPABJICHUHU, YTO M B OA3MCHOM TPEyTrOJIbHUKE
ABC, u co 3HaKOM «—» B IIPOTUBHOM CJIydae.
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10.

11.

12.

13.

14.

i.  Jlokaxkure, uT0 (HEHOPMUPOBAHHBIE) GAPUIIEHTPUYECKIE KO-
opaunatet opronenrpa AABC ectb (tg LA :tg LB : tg LO).

ii. Jlokaxkure, 9T0 (HEHOPMUPOBAHHBIE) GAPUIIEHTPHYECKIE KO-
OpJIMHATHI TIeHTpa onucaHHoit okpyxKHOCTH AABC MOXKHO
zanmcarb B Buje (sin2ZA :sin2/B : sin2/C).

iii. Jlokakure, uT0 (HEHOPMUPOBAHHBIE) GAPUIIEHTPUYECKIE KO-
OpJMHATHI IIeHTpa BHeBIucanHoil okpyxuoctu AABC, kaca-
forreiicst croponsr BC, ectb (—a : b : ¢) (BC = a, CA = b,
AB = ¢).

(*) Hokaxkure, uro eciu Ttouku X, Y u Z umeror (HOpMHUPO-
BAHHBIE) OAPHUIEHTPUYECKHE KOODAUHATLL (Py, Gy, Tz)s (Dy, @y Ty)
u (p.,q.,T,) COOTBETCTBEHHO, TO OTHOINEHUE (OPUEHTHPOBAHHBIX)
romaeit tpeyrobanka X Y Z u 6azucHoro tpeyrojabanka ABC

g Pz qz Tg
+XYZ
ecTh 2 =\py G Tyl
+ABC
pZ qZ TZ

Ha croponax tpeyrospauka AABC ormedensr Toukn A; € BC,
B, € CA, C; € AB mak, uro BA, : A1C = CB; : Bi1A = ACY :
: (1B = 2. O6o3naugnm ToUYKH Tepecederust orpe3kos AA;, BBy u
CCy gepes P, Q u R. Borauciiure mioma s Tpeyrobuuka PQR,
ecJu ILI0Iaab Tpeyroybauka ABC pasHa 1.

(*) Iycrs B Tpeyronbuuke ABC' co croponamu a, b u ¢ Toukn O,
I w H — 1menTp onmmcanHoil M BIUCAHHOW OKPYXKHOCTE U OPTO-
LIEHTP COOTBeTCTBeHHO. JloKarkure, 4TO ILIOMA L TPEYIrOJIbHUKA

(@ = b)(b = ¢)(c = a)

OIH pasna , TJle 7 — paJInyC BIHUCAHHOM

,
oKpyzkHOCTH Tpeyrojabuuka ABC.

Baytpu tpeyromsunka ABC B3sTa Touka P, a npsmbie AP, BP
u C'P nepecekaioT COOTBETCTBYIOIINE CTOPOHBI TPEYTrOJbHUKA B
roukax Ay, By u C4. lokaxkure, 94T0

Sapc =2 (Spac, + Sppa, + Srcs,)
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15.

16.

17.

18.

TOIJIa ¥ TOJILKO TOrJIa, Korga P jiexKuT XoTs Obl Ha O HON Me/IuaHe
tpeyroyibauka ABC.

i.  JlokaxkuTe, 9TO ypaBHEHUE IIPAMOI, TTPOXOJIAIIEi depe3 TOU-
Ki ¢ GapuIleHTpUIecKuME Koopunaramu (p, q,r) u (u, v, w),

p q r
ecth [u v w| =0.
r Yy z

ii. 3Bamnumure ypaBHeHHS CTOPOH OA3UCHOTO TPEYTOJIbBHUKA U €TI0
MEJINaH.

[Tycrs Touku A, B u C 3ajaibl (HEHOPMUPOBAHHBIMU) GAPUIIEH-
TprUecKUME KoopauHaTaMu (p:q:r)u(u:v:w)u (x:y: z) co-
oTBeTCTBEHHO. /loKkaxkure, 4TO ec/iu p+u =T, ¢+v =y ur+w =
= z, 10 Touka C' jexxut Ha npsamoit AB, npudaem (p+q+r)AC =
= (u+v+ w)(ﬁ

WNuade roeopst, eciau yaaaoch 1Mog00paTh HeHyJieBble KO3(DMUIMEHTI,
Ha KOTOpPbIE cJaeAyeT JOMHOXKHUTDL JJTaHHbIE HEHOPMUPDOBaHHbBIE 6apI/IHCH—
TpUUecKne KoopauHaThl (CBOH KO3(hDMUIMEHT Jjisi KaXKI0H U3 TOYeK)
TakK, (ITO6bI ITOKOMITOHEHTHasA CyMMa 6apI/IH,eHTpI/I‘IeCKI/IX KoopJuHaT TO-
9eK jaBaJia OapUIeHTPpUIeCKrue KOOPAUHATLHI TPETheil TOUKH, TO TPHU
TaKne TOYKHU JiezKaT Ha O,ZLHOﬁ HpHI\IOﬁ. B kauectse yYiipazKHeHnA I10-
npobyiire chopMyaIUPOBAThL U JI0Ka3aTh 1 00pATHOE YTBEPKICHUE.

JlokaxkuTe, 9T0 TOUYKM Tiepecedennsi meguan (7, Ouccexktpuc [ u
touka Harensst N Tpeyronbanka ABC jexkar Ha OJHON HPSMOi
(npamot Hazean), npuaém NG = 2G1.

Hanomunanue. Touka Haresst Obliia orpeseniena B 3aja4de 11 pas-
nema 5.1.

(Teopema Menenas, obwan gopmyauposka) Ha mpsmMbix, comep-
xamux cropoubl AB, BC u C'A tpeyronbuuka ABC, BeIOpaHbI
roukn Cy, Ay n By coorBerctBenno. /lokaxkure, aro TOoukm Aq,
By u C} nexar na ogHOll NpAMOil TOT/Ia M TOJBKO TOT/A, KOrJa

AB; CA; BCy
B, C AB CA
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19.

20.

21.

22.

23.

24.

[Tycrs AABC — 6a3ucHblii TpeyroabHuK, Touka () — IEHTP ero
OIMCAHHON OKpYKHOCTH, R — €€ pajauyc, a P — rouka ¢ (HOpMu-
POBaHHBIME) GAPHUIIEHTPHYIECKUME KoopauHaTamu (p, q, 7). Joka-
JKUTE, 9TO KBaJpaT JIHHBI oTpeska O P MoxkeT ObITh HaMIeH 110
dbopmyne OP? = R* — (p- AP?> + q- BP* +r - CP?).

Jokazkure anajor ¢popmysbl Ditepa Jjis BHEBIIUCAHHON OKPY K-
HOCTH: ecyin [ 4 — MEHTP BHEBIIMCAHHON OKPY?KHOCTHU TPEYTOJIbHI-
ka ABC, xacaroreiics ero cropousl BC, a O — 1eHTp OIUCAHHOMN
OKPYKHOCTH 3TOr0 Tpeyrojibhuka, To OI5 = R? + 2Rr 4.

(*) JTokaxkure, 9T0 pAcCTOSHUE MEXKLy JiByMsi Toukamu P u ) ¢
HapUIeHTPUIECKIMU KOOpauHaTaMu (P, Pa, P3) 1 (q1, g2, q3) COOT-
BETCTBEHHO MOYKET OBLITH BBLIYUCJICHO 110 (DOpMYyJIe

PQ* = — Z (pi —ai)(p; — Clj)AiA?,

1<i<j<3

e Ay, Ay u A3 — BepmuHbI Ga3UCHOTO TPEYTOJTHLHUKA.

B tpeyronpauke ABC u3BecTHBI JIUHBI CTOPOH @, b u ¢. Bouramc-
JIATE:

i.  paccrostHEe MeXKJTy TOUKON nepecedenus: Meuan G U TOUKOM
nepecedenusi ouccexkrpuc I Tpeyronbanka ABC

ii. paccrosHEe MexKIy BepIiiumHOW A u 1meHTpom [, BHEBIIMCaH-
HOIl OKpY>KHOCTH, Kacaromieiicss cropoabl BC.

Ha npososkenun cropoust BC' tpeyronbnuka ABC 3a Touky C
ormedeHa Touka D Tak, aro C'D = BC'. 3areM Ha MPOI02KEHNN
croponbl C'A 3a Touky A ormedena Touka E tak, uro AE = 2CA.
Oxkazasioch, uro AD = BE. Jlokaxure, ato Tpeyrojbauk ABC
HIPAMOYT'OJILHBIN.

Brepnucannast okpyHOCTh Tpeyrosibauka ABC Kacaercs cTo-
poubl BC' u npomoskennii cropod AB nu AC' cooTBeTCTBEHHO B
roukax P, QQ u R. Jokaxwure, aro npsmbie AP, CQ) u BR nepe-
CEeKaITCAd B OJIHOM TOYKE.
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25.

26.

27.

28.

29.

30.

(*) Iycrs roukn W, X, Y u Z 3a/iaub! (HOpMUPOBAHHBIME) Oapu-

HEHTPUIECKAMU KOOPAUHATAMUA (D, Gus Tw )5 (Das Qus Tz) s (Dys Qys Ty)
u (p,,q.,r,) coorBeTcTBeHHO. BBeném obosnavenus (r1,y;,21) =
= (pw —PzyQuw Gz, Tw _Tm) 1 ('T27 Y2, Z2) = (py — Pz, Qy —(z, Ty _Tz>-
Hoxkaxkute, uro npamble WX un Y Z nepnenmKyJIgpHbl TOTIa 1
TOJILKO TOTJIa, Koraa (1129 + Yoz1) + b3 (w120 + 221) + (212 +
+ x9y1) = 0, zie a, b u ¢ — pymnet cropon BC, CA u AB 6a3uc-
HOI'O0 TPEYTOJILHUKA COOTBETCTBEHHO.

[Tonyunte HEOOXOMMOE U JIOCTATOYHOE YCJIOBHE OPTOTOHAJIBLHO-
CTH TPSIMBIX, 33/ JaHHBIX B OAPUIIEHTPUIECKIX KOOPIMHATAX yPaB-
HenugMu ur + vy +wz =0 u pr +qy +rz = 0.

JlokaxkuTe, 9TO OIMMMCAHHAS OKPYZKHOCTH 0A3MCHOI'O TPEYTOJIHLHUKA
CO CTOpOHAMU a, b 1 ¢ 3a7aéTcd B HapUIeHTPUIECKIX KOOD/IMHATAX
ypaBHEHUEM a2yz + b’xz + c%y = 0.

Hcnonb3yiiTe MHTEPIpPETAINIO BhIpazkeHus a’yz + b*xz + cPay
KaK MOMEHTa MHEPIIUU HeKOTOpOﬁ CUCTEMBI MaCC 1 BbIpa3uTeE €Iro
Yyepe3 cTeleHb TOUKN P ¢ GapUIeHTPUYECKIMHI KOOP/IMHATAMIE
(7,1,2) OTHOCHTEIBHO OINMCAHHON OKPYYKHOCTH GA3MCHOTO Tpe-
YTOJILHHKA.

Jau tpeyrospauk ABC u Touka P. UeBuanbl, mpoxoIsinme aepes
TOUKYy P, mepecekaroT MmpsiMble, cojepzKariue ctopousl AB, BC' n
C'A sroro TpeyrojibHUKa cOOTBeTCTBeHHO B Toukax (7, A; n Bj.
JlokazkuTe, 9TO TOYKH [IepecedeHrs MeIuaH TpeyroJbHukos ABC
u A; B;C coBuagaT TOrJaa U TOJILKO TOrIa, Korma P ecTh ToUKa
nepecevenns: Mejuan tpeyroyibanka ABC.

(Teopema Maxceeana) lan tpeyronbuauk ABC u rouka P. Cropo-
HbI Tpeyrojbanka A; B1C napaJsiie/ibHbl YeBHAHAM TPEYTOIbHU-
ka ABC, npoxogsmum gepes Touky P (A1 By || CP, B,Cy || AP,
C1A; || BP). Jokaxkure, 9T0 4deBuanbl Tpeyrosbauka Ay BCh,
napaJiiesibible cTopoHaMm Tpeyroibanka ABC' (ueBnana, mpoxo-
namas gepe3 Ay, mapastenpaa BC', aHAJIOTMTHO [T ABYX JPYTHX
BEPIINH ), IEPECeKAIOTCST B OJHON TOUKE.
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31. Ha cropore BC rtpeyronbuuka ABC' ormeuena Touka D. Ilycts
I} u Iy — neHTphl BIUCAHHBIX OKPY2KHOCTEN TpeyrobHuKoB AB D
u AC'D. Hokaxure, uro Bl, u CI; nepecekatorcs Ha AD Toria
U TOJIBKO TOT/a, Korjga AD — buccekrpuca Tpeyroabanka ABC.

32. Jlan tpeyronbuuk ABC. Touka P BwiOpana na upsamoit BC' ta-
KM obpazom, uTo upssmas PA Kacaercst onncaHHON OKPYKHOCTH
rpeyrosibauka ABC'. Buccekrpuca yrima AP B nepecekaer oTpes-
ku AB u AC B Toukax D u E coorsBercrBenno. [lycrs () — Touka
nepecedenns: orpesko BE u C'D. Haiigure yros A TpeyrojbHu-
ka ABC', eciin ipsimast P() IpOXOUT Yepe3 MeHTP ero OMMCAHHOM
OKPYZKHOCTH.
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I'maBa 6

JlomoHnTe/IbHbIE Pa3aeJbl
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6.1. OKpY>KHOCTbH JE€BATU TOYEK U IIpaAMas Diije-
pa

OKpY?KHOCTB JIEBATU TOYEK U HpsMas Jiljiepa — BaKHbIE U JIOCTa-
TOYHO 3 PEKTHbIE KOHCTPYKIIMU B T€OMETPHUU TPEYToJibHUKA. JloKa-
3aTeIbCTBO UX CYIIECTBOBAHMUS — COJepXKaTelbHas 3ajlada, HO IPU
9TOM OKa3bIBAETCs, YTO OT/E/IbHBIE 9JIEMEHTHI JOKA3ATETHCTBA TAKIKE
YacTO MOTYT OBITH MPUMEHEHBI IIPH peleHnu apyrux 3ajad. [losro-
My YUTATEI0 PEKOMEH IYeTCs TIIATe/IbHO TPopaboTaTh epBble 3a,/1a-
91, Pa300paThCca B CTPYKTYpe depTexka, a 3aTeM peliaTh OCTaIbHbIE
3a/1a41, JiepyKa B TOJIOBE perreHus mepBbix 3a1ad. OT auraress 1mo-
TpebyeTcs yBepEeHHOe MCIOJIb30BaHNEe TOMOTETHH.

HpI/IBe,ﬂéM OCHOBHBI€ JIBa YTBEPXKJICHNA 9TOI'O pa3/eJia.

Teopema 6.1.1 (OKpyKHOCTH JEBATH TOYEK). B at060m mpeyeon-
HuKe cepedunvl Cmopor, OCHOBAHUA BLLCOM U CEPEIUHbBL OMPE3KOS,
COCOUHANOULUT BEPULUHDL C OPMOUEHMPOM, AEAHCAM NG 00HOT OKPYIHC-
nocmu. Paduyc amoti oxpyotcnocmu 6deoe menvuwe paduyca onuca-
HOT OKPYAHCHOCTNU MPEY20NDHUKG.

Teopema 6.1.2 ([Ipsamas Ditnepa). B arwbom mpeyzorvhuke yenmp
onucannot okpyotcnocmu O, opmouenmp H, uenmpoud G u uyenmp
okpyscrocmu desamu movek E aeorcam wa o0noti npamoti, npuiém
E — cepeduna OH, a G deaum ompesox OH 6 omnoweruu 2 : 1,
cuumas om moyuxu H.

OKpY?KHOCTB JIEBSITH TOUEK TAKYKE HA3BIBAIOT OKPYHCHOCTDGIO DUnepa.

JlokazaTeIbCTBO ITUX YTBEPKIACHUI INTATETb IOy TUT, PEITUB TIep-
Bble YeThIpe 3aJaun pasjesia. [Ipum sToM paccMaTpuBaeTcs JiBa MO/
XOJIa K HUM: TI€PBBI — KOPOTKHUil M WCHOJIB3YeT JIBe FOMOTETHH (C
IIEHTPAMU B OPTOIEHTPE W TOUYKE IMepecedeHus] MeJUaH), BTOPOi —
YHCTO KJIACCUYECKHUII U IIOYTU HE HCIIOJIB3YyEeT I'ecOMETPUYICCKUX IIpe-
obpazosanmii. Cireyromnine 3a/1a91 pas3/eaa UCIoIb3YI0T JUO0 CyIIe-
CTBOBaHUE OKPYXKHOCTU Diljiepa n npsaMoil Ditiepa, JudO KaKue-To
JaCTHU JI0KA3aTe/IbCTB U PEIIeHi epBhIX 3a1ad, IU00 U TO, U JAPYTroe

cpasy.
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Bo Bcex 3ajayax IpUHSITHI cjeayomue obosHadenus: A; — cepeanna
cropoubl BC, A; — cepenuna orpeska AH, Ay — ocHOBaHUE BBICO-
Tl K cropone BC. Anajiorm4aHo omnpejesieHbl Toukn By, Bs, By, C1,
Cs, Cy. Taxxke BCioy B ycsioBusx 3ajad H — oprorenTtp, O — meHTp
ONMCAaHHON OKPYKHOCTH, (G — TOUYKA IepecedeHnsi MeInaH TPEYTroIb-

muka ABC.

OTMeTnM TakzKe, 9T0 BEKTOPHOMY JI0KA3aTEIbCTBY YacTH YTBEPKIe-
Husg TeopeMbl 6.1.2 mocBsienb! 3ajgauu 46 pazjena 3.1.

Sagadn

1. B Tpeyronbauke ABC nposejiena Boicora AAg u ormeden opro-
nentp H.

i.  Jokaxkure, aro mpogonkenne AAj 3a TouKy Ay mepecekaer
OIMCAHHYIO OKPYKHOCTEL Tpeyroiabunka ABC B Takoil ToUke

Ag, 9TO A()Ag = HAO

ii. Ilycto A; — cepemuna BC'. Hokaxkure, uro jiya HA; tme-
peceKaeT OIMHUCAHHYIO0 OKPYKHOCTb B TaKOil TOuke Ay, ITO

A1A4 = HAl

2. Jlokaxkure, NCHOJIB3YA 33129y 1, YTO B IIPOU3BOJILHOM TPEYTOJIb-
HUKe CepeJInHbl CTOPOH, OCHOBAaHUS IEPIEH/UKYJISIPOB, & TaKXKe
CepeJIMHBI OTPE3KOB, COEINHATOIIIX BEPITUHBI C OPTOIEHTPOM, JIe-
JKaT Ha OJTHON OKPYZKHOCTH, PaJINyC KOTOPOii BJIBOE MEHbIIIE Pa/Ii-
yca OIMCaHHOM OKpyKHOCTH. JloKazKuTe, 9T0 NEHTP ITOH OKPY K-
HOCTH JIeJIUT 11o1noJiaMm oTpe3ok OH.

Yrasanue. Crenaiite rOMOTETHIO C TIEHTPOM B OPTOIEHTPE Tpe-
yTOJIbHUKA.

3. CueslaB TOMOTETHIO C IEHTPOM B TOYKe Iepecedenus: mejuan GG
tpeyronabauka ABC, noxkaxure, uro G jnexut Ha orpeske OH u
JICJIUT ero B oTHornenuu 2 : 1, caurag ot Touku H.

4. Yepes Bepmuny A tpeyrosbauka ABC' mpoBejieHa mpsiMasi, Ia-
pasutenbias BC', mepecekalolasi ONUCAHHYIO OKPYKHOCTb B TOY-
ke M. Ilycts AAy — BbICOTA 3TOrO TpEyroyibHUKA. JloKaxKuTe, 4T0
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TOYKA [ePeCceueHnsT MeJUaH JeKUT Ha oTpeske Mexay M u Ay n
IeJIUT ero B orHoIreHnu 2 : 1 ot Touku M.

Yrasanue. Haiinure obpas upsmoit AM mpm romoreTnu ¢ Ko-
sbdurmentom (—1/2) OTHOCHTETHHO TOUKH HEPECETCHIs Me/AH

AABC.

5. B sroit 3aaue npejiaraercs J1aTh ajlbTePHATHBHOE JIOKA3aTE b
CTBO CYIIECTBOBAHUSA OKPYKHOCTHU JjieBATH Touek. [lycto ABC —
OCTPOYTOJILHBIN TPEYTOJIbHUK.

i. Jokazxkure, uro derbipéxyrojupauku BiCiByCs, C1A1C5A,,
A1 B1 Ay By — npsgMOYTOJIBHAKHA.

ii. /lokakuTe, 9YTO JUATOHAJIHM STUX TPAMOYTOJIHHIKOB PABHbBI 1
IIEPECEeKaIOTCA B OJITHON TOYKE.

iii. Jlokaxkure, 9T0 ocHOBaHUs BbICOT Ay, By, Cy TpeyroJbHUKA
ABC nexar Ha TOH Ke OKPYKHOCTH.

iv. Jlokazkure, 4T0 paamyc ux oOOIIel OINMCAHHONW OKPY>KHOCTHU
paser R/2 rie R — paauyc onmcanuoii okpyxuoctu AABC.

v. Jlokaxure, yro opronenTpbl AA; B1CT u AAsByCy cummer-
PUYHBI OTHOCUTEIHLHO IIEHTPA OKPYKHOCTH JIEBATH TOYEK. BbI-
BEJIATE OTCIO/A, YTO LEHTP OKPYXKHOCTHU JIEBATU TOYEK — Ce-
peauHa orpeska OH.

vi. Paccmorpure cirydan npsiMoyroJibHOTO U TYIIOYTOJTbHOT'O Tpe-
YTOJIBHUKOB TI0 aHAJIOTUU C Y2Ke PA300PAHHBIM CJIYIaeM.

6. JlokaxkuTe, 9TO OKPYKHOCTH JIEBATH TOYEK TpeyrobHukoB ABC,
ABH, AHC', HBC coBnaJaror.

7. Hoxkaxkure, 4T0 KacarejbHast K OKPYKHOCTH JEBATH TOYEK TPE-
yronbanka ABC, npoBenénnas B cepemquae A, cropousl BC, na-

paJiiesibHA KacaTe/IbHOW K OITUCAHHOM OKPYZKHOCTHU TPEYTOJIbHUKA
ABC B Bepiune A.

8. Jokaxure, uro AOA1 Ay u AsOA; H — napaJiieiorpaMmbl.
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10.

11.

12.

13.

14.

15.

16.
17.

IIycTb, Kak 1 B 3amade 1, A3 — mepecedenue IPOIOJIZKEHUS Bbl-
corl AAy 3a Touky Ay ¢ onmcannoit okpyxkuocThI0O AABC, a
E — cepennna orpeska O H. Jlokaxkure, 910 paccrosuue or F 110
cropoubl BC' B WeThIpe pasa MeHbIte AAs.

Yeroipéxyroapuuk ABC'D, nunaronajm KOTOPOTO B3aUMHO I€p-
[EH/IUKYJISIPHBI, BIUCAH B OKPYKHOCTB. llepreHuKy/isapol, omy-
mennble Ha cTopony AD u3 Bepminn B u (') iepecekaioT auaro-
nam AC' u BD B toukax F u F' coorBercrBenno. Haitnmure EF,
ectn BC = 1.

[Iycte ABC' — oCTpOyroJibHBI TpeyroibHuK, H — ero opro-
nenTp. Jlokaxkure, 9TO ONMUCAHHBIE OKPYKHOCTU TPEYTOJILHUKOB
HBC, ABH, AHC paBHBI OIIUCAHHON OKPYKHOCTHA TPEYTOJIbHI-

ka ABC.

[Iycte ABC' — 0CTpOyTOJIbHBIN TpeyroibHuK, H — ero opro-
nentp. Jokaxkure, uro npsimbie Ditiepa TpeyroibankoB H BC,
ABH, AHC nepecekatorcs B OjfHOI Touke. Y10 310 3a TOUKA?

[Tycts ABC — ocTpoyrosbHbIil TpeyroabHuk, 1T’ — ero Touka Top-
pudesn. Jlokaxkure, 1To npaMmbie Jityiepa TpeyroybHukoB 1T'BC,
ABT, ATC nepecekaiorcst B 0JHOI Touke. UTO 9TO 3a TOUKA?
Onpedenenue mouwkyu Toppuuearu u nexomopovie e€ ceoticmaa darwl
6 3adaye 18 pazdena 2.1 0 dsusrcenua.

JlokazkuTe, 9TO ONMHUCAHHAA OKPYKHOCTH Tpeyroiabunka ABC aB-
JISIETCSI OKPYZKHOCTBIO JIEBATH TOYEK JJIs TPEYTOJbHUKA C Bep-
MUHAMHU B MEHTPaX BHEBIUCAHHLIX OKPYYKHOCTEN TPEyToJbHUKA

ABC.

Jlokaxkure, 9To npsiMas Jityiepa Tpeyroiabanka ABC' aBisieTcs
Tak»Ke IpsaMoit Ddittepa u Jjist Tpeyrobanka A BiCh.

Hokaxwure, uto AH = 2R - | cos LA]|.

(CLIA) TlycTh w — onmcanHast OKPYKHOCTb OCTPOYTOJTBHOTO TPe-
yroabanka ABC, a H u O — ero opToreHTp u IEeHTP W COOTBET-
crBerno. [lycre M u N — cepequnbt AB u AC' cOOTBETCTBEHHO.
Jlyau M H w N H nepecekaioT w B Toukax P u () cOOTBETCTBEH-
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18.

19.

no. [Ipameie M N u P() nepecekatorcs B Touke R. J[lokaxkute, 910
npsmbie OA u RA nepreH Ky sipHbI.

JokaxkuTte, aTo ecu npsiMast ditytepa O H neprieninkynsipraa Ounc-
cexTpuce yria A ocrpoyrosibHoro AABC, to ZA = 60°.

Tpeyronsuuk ABC' Buucan B OKpyKHOCTh w. Cropona AB ¢uk-
cupoBaHa, a Touka C' epeMernaercs 1o 31oit okpykuoctu. 1o ka-
KOl TpaeKTOpUM MepeMeInaeTcs OpToreHTp Tpeyroibauka ABC?
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6.2. OpwmeHTUpPOBaHHBIE YTJIbI

YacTo mpu pereHnn 3ajad BO3HUKAET HEOOXOIMMOCTH PAacCMaTpU-
BaTh HECKOJIBKO cilydaeB. MoxKeT oKa3aThbCsl, YTO TEKyIlee pereHne
3aJla4Ml OlMpaeTcsd Ha KOHKPETHBINI PUCYHOK, XOTd JAPyrue BapuaH-
ThI PACIOJIO?KeHUsT (DUTYP HA IJIOCKOCTH TOXKE BO3MOXKHBI. HOT 18 B
TAaKUX CJydasX MOTYT IIOMOYb TaK Ha3bIBaeMble OPUEHMUPOSIHHDLE
Y2A0L.

Onpenenenune 6.2.1. Opuenmuposartvim Yeaom MEHCIY NPAMbL-
Mu 1y u ly HA3BIBAETCS TAKOW Yroji, HA KOTOPBI HY?KHO ITOBEPHYTDH
IPSMYIO [; TIPOTUB YaCOBOI CTPEJIKM Tak, ITOOBI OHA CTaJja mapaJ-
JIeTbHa IPAMOit [y mim coBmaga ¢ uHeit. O6o3navaeTCsd OPUEHTUPOBAH-
ubiit yros depes Z(li,ly). Yribl, oTingaomuecs: Ha yroJi, KpaTHbII
180°, cunrarorca paBHBIMUA.

OTMeTnM HECKOJIBKO MPOCTBIX CBOWCTB OPUEHTUPOBAHHBIX YTJIOB:

o /(ly,ly)=0°.

o L(l1,ls) =0° <1 || Lo

o L(ly,ls) = ZL(l1,l3) & 1o || Is.

o L(l1,ly) = —ZL(la, 1y).

o L(ly,ls) + ZL(lo,13) = Z(14,13).
OxkasbIBaeTcst, YTO € TOMOIILIO OPUEHTUPOBAHHBIX YIJIOB OYEHb ITPO-
cTo hopMyIUpyeTcs KPUTEPUil MPUHA/JIEXKHOCTH YeThIPeX JTAHHBIX
TOYEK OJHOIl OKPYZKHOCTHU.
Teopema 6.2.1. Yemwvipe mourxu A, B, C u D (ne aescawyue Ha

00noT NpaMot) aestcam na 00HOT OKPYHCHOCTU M020a U MOALKO

moeda, koeda L(AB,BC) = Z(AD,DC).
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oxasameavemeso. Ilycrs roukn A, B, C, D je-
JKaT Ha OJHOI OKpyxkHOCTH, 8 Z(AB,BC) =
= «. Ecom D niexkut B TO# 2Ke TOJIYILIIOCKOCTH,
qro U Touka B orHOCHTeabHO mnpsamoir AC, To
ZADC = ZABC u Z(AB, BC) = Z(AD, DC).
Ecmm ke Touka D J€KAT 1O JPYTYIO CTOPOHY

ot npsimoit AC, ro ZADC = 180°—ZABC'". On-

HaKO PaBCEHCTBO OPUEHTUPOBaHHLIX YIJIOB CO-

xparnrcs: Z(AB,BC) = Z(AD,DC) =«a. O

Sagaun

1.

Touku A, B u C jexar Ha OKPYKHOCTH C IIeHTpoM B Touke (.
Hokaxure, aro Z(OA, AC) = 90° — Z(CB, BA).

Janbr Tpeyrosbauk ABC u Touka P mHa miockoctu. /lokazkure,
qro PA — KacaresbHast K OMUCAHHON OKPY?KHOCTH TPEYTOJIbHIKA

ABC Torja u Tosbko Torja, korja Z(PA, AB) = Z(AC,CB).

Ha oxpyxuoctn pacmnonoxensl Touku A, B, C' u D, a Takxe
npoBejieHbl Xopapl DX u DY | neprnenaukyigapubie npambiM BC
u AC coorsercreenno. lokaxure, uro AX || BY.

(Jlemma @ycca) JIBe OKPYKHOCTH Wy U Wo EPECEKAIOTCS B TOUKAX
P u Q. Ilpsamast, mpoxojgdmas depe3 ToUKy P, MOBTOPHO Iepece-
KaeT wy U wy B Toukax A u B coorBercTBenHo. /pyras npsvas,
MIPOXOJIAINas Yepe3 TOUKY (), MOBTOPHO MePeceKaeT Wy U Wy B TOU-
kax C' u D coorBercrBenno. [Jokaxure, aro AC || BD.

JIBe OKpy2KHOCTHU TepecekaroTcss B Toukax P u (). Uepes Touky
A mepBoit OKpYKHOCTH TMpoBeieHbl psaMble AP u AQ), mepece-
Kalolle BTOPYI0 OKPYKHOCThH B Toukax B u C. [lokaxure, 9T0
KacaTebHasg B TOYKe A K 1mepBoii OKpyzKHOCTH napaJsuienbia BC.

OKpyKHOCTH Wy 1 Wy TTepecekaroTcs B Toukax K u M. Yepes Tou-
Ky K mpoBejieHa KacareabHas K OKPY?KHOCTH W1, ITEPECEKAIOIIAs
wy B Touke A. Ilpsimasi, mpoxomsias depe3 Touky M mapasiieib-
no KA, nepecekaer w; U wo B ToYKaxX L u B COOTBETCTBEHHO.
Hokaxwure, uto KL || AB.
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10.

11.

12.

13.

14.

Tpu upsambie [y, ls, l3 mepecekatorcss B omHoil Touke. Touka A;
BBIOUpaeTcs mpousBosibHO. Touku Ao, Az, Ay, As, Ag, Ay osTyua-
FOTCsT TIOCJIEIOBATEIBHBIM OTPasKeHueM TOYKH A; OTHOCHTEIBHO
npaAMbIX [, lo, [3, @ 3aTeM CHOBa, OTHOCUTEJILHO [, lo, [3. Jokaxku-
Te, uto A7 = Aj.

Ucronb3yst OpueHTHPOBAHHBIE YIJIbI, JIOKAYKUATE, ITO BHICOTHI TPe-
YI'OJIbHUKA TIEPECEKAIOTCS B OJTHOU TOYKE.

Jokaxxure, aro ecou touku A, By, Ci nexar wa npsmbix BC,
C'A, AB cOOTBETCTBEHHO, TO OIHUCAHHBIE OKPY?KHOCTH TPEYTOJIhb-
nukos A1CB;, B{ACY, Ci BA; umeror obIIyi0 TOUKY.

JlaHBI OKPYKHOCTH Wi, Wo W W3, IMPOXOJSIIUE depe3 TOUKY X .
Bropast Touka mepecedennsi OKPYKHOCTEN wy U wo — TOYKA P, wo
1 w3 — TouKa (), w3 u w; — Touka R. Ha okpykuocTu w; BoiOpaHa
npomsBoJibHast Touka A. Bropas Touka nepecedenus npsimoit AP
¢ wy — Touka B, mpsmoit AR ¢ w3 — Touka C. [lokaxkure, 94T0
toukn B, C' n () mexar Ha OJTHOM MPSIMOIA.

Yerblpe OKPY’KHOCTH TIEPECEKAIOT APYT Jpyra IO IuKIy (T. e.
repBagd BTOPYIO, BTOpas TPETbIO, TPEThd YETBEPTYIO, YeTBEpPTad
[EepPBYI0) B YETHIPEX Mapax TOUEK. VI3BECTHO, M3 9TUX YETBIPEX
1ap MOYKHO BBIOPATH I10 OJIHONM TOYKE TaK, YTOOBI OHU JI€YKAJIU
Ha OJHOI OKPYKHOCTU WK IpaMoitl. JlokaxkuTe, 4T0 OCTaBIIHECs
qeThIpe TOYKU TOXKE JieXKaT Ha OJIHON OKPY2KHOCTU WU NPSIMOIA.

Han tpeyrosbauk ABC. Ha npsawmoit BC' nexar touku By u (),
npuaém £L(BA, AB;)+ Z(CA, ACy) = 0. JlokaxkuTe, 9TO IEHTPHI
OTMCaHHBIX OKpyzKHOCTel TpeyroabankoB ABB;, ACC:, ABCY,
AC By ntexxat Ha, OJIHO OKPYKHOCTH.

(Touxa Muxensn) Hau tpeyronpauk ABC. Touku Ay, By, Cy je-
»kar Ha npsaMbix BC', CA, u AB coorercTBenHo. /lokazkure, 910
ommcaHHble OKpYyzKHOCTH Tpeyrojbuukos ABC, BC1 Ay, CA1B;
epeceKaroTcd B OJIHOI TOYKE.

(O6o6wénnan meopema Cumcona) U3 toukm P mHa onmcanHoit
okpyzkHOCTH Tpeyrojabauka ABC mposesu upsmbie lq, I, u . Ta-
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15.

16.

17.

18.

19.

20.

Kue, 9TO
/(ls, BC) = £(l,,CA) = £(l., AB) # 0.

Jokaxkure, yro Touku nepecedenus I, u BC, [, u CA, I. u AB
JexkaT Ha OJHON IIPSAMO.

Tpeyrompauk ABC Bumucal B OKpyKHOCTE ¢ TileHTpoM O. OKpy K-
HOCTB MPOXOInT Yepe3 Toukr A nu O 1 MOBTOPHO IepeceKaeT Mpsi-
moie AB, AC' B Toukax B’, C' coorsercrsenno. Jlokaxkure, 910
oprouenTp rpeyroiabuuka B'C'O nexur na upamoii BC.

Han gersipexyroabuuk ABC D. lpsvbie AB u C' D niepecekaioTcst
B Touke K/, AD u BC — B Touke F. Jlokaxkure, 9T0 OKPY>KHOCTH,
onmcaHHbie 0K0J10 TpeyroabHukoB ABF, CDF, ADE u BCFE, 1e-
pecekatorcst B ool Touke M (mouke Mukean wemeepku npamvix
AB, BC, CD, DA).

JlokaxkuTte, 9TO B 0003HAYCHUAX IIPEIbLIYINeH 3a1a4un M — 1meHTp
HOBOPOTHOI roMoreTnu, nepesojigiieii orpesok BE B8 FD (u DE
BFB, ut 1.).

B Boimykiom gersipéxyrosbiuke ABC D OUCCEKTPUCH TTap YIJIOB
Au B, BuC,Cu D, D n A nepecekaiorcsi B pa3JIMIHBIX TOUKAX
Iag, Igc, Icp, Ipa cooTBeTcTBeHHO. JlOKaXkuTe, 9TO 9TU YeThIpPe
TOYKHM JIEZKAT Ha OJHONW OKPYKHOCTH.

[Iycts Ha croponax Tpeyroibauka ABC BO BHEIHIOI CTOPOHY
noctpoensl Tpeyrosbaukun A1 BC, AB1C' nu ABC Tak, 910 cymMmma
ux yryoB npu BepmuHax Ay, By u C kparna 180°. Jlokaxkute, 910
OKPYKHOCTH, OIIMCaHHbIe 0KOJI0 Tpeyroiabuukos A;BC, ABC n
ABC(CY, niepecekaroTcs B OJHOI TOUKe.

(Bceepoccutickas oaumnuada) B rpeyronsauke ABC memnanbt AM 4,
BMpg n CM¢ nepecekatoress B Touke M. [TocTpoum oKpyKHOCTD
Q 4, IpoOXoIAIILyIO Yepe3 cepeiauny orpeska AM um Kacaromyrocs
orpeska BC' B Touke M 4. AHAIOTMYHO CTpPOsiTCS OKPY2KHOCTH {25
u Q¢. Hokaxkure, aro okpyxkHOCTH (4, (g U ()¢ UMeOT OOIILYIO
TOYKY.
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6.3. CumeamaHna

Onpenenenne 6.3.1. Cumeduaroti mpeyzosrvrura ABC Ha3biBa-
ercd IpsgMasi, CUMMETPUIHas MeIUaHe OTHOCUTEILHO OUCCEKTPHUCHI
(MemaHa u GuCceKTpUCa MPOBEJICHBI U3 OJIHON U TOM K€ BEPIIUHbI).

Takoe omnpejiesieHne MOYXKET IMOKa3aThCs He BIIOJIHE €CTECTBEHHBIM, HO
OKa3bIBAETCS, ITO CUMenaHa BO3HUKAET B PAJe JPYIUX KOHCTPYK-
muit. 3ameTuB JIOOYI0 U3 HUX U HUCIOJIH30BaB IOCE ITOrO JPYrue
HOJXOJIAIINE CBOMCTBA CUMe/IMaHbl, HHOT/Ia MOKHO CYIIECTBEHHO CO-
KPATUTh Ipoliecc perrenns 3aa4qu. CBONCTBA U MPU3HAKUA CHME 1A~
HbBI, O KOTOPBIX UJIET PeUb, JAIOTCs CJIEIYIONUMHI TEeOPEMaMHU.

Teopema 6.3.1. [lycmv mouxa D aestcum na cmopone BC' mpe-
yeonvnuka ABC'. Ilpamas AD asasemcs cumeduanoli mpeyzorvtu-

BD  AB?
xa ABC' mozda u moavko moezda, k0204 —— =

CD AC?*

JlokazaTeIbCTBY 9TOI TeopeMbl TTOCBAIIEHa 3aa4da 4 9Toro pasjea.

A
Teopema 6.3.2. IIycmv mpeyzoronux ABC enu-

CaH 6 OKPYIHCHOCMDb, a KACATMEADHDIE K amoi

oxkpyosrcrocmu 6 moukaxr B u C' nepecexaromes 6
mouke K. Toeda AK — cumeduarna AABC.

OrMmeTuM, 9TO 37eCh HE TPEOYETCsT OCTPOYTOJbHOCTH B ¢
AABC.

K
I/ITaK, cuMeJunaHa — 39TO, C O,[LHOfI CTOPOHBI, IIpAMad, KOTOpad IIPOXO-

JIUT Yepe3 BePIINHY TPEYTOJbHUKA U JIETUT ITPOTUBOJIEZKAITLYIO 9TOM
BEPIIHE CTOPOHY B 33JaHHOM COOTHOIIEHWH, & C JIPYTO — 3TO Mps-
Magl, COeUHSTONIAsA BEPITUHY TPEYTOJbHUKA C TOYKOU IepecedeHunst
KacaTeJbHbIX K OIMCAHHOU OKPY?KHOCTU TPEYTOJIbHUKA, ITPOBEJIEH-
HBIX B JIBYX JPYIUX BepiuHax. T perbe CBOMCTBO CUMeINaHbl CBA3aHO
C HOHATUEM aHmunapatesets (W GHMUNAPANLENLHOLT TPAMDBLT ).
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Onpenenenne 6.3.2. I[lycto jBe mps-
MbI€ @ 1 b lepecekaroTces B ToUke X , a IIpsi-
Mble {1 1 {5 TIEPECEKAIOT ( COOTBETCTBEHHO
B Toukax A; m Ay, a b COOTBETCTBEHHO B
Toukax By u Bs. Bynem roBoputh, 9to £y
u Uy anmunapannreavive (MO OTHOIICHUIO
K IIape BEPTUKAJIBHBIX yIJIOB, 0Opa30BaH-
HBIX IpsIMbIMU @ 1 b), eciii Toukn Ay, Aj,
By, By nexat Ha OJIHON OKPY2KHOCTH.

Eciu ke npsimag ¢ npoxoaut depe3 Touky X (A; u By coBnajm), To
{1 u {5 HA3BIBAIOTCS GHMUNAPANLEALHDMU, €cJn {1 — KacaTeTbHasd K
onmcanHoi okpyxRuOCTH AAg By X .

Haszpanue «aHTUIAPALIETHLHOCTEY OIPABIAHO PABEHCTBOM YIJIOB (CM.
PHCYHOK, HAa KOTOPOM {9 aHTHIIApasuIebHa ¢ npaMbivu {1, £} u 0}),
KaK Obl «IIPOTUBOIOJIOXKHBIX» C TEMHU, KOTOPBIE JIOJIKHBI ObLTH ObI
OBITH PABHBI B CJIydae MapaJuIeIbHOCTHA TMPSIMBIX.

CBs13b aHTHUIIAPAJIICIBHOCTH U MOHITUST CUMETHAaHBI Ta8TCs CIIeIYIO-
UM YTBEPKJIEHHEM (CM. 0003HAUEHNST HA PUCYHKE).

Teopema 6.3.3. Ilycmov npamvie €1 u by aHMUNAPasLEALHDL OMHO-
cumenvho yeaa ¢ eepwunott X. Tozda cumeduarna AX A1 By, npo-
rodauyas wepes eepwury X, ecmv meduana AX Ay By, a meduana
AX Aq By, npoxodswasn wepes sepwury X , ecmo cumeduana AX AgBs.

,ILOK&3?],T€JIBCTBO 9TOI'0 d)aKTa MOMEHTAJIbHO IIOJIy1IUTCs, €CJIN CAeIaTh KOM-
IIO3UNUIO I'OMOTETHHN C I€HTPOM X u oceBoii CUMMETPpUN OTHOCUTEJILHO

ouccexkrpucel ZA1 X By Tak, urobnt AA1 X By nepemén B AAs X Bs.

C anTunapa/uieIbHBIMKA [PIMBIMUA YUTATEIb, KOHEYHO, BCTPEYAJICS
HeoIHOKpaTHO. K IHpuMmepy, eciim B OCTPOYTIOJLHOM TPEYTOJILHUKE
ABC nposenens! BoicoTbl AA; m BBy, To npsimbie AB u A1 B, anTn-
napaJuiebubl (oTHOCHTENBHO yryia L AC B, KOHEYHO, HO 3TO YIOMHU-
HAHUEe 9acTO He IIPUBOIAT, KOIJA U3 KOHTEKCTA SICHO, O YéM pedb; B
9TOM CJIy4ae TOBOPSIT IPOCTO 00 aHTUIIAPAJLIEIbHBIX TPIMbIX). JIpy-



Cumeanana 186

roit npumMep JIa€Tcsd BIUCAHHBIM YeThIPEXYTOJIBHIUKOM, IIapa IIPOTUBO-
MIOJIOZKHBIX CTOPOH KOTOPOT'O IIEpeceKaeTcs B HEKOTOpoit Touke. Toria
BTOpad Iapa IMPOTUBOMIOJIOKHBIX CTOPOH JIEKUT Ha aHTUTAPAJLIEb-
HBIX NPAMBIX.

Hakomnern, ¢ cumemanaMu TeCHO CBA3aHO HMOHATHE TapPMOHUYECKOTO
4eThIPEXYTOJIbHUKA.

Omnpenenenne 6.3.3. Briucannbrii yerbipéxyroabunk ABDC' Ha3bI-
BaeTcs 2apmonuveckum, ecmn AB - DC' = AC' - BD.

B nociietaeit riaBe KHUTM rapMOHUYIECKUN Y€ THIPEXYTOJLHUK U3YIaeTCs B
TOM YHCJIE C JAPYTUX MMO3UIUN: KaK YeThIPEXYTOJbHUK, BEPIITUHBI KOTOPO-
ro — rapMOHHUYECKasl IeTBEPKa TOUEK Ha OKPY2KHOCTHU. B wacTHocTu, mo-
9TOMY YeThIpEXYrobHUK HazBad He ABCD, a ABDC': coorBeTcTBYIOIIEi
TapMOHIIECKON TeTBEPKON B 9TOM CJIydae OKa3bIBaeTCs KaK pa3 YeTBEPKA
touek A, B, C, D (B naunom mopsijke). Tem He MeHee B 9TOM pasjesie
rapMOHMYECKUE YeTBEPKU HAM IIOKA He BCTPETATCH.

Teopema 6.3.4. /lan snucanmoili 6 0KPYHCHOCTID YEMBIPETY20NDHUK
ABDC. Caediyprowsue ycaosus sKk6UBANEHTHDL:

1. ABDC — 2apmonuvecku.

2. Huazonaro AD — cumeduarna AABC v ABDC.

3. Huazonaro BC' — cumeduarna AABD u AACD.

4. Buccexkmpucor yeaos A u D nepecexaromces na duazonasu BC.
5. Buccexmpucw, yenos B u C nepecexaromces wa duazonanu AD.

JlokazaTeIbCTBY 9TOI TeopeMbl mocBsIenbl 3amadu 10 u 11.

OrmeTnM, 9TO U3 IMOC/IE/IHENH TEOPEMbI CJIeyeT JIFOOOIBITHOE CBOM-
CTBO: €CJIM BO BIHMCAHHOM 4YeThipéxyrosbuuke ABDC KacatenbHbIe,
POBEJIEHHBIE K ONMUCAHHOI OKpYKHOCTH B BepimHax B u C, mepe-
cekaroTcs Ha mpsimoit AD, To KacaTesbHbIe, IIPOBEJICHHDBIE K 9TOM Ke
OKpYy?KHOCTH B BepiuHax A u D, nmepecekatorcst Ha npsimoit BC.
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Sagaan

1. B AABC nposejnen orpe3ok B;(CY, anTunapa/iiebHblii CTOPOHE
BC' ornocurenvuo /BAC, ¢ kounamu Ha npsmbix AB u AC' co-
orBercTBeHHO. JloKaxkure, uro npsmas AD — cumenunana AABC
TOIJIa ¥ TOJIBKO TOTIjIa, Korjaa oHa gaeuT BiC) mormosa.

2. okaxwure teopeMy 6.3.2.: KacaTe/JbHble K ONMUCAHHON OKPYZKHO-
CTH TPEyroJbHUKA, IIPOBEJEHHBIE B JIByX €r0 BepIINHAX, Iepece-
KaloTCd B OAHOI TOYKE C CUMEJIMAHON TPEeThell BePIIUHDL.

3. (Teopema IlImetinepa) Touku D u E na cropone BC Tpeyrosib-
nuka ABC BwiOpanbl Tak, ato /BAD = /CAE. Jlokaxure, 9410
AB? BD-BE
AC?  CD-CE’

Samevanue. s perennus 3Toi 3a/1a9u He TPEOYIOTCS CUMETUa-
HBI, OHA MOKET OBITh HCIIO/IH30BaHA B KAUECTBE JIEMMbI K CJIEIY-

IOIe 3a1a4e.

4. Jlokaxkute TeopeMy 6.3.1.: cuMenmana JIeJTUT TPOTUBOTIOJIOKHYIO
CTOPOHY B OTHOIIIEHWH KBaJpaToB OOKOBBIX cTOpoH. Jlokarkure,
9TO TPU CUMEJIUAHBI [IEPECeKA0TCs B OJIHON Touke (mouke Jlemy-
ana).

5. Ilycrs Buucannas okpyzxuoctb AABC kacaercs ero cropon BC,
CA u AB coorsercreenno B Toukax A', B’ u C'. [Jokaxure ¢
nomonipio cuMmenuan, uro BB, CC' u AA' nepecekatorcst B 01HOM
TOYKE.

Samevanue. Harromamm, 910 9Ta TOYKA Ha3bIiBaeTCsd TOUKON 2Kep-
TOHHA.

6. JlBe okpyx)uOCcTH Tepecekarorcss B Toukax M u K. U3 toukn A
OJTHO# OKPY2KHOCTH TTpoBosiTest siyun AM n AK | nepecekarorme
BTOPYIO OKPY?KHOCTH B Toukax B u C' coorBeTcTBeHHO. JloKaXKu-
Te, 9T0 MeauaHbl Bcex Taknx AABC, npoBeeHHbIe U3 BEPIIUHbBI
A, mpoxoagar depe3 (PUKCHPOBAHHYIO TOUKY.

7. B rpeyronbauke ABC orMedeH EHTP ONUCAHHON oKpyzkHOCTH O
u nposesieHa Meauana AM . OKpyKHOCTH wq IPOXOIUT depe3 B u
M u kacaercs npsamoit AB, a OKpyKHOCTB wy 1poxoauT depe3 C' u
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10.

11.

12.

M w xacaercs npsimoit AC'. JTokaxkute, 9T0 OKPYKHOCTH Wy U Wy
[IEPECEKAIOTCS HA OMUCAHHOW OKPYKHOCTU Tpeyrojbuuka ABC.

JBa xBajgpara AFGB nu ACDFE mocTpoeHbl Ha CTOPOHAX OCTPO-
yroJjibHOro Tpeyrosibanka A BC' BO BHENTHIO CTOPOHY (BCE MHOTO-
YTOJILHUKHU OJIMHAKOBO OpueHTupoBaHbl). [lycrs O — meHTp omu-
CaHHO# OKpyKHOCTU TpeyroyibHuKa AFF, a K — Touka mepe-
CeveHnsT KacaTebHbIX K OIMMCAHHON OKPY’KHOCTH TPEyTOJIbHUKA
ABC, nposenénnbix B Toukax B u C. Jlokaxkure, yro Tourn O,
A un K jtexxar Ha OJIHOI TPSAMOIA.

Touku A, B, C' nexar Ha OKpyKHOCTH w, npuiem AB = BC.
Kacarenpable Kk w B Toukax A m B mepecekaiorcss B Touke D.
[Ipssmas C'D nepecekaer w B Touke F. /lokaxkure, aro AE nenut
BD nonosam.

[Iycte ABDC — Buucannsiii. Jlokaxxkure, ato nuaronansb AD —

cumenana rpeyrobunka A BC Torja u TobKo Tora, Koraa AB-
DC = AC - BD, 1. e. ABDC — rapMOHUYECKHUIA.

,Z[OK&)KI/ITG, qTO cjieyromue yCJI0BUA IKBUBAJICHTHDI:

i.  Buumcannbrit gersipexyrosibauk ABDC rapMOHUYECKUit.

ii. Buccekrpucet LZBAC u ZBDC mnepecekaiorcsi Ha TPsIMOit

BC.

iii. Buccexkrpucet ZABD u ZACD muepecekaiorcsi Ha TPsMOL
AD.

(Bcepoccutickasn orumnuada) B AABC nposenena GuccekTprca
BD (rouka D nexut na orpeske AC). Ilpamas BD mepeceka-
eT OKpPY:KHOCTDH 2, onucanuyo okojgo AABC, B Toukax B u FE.
OKpyKHOCTh W, TIOCTpOEHHAasT Ha oTpe3ke D F Kak Ha Juamerpe,
nepecekaet ) B roukax F u F. Jlokaxkure, 910 mpsiMast, CAMMET-
puunas BF' otHocurenvrHo BD, conepxkut memnany AABC.
Vrxaszanue. Uccnemyitre dervipexyronbank BAFC #Ha rapMOHIY-
HOCTb.
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13.

14.

15.

16.

17.

18.

19.

20.

Ha mayre BC', ommcannoit okpyxuoctu AABC, He cojep:karieit
Touky A, Bbibpana Touka P Tak, uro ZBAA; = /PAC (A; —
cepesmaa BC'). [Tyctb OKpyKHOCTD, IPOXOIsias Yepe3 Touku Ag
n P, nepecekaer croporny BC' B Touke X, a ONUCAHHYIO OKPYZK-
Hocth B Touke Y. Jlokazkure, uro toukn A, X m Y jexar Ha
OJTHOU IIPAMOY.

Yeroipéxyroapauk ABC' D — suucanusrii. [1pojioskennst ero mpo-
THBOIIOJIOYKHBIX CTOPOH Tepecekaiorcs B Toukax P u Q). [lycts K
u N — cepeaunbl quaronaseii. Jlokaxkure, uro ZPKQ+/PN(Q =
= 180°.

(lToavwa) Tpeyronpuuk ABC panobeapennsiit, AC' = BC. Ilycrp
P — rouka Buytpu AABC rtakas, uro /PAB = /PBC. Ilyctb
M — cepemuna AB. Jlokaxwure, uto ZAPM + /BPC = 180°.

Jlan paBHOOeIpeHHbIi TpeyroabHuK ABC ¢ paBHBIME CTOPOHAMM
AB u AC, a takxke Ttouka M — cepenuna croponsl BC'. Haii-
JINTE TeOMETPUIECKOE MHOYKECTBO TOUeK P BHYTPH TPEyTOJIbHUKA,

takux, uro ZBPM + ZCPA = 180°.

Tpeyronmbuuk ABC' — HepaBHOOEIPEHHBIN U HEIPSIMOYTOJIbHBIA,
O — nenTp ero ommcaHHoit okpyxHoctu, a A, By u C; — ce-
peaunbl ctopon BC, CA u AB coorBercrBenno. Ha yae OA;
BbIOpana Touka A; tak, uro AOAA; ~ AOAA. Toukun By u Cy
Ha jgydax OB; nu OCy onpejeiensbl aHajgorudHo. Jlokaxkure, 9To
AA,, BBy u CCy iepecekaroTcss B OTHOM TOUKE.

Jlau octpoyrosibHbIil Tpeyroabank ABC u Touka X BHyTpH HETO.
[lycrs /BAX = LZACX nu LOAX = ZABX. Torna touka X

JICZKUT Ha CUMeruaHe BEePIIMHDBI A.

(Bvemmam) Okpyxuoctn w u ) nepecekatorcss B Toukax A u
B, a P() — ux obmas Kacarenbhas. Kacare/ibHble K ONucanHoi
okpyxuoctn APQA B Toukax P u () nepecekaroTcs B ToUke S.
[Tycts Touka H cummerpuana Touke B oTHOCcHTEbHO PQ). Jloka-
)xure, uro A, S u H jiexkar Ha OJHON ITPSAMOIA.

B octpoyromsaom AABC' na croponax AB u AC ormedeHbl co-
orsercrBerno Touku M u N tax, aro M N || BC'. Ilpsmbie BN n
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21.

22.

23.

C'M nepecekatorcst B Touke P a omrcanubie okpy:kuoctu ABM P
u ACN P nepecekaiorcst B Touke (), oruanoit ot P. Jlokaxkure,

aro LBAQ = ZCAP.

B ocrpoyromsnom Tpeyronbanke ABC nposeneHa Boicota AD K
cropone BC', a Takxke ormeuena cepeguna M cropoust BC' u op-
torenTp H. [lycts F/ — TOYKa nepecevdeHns OMMCaHHON OKPY2KHO-
ctu Tpeyronbauka ABC u nyaa M H, a F' — Touka niepecevdeHust
npsiMoit E D ¢ onrmcaHHON OKPYZKHOCTHIO EpeyFOHBHI/IKa ABC, or-

Jsmanas ot F. Jlokaxure, 4To °F ~ AC
(CIIA) Tpeyrombuuk ABC' Brimcan B OKpY?KHOCTB w. Kacaresb-
Hble K W B Toukax B u C mnepecekaiorcs B Touke 1. Touka S
sexut "Ha jgyde BC rak, aro AS | AT. Touku B; u C nexar Ha
ayde ST (Cy nexur mexay By u S) tak, uro BT = BT = CT.
Hokaxure, aro AABC nu AAB;C} 110100HBI.

JIBe OKpPYKHOCTH Wi U Wy ¢ HeHTpamu (7 n Oy mepecekaTca B
roukax A u B. [Tycrs T1T; — ux obmas kacarenbnas (T — ToUka
Kacauust ¢ wy). U3 touek Ty u Ty x upsamoit OO0y tipoBesn mep-
MEeHIUKYJISIPbI ¢ ocHOBaHusiMu S7 u Ss. okaxkure, aro Z0; A0,
BiBOE Gosiblne, yeM /S1AB.
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6.4. UV30roHajibHOE COINPSKEHUE

Paccmorpum tpeyrosbauk ABC u mpo- B
U3BOJIBHYIO TOYKY P, He JieKallyio Ha
ero omnucaHHoit okpyzxkuocTH. OKa3bl-
BAaEeTCs, UYTO €CJIU OTPA3UTh HPsMbIe
AP, BP u CP OTHOCHUTEJIbHO COOTBET- \
CTBYIOIIUX OUCCEKTPUC TPEYTO/IHbHUKA, / Q 2\
TO TIOJTy9YeHHbIE TIPsAMbIe TlepecekyTes B A C
onuoit Touke (). Touka () HaspIBaeTcs obpaszom mouku P npu uso-
2OHANLHOM CONPANCENUY, OTHOCUTETbHO Tpeyroibuuka ABC. Jloka-
3aTh 9TO HECJIOXKHO C ITOMOIIBIO TeoOpeMbl UeBbI B TPUTOHOMETPUYE-
cKoit popwme.

Teopema 6.4.1. [lycmv P — mouka, ne aescawas Ha onucaHHot
oxpyosrcrocmu mpeyeorvrurka ABC, 1y — npamas, cumMmempurHas
npamot AP omnocumenvro buccexmpuco, yeaa BAC. Ananozuvmo
onpedesum npamoie lg ulo. Tozda npamovie La, lp u lo nepecexaromes
6 00HOT MouKe.

Joxazameavcmeo. PaccMoTpum citydait, Korja Touka PP JIeyKuT BHyT-
pu TpeyrojbHUKa. Bocrmoab3oBaBimmck TeopeMoit YeBbl B TPUTOHO-
MeTPHUIECKOi popMe, IOy IUM
sin Z/CAP sin ZABP sin ZBCP
sin /PAB sin /PBC sin/PCA

[Tycts psamast |4 mepecekaer orpe3ok BC' B Touke A;. AHAJOrHYIHO
onpenenum Toukn By u Cy. IlockonbKy 4 1 AP cuMMeTpUYHBI OT-
HocuTebHO OuccekTpuchl yria BAC, /CAP = ZA1AB, /PAB =
= /Z(CAA,. AnajorndaeiM 00Opa3oM MBI MOXKEM IOJIyUUTH PaBEH-
crBa ZABP = /B,BC, /PBC = /ByBC, /BCP = /CiCA n
/PBC = ZBC(C}. Ucnionb3yst 3TH PABEHCTBA, MOJIyYaeM

1.

sin ZCAA; sinZABB; sin/BCC;
sin ZA;AB sin ZB,BC sinZC,CA
B (sinZC’AP sin /ABP sinéBC’P)_1 _

sin /PAB sin /PBC sin /PCA
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[Tocieinee o3nadaeT, 4ToO 1O TOH Ke TeopeMe UeBbI B TPUTOHOMET-
pudeckoit popme tpsmbie L4, g U [o IepecekaioTcss B OJIHON TOYKe,
YTO U TPeDOBAJIOC.

s ToueK BHEe OKPYKHOCTH JIOKA3aTeIhCTBO AHAJOTWYHO, TOJIBKO
TeopeMa eBbl B TPUTOHOMETPUUECKON (hopMe J0JIZKHA HCIOJIB30-
BaThCs JIJIsT OPUEHTUPOBAHHBIX yryioB. Hampumep, sin ZC AP Hy»KHO
noMmeHATh Ha sin Z(C'A, AP).

B caygyae TOYKHM Ha ONMCAHHOI OKPYXKHOCTH OTPayKEHHBIE IMPSIMBIE
Oy/LyT apa/IeTbHbI. ITOT (DAKT TUTATEIIIO TIPE/JIATAETC JTOKA3aTh
B OJIHOI W3 3aJ1a4 JAHHOTO Pa3Jesia. U

Onpenenenne 6.4.1. JIBe nmapbl npsiMbIxX [ 1 [y HA3BIBAIOTCS U3020-
HAAAMU YTJIa, 0OPA30BAHHOTO HPSIMBIMU [3 1 [4, €CJIU OHU IIEPEXOIST
JPYT B JIpyra OpU CHMMETPUH OTHOCUTEJIbHO OMCCeKTPHUCHE (15060 )
9TOTO yIJIA.

Onpenenenne 6.4.2. [Ipsamas [; HA3BIBACTCS U3020HAABI0 K NPAMOL
[ OTHOCUTEJIBHO JJAHHOT'O YTJIa, €CJIH [y U [y — W30TrOHAaJM 3TOrO yIJIa.

[Ipu perieHnn 3aa4 MOYXKET OKA3aThCs MTOJIE3HBIM CJIEIYIONIHI (haKT.

Teopema 6.4.2 (06 uzoronansx). ITycmo OB u OC — usozonanu
yeaa AOD, npamvie AC u BD nepecexaromes 6 mouke Q, npamoie
AB u CD — 6 mouxe P. Toeda OP u OQ — makotce u3020HaA1

yeaa AOD.

N3zoronanbHoe colpsizkeHne MOYKHO PacCMaTpUBaTh HE TOJIBKO OTHO-
cuTe/IbHO TpeyroyibHuka. JIBe Touku P u () HA3BIBAIOTCS U30TOHA -
HO CONPSIZKEHHBIMU OTHOCUTEJIBHO deThipéxyroibanka ABC D, ecin
AP un AQ — uzoronasu yria A, BP nu B() — w3oronaym yriia B u T. 1.
OjHako majieko He Jiist J1060# Toukn P Ha IIOCKOCTH CYIIEeCTBYET
€€ N30rOHAJIBHO CONPsAZKEeHHasd, B OTVIMYME OT Caydas ¢ TPeyTroJIbHU-
koM. Cuenrytoruii pakT gaéT KpUuTepuil CynecTBOBaHUS /Il JTAHHOMN
TOYKM €€ U30I'0HAJIbHO COIIPsI?KEHHOM!.

Teopema 6.4.3. B yemupezryzorvruxe ABC'D das mouku P cywe-
CMBYEM U3020HAABHO CONPAHCEHHAA TOUKE M020a U MOALKO Mo20a,

koeda L(AP,PB)+ Z(CP,PD) = 180°.
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Sagaan

1. Jlokaxkure, 4TO IPU M30INOHAJIHLHOM COIPSYKEHUN 00pa3 TOYKU MOK-
HO TaKzKe IMOJIyYUTh CAMMETPUel OTHOCUTETHLHO OUCCEKTPUC BHEIII-
HUX YTJIOB TPEYTOJbHUKA.

Jpyeumu crosamu, He 6aAHCHO, OM SHYMPEHHUT UMY SHEWHUT
buccexmpuc npoucrodum ompasicenue, peayivmam bydem 00un
U Mom dice.

2. Ha mmockoctn manbl npsiMbie i, o, mepecekarormuecss B Touke O,
u Ttouka P. Ilycte Hy m Hy — upoexknuu Touku P Ha [} u o
COOTBETCTBEHHO; [3 — mpsiMasi, cumMeTpudnass O P OTHOCHTEILHO
OuCCceKTPUCHl yTiia, 00pa30BaHHOrO MpsiMbiMu [y U [o. Jlokaxkure,
qT0 l3 1 Hng.

3. Hamsr rpeyrossauk ABC u Touka P, He jiexkalasi Ha ero OlnucaH-

Hoit okpyzxkuoctu. Ilycte Ay, By u (] — TOYKH, CUMMETPUIHBIE
P ornocurensuo npsambix BC, CA u AB coorBerctBenno. lo-
KayKnTe, 9T0 U30r0HaJb K npsamoit AP orHocurensho yria BAC
SIBJISIETCS CEPEIMHHBIM TIEPIEHINKYIsIpOoM K oTpe3Ky BiCh.
Tpeyzonvruk, 06pa306anHvill npoekyuAMy mowkyu P na cmoponwl
mpeyzorvhuka ABC, nazvieaemcs nedasoHbvim mMpey2osbHUKOM
moukyu P omnocumeavno mpeyzoronura ABC. B mo oce epemas
mpeyzosvhuk Ay B1Ch Hasveaemces yodsoeHHvM nedasvHbM mpe-
Y2ONOHUKOM.
U3z smot 3adavu caedyem, wmo usozonaau x npamvim AP, BP
u C'P omnocumensvho coomeememsyowus y2a06 mpey2orvHu-
K4 NePeceKaromes 8 uenmpe ONUCAHHOT OKPYHCHOCTU YOB0EeHHO-
20 nedasvrozo mpeyzorvrura mouku P. Tem camvim noaywaem-
cA 2eomempuueckoe d0KA3AMENLCTNEO OCHOSHOT MEOPEMBL IMO20
pasdeaa (ne ocnosarnoe Ha meopeme Heawl).

4. Wcnonb3yst U30roHajbHOE CONPSAXKEHUE, JIOKAXKUTE, 9TO BBICOTHI
TPeyTOJIbHUKA TTePeceKaloTcs B OJIHON TOYKeE.

5. Ha mrockoctn san Tpeyrosibauk. Haiiimre Bce TOUKH MI0CKOCTH,
ocTaloIecss Ha MecTe MPU M30TOHAJHLHOM COMPSIXKEHUU OTHOCH-
TEJIbHO 9TOT'O TPEYT'OJIbHUKA.
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6. Hamer Tpeyronbauk ABC u Touka P Ha €ro onmcaHHOW OKPYK-

10.

11.

Hoctu (He coBnagaomas ¢ A, B u C'). [Jokaxure, 9T0:

i. wmzoromamu K npsmbiM AP, BP u C'P 0THOCHTE/IBHO YTJIOB
CAB, ABC n BCA napa/ieibHbI IpYT JPYTY;

ii. (*) oT; npsamble HepreHAUKyIAPS psiMoit Cumcona Touku P
(em. paszen 6.6).

B tpeyronbank ABC' Buucan surc ¢ pokycamu Fy u Fy. Jloka-
JKUTe, 9T0 TOYKU F1 1 Fy M30roHAIBHO CONPSI?KEHBI OTHOCUTEIHHO
tpeyrosibauka ABC.

Hanomnum onpedenenue aarunca, danroe paree 6 3adavwe 17 pas-
deaa 1.5. Dasuncom Ha3vi8AEMCEA 2€0MEMPUYECKOE MECTNO MOYEK
M naockocmu, cymma paccmoanuti om Komopuxr 0o 08yxr J0ar-
noix mouex Fy u Fy nocmosnuna: MFy + MFy = const, npuyuém
Koncmarma 6 nmpagoti wacmu bosvue daunv, ompeska FiFy. Oa-
AUNC HA3DIBACTNCA BNUCAHHDLM 6 MPEY20ADHUK, ECAU OH KACAEMCA
Kaotcdoti U3 CMopor IMo20 Mmpey20sbHUKG.

,Z[OK&)KI/ITG, 9TO IIPOCKIHUHU JIBYX H30I'OHAJBbHO COIIPA2KEHHBIX TO-
Y€K Ha CTOPOHBLI TpeyIroJIbHUKa JIezKaT Ha O,ILHOI71 OKPY2KHOCTH.

(Touxu Bpoxapa) Jlokaxkure, uro BHyTpHu Tpeyrojbhuka ABC
HaIyTCs eIMHCTBEeHHbIe TOUYKN P u () Takue, ITO

/PAC = /PBA = /PCB, /QCA = /QAB = /QBC.

Takxke moxkaxkure, 970 TOUYKA P 1 () M30rOHAJBHO COIPSIZKEHBI
OTHOCHTEJIbHO TpeyroJibanka ABC.

Croponsr Tpeyroabanka ABC Buanb u3 Touku 1’ o yriaom 120°.
Jlokaxkute, 9TO NpsiMble, cuMMerpudHbie TpaMmbiM AT, BT u CT
orHocuTebHO TpaMbIXx BC', CA u AB cOOTBETCTBEHHO, Ilepece-
KaIoTCs B OJIHON TOYKeE.

Jansr Tpeyroabank ABC' 1 mapa n30roHAJIBHO COMPSI?KEHHBIX TO-
qek P u () BuyTpnu mero. [lycte M — cepequna PQ), a ApBpCp
n AgBgCq — nenaibHble TPeyrojabHUKH Touek P u () cooTser-
CTBEHHO OTHOCHTEeIbHO Tpeyroibauka ABC. Jlokaxkure, 910 pa-
JIUKaJIbHBIN IIEHTP OKPYZKHOCTEl, IOCTPOEHHbIX Ha oTpe3kax ApAg,
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12.

13.

14.

15.

16.

BpBg n CpCg Kak Ha JuaMeTpax, N30IOHAJIbHO COIPAKEH TOUKe
M otnocutenbHo Tpeyrosbanka ABC.

B Boimyksiom getsipexyrosbiauke ABC D yrunt A u C' pasubr. [lo-
KaykuTe, 910 npoeknun Touku D Ha npsimbie AB, BC, C'A u ce-
pemuna otpeska AC' jexkar Ha OJHON OKPY’KHOCTH.
B ocrpoyromsaom Tpeyrosbauke ABC

touka M — cepeauna BC, H — oc-

HOBAHUE BBICOTBI, MPOBEJAEHHON W3 A Ha

npamyio BC. Touku P u () BHyTpH yrI-

na BAC Bwibpanbl Tak, uro /BAP =

= LZCAQ, BP 1 PA, AQ 1 QC (cm.
pucyHOK). Jlokaxkure, aro Touku P, Q, M

u H jexar Ha OJHON OKPYZKHOCTH.

Han tpeyronbauk ABC', na Boicore AH 4 M,
KoToporo BeiGpana Touka K. lpsaveie B _~p  H N\ C

BK u CK mnepecekator npsmbie AC' 1 AB B Toukax Kg u K¢ co-
orBercrBenHo. Jlokaxkure, uro AH 4 — Ouccekrpuca LKgH 1 K¢.

(Mocxoscras Mamemamuueckas Oaumnu-
ada) Touka P BHYTpHU TpeyroyibHuKa P Ta-
koBa, uyt0 /PBA = /PCA (cMm. pucy-
HOK). [lycte By u C] — TIpOeKIun TOYKH
P na cropoust AB u AC coorBercTBeH-
no, M — cepenuna BC. Jlokaxurte, 4UTO
MBy = MCY.

OKpyKHOCTH w; U Wy TTEPECEKAIOTCS B TOU-
kax A u B, O — nenrp w;. Ha wy BoIOpana

touka X, a npsmbie X A u X B BTOpUYHO B
nepecekatoT wy B Toukax C'u D cooTBeTCTBEHHO (A JIEXKUT MEK Ty

X u C, B nexur mexxay X u D). [lycts P — To9Ka, N30roHAJIBHO
comnpsizkenHast Touke () orHOCUTETbHO Tpeyrosbauka X C'D. Jlo-
KaykKnTe, 9TO TOYKa P JeXKUT Ha (PUKCUPOBAHHON OKPYKHOCTH,
He 3aBUCHINEN OT BbIOOpa TOUKU X .

M  C
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17.

18.

19.

20.

Janbr yerbipexyronbauk ABC D u touka P. Jlokazkure, 4To eciim
TPU U3 YeThIpeX UpaMbx, cummerpudnbix AP, BP, C P, DP or-
HOCHUTEJIbHO OMCCEKTPUC COOTBETCTBYIONINX YTIJIOB, IEPECEKaIOTCs
B OJIHO TOUKe (), TO YeTBepPTasd TaAKKe MPOXOIUT depes3 ITY TOUKY.

Haner gersipexyronbuuk ABC'D u touka P. Jlokaxkute, 910 TOY-
K&, N30TOHAJbHO CONpPAKEHHAA P OTHOCUTEILHO YeThIPEXYTOJIb-
HUKa, CYIIECTBYET TOTJia U TOJHKO TOTJIa, KOTJia Npoekimu P Ha
CTOPOHBI JIesKaT Ha OJIHOM OKPYZKHOCTH (IIpUYeM Ha 3TOi OKPY K-
HOCTH JIEZKAT ¥ TPOEKIUU U30MOHAJBHO CONPSYKEHHON TOYKN ).

[Iycts [ — nentp Buucannoit B yetbipéxyroibauk ABC D okpyx-
noctu. Ha orpeskax Al u CI BeiOpanbl Touku P u (), npudiem

1 1
ZPDQ = EZADC. Hokazxkure, uro ZPBQ = ELABC.

B tpeyronbauke ABC Ha cropone BC' BeiOpana Touka D. OKpyK-
Hoctu ¢ rieaTpamu Iy u Iy Bimcansl B Tpeyroibauku ABD u ACD.
[Iycte M — Touka KacaHus BIIUCAHHON OKPY?KHOCTHU TPEYTOJIbHI-
ka ABC co croponoit BC. dokaxure, aro £ M Iy = 90°.



197 Komiutekcabie ynciaa

6.5. KomMmIiekcHbIe YucJia

Onpenenenne 6.5.1. Komnaekcroe 4ucao z — 910 yHOPsIOIeHHAS
rapa BeIeCTBEHHBIX YHCeJl X U Y, 3alUchbIBaeMas B popMme 2 = x+1y.

B npunimume, ¢ Tem ke yCrnexoMm KOMILJIEKCHOE YNCI0 MOYKHO ObLJIO ObI 11-
caTb " Kak z = (x,¥y), HO yJ0OCTBO BBEJIEHHOTO BBl 0OO3HAUEHMsT 00Y-

CJIOBJICHO CJICJIYIONIAM OIPEJICJICHACM.

Onpenenenue 6.5.2. IIpoussederuem KOMNACKCHOIT YUcCes z1 =
=2y +iy; U 23 = Ty + 1Yo Ha3BIBaETCsI IKCIIO (0OO3HATAEMOE 21 * 23)
BUIA (7179 — Y1Y2) + i(T1Y2 + Ty ).

C OMOIIBIO TAK BBEJIEHHOI OlepaIuy Y MHOXKEHUST TUCE]T MOXKEM CPa-
3y BeramcanThb npoussegenne (04 ¢ - 1) - (0 + 4 - 1) (koropoe, Ko-
HEYHO, B IEJIAX COKDAIIEHUS 3alMCH IUIIYT KaK i - 1): OHO PABHO
(0—1)+1i(0+0) = —1. Komrurekcrnoe qucio z = i (B pa3BeépHyTOi

sarmcu 310 9ucao 0+ i - 1) HasbBarOT MHUMOU edunuyed.

Onpenenenne 6.5.3. Cymmold u pasHocmvio JIBYX KOMILIEKCHBIX
qucesl 7y = T1 + Y1 U 29 = To + 1Yo HAZBIBAIOTCA YUCHA 27 + 29 =
= (x1+22)+i(y1+ye) u 21— 29 = (x1—22)+i(y1 —Y2) COOTBETCTBEHHO.

[IpousBegeHne KOMILIEKCHOTO YHC/Ia 2 Ha BEHNIECTBEHHBINR CKaJsIp o
MOYKHO CUNTATh YK€ OIPEJICIEHHBIM, €CJIM OTOXKIECTBUTD PE3yJIbTAT
9TOI olepaIuu ¢ pe3yIbTaToOM YMHOXKEHUsI 2 Ha KOMILIEKCHOE THCJIO
a—+1-0.

Tenepb 00Cy/ MM MOTHBAINIO KO BBEJIEHHIO KOMILIEKCHBIX YHUCEJ U
OIPEJIeIEHNIO OllepaIii HaJl HUMU (B 9ACTHOCTH, YMHOYKEHUST ) TAKIM
00pa3oM, KaK YKa3aHO B OIPeJIeJIEHUN BbIIE. Y MHOXKEHUE OIIpejie ie-
HO TaK, YTOOBI IIPU BBIIOJTHEHUN apUMMETUIECKUX OlepaIuii MOXKHO
OBLIIO paCKPbIBATH CKOOKI «II0 IIPUBBIYHBIM IIPABUIAMS, HO C YIETOM
cootHomenns i2 = —1. Yrnopsjo4ennas napa BeMIeCTBEeHHBIX THCE,
KaK U3BECTHO, 38JIa€T TOUKY Ha ILIOCKOCTH. [loaToMy 1 KOMILIEKCHOE
YHCJI0 €CTeCTBEHHO TPAKTOBAThH KaK KOOPJIUHATHI HEKOTOPOI TOUKH U
Ha3bIBaTh 3TO KOMILJIEKCHOE YUCJIO KOMIIJIEKCHOII KOODAMHATON TaH-
HO# TOYKN. DaKTHUYECKN T'€OMETPUYECKUI MOX0/ K KOMIIJIEKCHBIM
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qucJiaM MOBTOPSIET BECh IIyTh, TPOIIEHHBIN B 9TOI KHUTE B pa3Jese
0 KOOPJIMHATHBIX METO/IaX, U BCe 3a/a4H, PellacMble B 9TOM pas/ierie,
MOXKHO OBIJIO OBbI PEmUTh U B OOBIYHBIX JIEKAPTOBLIX KOOP/IMHATAX.
Ho momommuresnbHOE yI06CTBO KOMILIEKCHBIX YUCE COCTOUT B HAJIU-
YUU yMHOXKEHUs (JJId TOYEK WJIM JIJisi BEKTOPOB Ha ILJIOCKOCTU MbI
HE PacCMATPUBAJIM KAKOrO ObI TO HU OBLIO Crocoba yMHOXKUTH 3THU
TOYKHU WU BEKTOPBI JPYT Ha Jpyra Tak, UYTOOBI CHOBA ITOJIYYHJICS
BEKTOP WJIM TOYKA HA TOU K€ TJIOCKOCTHU: JlaXKe BEKTOPHOE ITPOU3Be-
JIeHNe JIABAJIO XOTh U BEKTOP, HO OPTOTOHAJIBHBIN 110cKocTH ). [Ipa-
BUJIA YMHOXKeHUs (M JIeJIeHHsI, KOTOPOE Mbl CKOPO OIIPEJIETIM) JIAI0T
JIONIOJTHUTEJIbHbIE BO3MOYKHOCTH OTHOCUTEJILHO CTaHJIAPTHBIX BEKTOD-
HBIX Ollepaliuil.

Onpenenenue 6.5.4. Komnaexcras xoopdurnama TOUKA C PAJITYCOM-
R T .
BEKTOPOM T = y) 9TO KOMILIEKCHOE YUCTIO0 Z = T + 1Y. DTO XKe

KOMILJIEKCHOE 9UCJI0 HAZBIBACTCHA KOMNAEKCHOT KOOPIUHAMOT YKA3AH-
HO20 8EKMOPa T

- 1
MozkHO 1 BOBCE CUMTATDH, UYTO BBEJEHDLI /iBa 0a3UCHBIX BeKTOpa 1 = (

0

—

- 0 - -
ui= (1 U TIATIIETCd pa3jioxkenne z = x - 1 4y - 4.

MuozxkectBo TOYeK {z +i-0 : z € R} MOXKIO OTOXKIECTBUTHL CO
MHOXKeCTBOM Bcex Touek ocu OX.

JL1s KOMILJIEKCHOTO Yucjia 2 = & + 1y OyJeM pacCMaTpUBATh TaKzKe
ero sewecmeennyto wacmo r = Re z 1 muumyro wacmo y = Imz, a
Tak:Ke MoOyav |z| = /22 + y? U KOMNAEKCHO-CONPAHCEHHOE YUCAO
zZ=x—1y.

YrBepxkaenue 2. /laa eécaxozo z # 0 cywecmsyem edurcmeennoe
Komnaexcroe wucao (ob6osnauaemoe 2~1) maxoe, wmo z - 27t = 1.
1

z
Mo Yucao0 pasHo 2= = ——.
|22

C IIOMOIIBIO ITIOCJIEAHEI'O YTBEP2KACHUA MbI 1IOJIy9aeM BO3MO2KHOCTD
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JEJINTh JII0ObIe KOMILJIEKCHBIE YHCJIa, Ha, JIIOObIe HEHYJIEBbIE KOMILJIEKC-
HbI€ 9uCJIa.

Komrutekcnbre unciia y00HO TPEJICTaBIATh B pa3/IMnIHbIX (pOpMax.
Qopwma 3anmch z = x + iy Ha3bIBAETCS A.42e0paueckoti hopmoti KOM-
IJIEKCHOTO YHcyIa. BBeaéM Tak:Ke mpuzoHoMempuueckyto m IKCNo-
Heryuaavhyto dopMbl. s mepexoja K TPUTOHOMETPUUECKO# (hop-

Me BBIHECEM 3a CKOOKH MOJyJb: 2z = |z| |x_‘ + Z’_y| . Be mapobu
z z

B CKOOKaxX — KOCHHYC U CHHYC yIJIa (0 HAKJOHA pajnyca-BeKTOpa C
KOMILIEKCHOI KoopaunaToit 2z k ocu OX. Ilosromy MBI MOXkKeM 1aTh
cJIejlyIoliee olpe/ieseHue.

Onpenenenne 6.5.5. Tpuzoromempuyeckots gopmoti 3anucu, KOM-
IIJIEKCHOT'O YHCJIa 2 Ha3blBaeTCs IIpeJiCTaBJIeHHe 3TOI0 Yucja B BUJE
z = r(cosg +ising), tae r = |z|, a ¢ — OpPUEHTUPOBAHHBII yroJ
MeXKTy PaJIIyCOM-BEKTOPOM, 3a/laBaeMbIM HEHYJIEBBIM UYHCJIOM 2 U
MOJIOKUTETLHBIM HarpasyenueM ocu OX.

Jljist HyJIEBOrO KOMILIEKCHOTO YHCJI& B IIPEJICTABJIEHUN BBIIIE JI0CTa-
TOYHO B3ATh 1 = 0 u Jio6oe 3HAYEeHUE .

Yron ¢, 3ak/a09¢HHbIT B noayuaTepsase [0, 27), Ha3bIBACTCS ap2y-
mernmom (& TOUHee, 2AA6HbIM AP2YMENMOM) HEHYTIEBOIO KOMILJIEKC-
HOTO IHCJIA 2, €CJIN 2 IPEJICTABIACTCA B BIE (oS p+isin @) (mmumry T
© = arg z). s Hy1eBOro KOMILJIEKCHOTO YHC/Ia apIyMEHT He OIpe/ie-
nén. Ha 6otee 061X onpe e/ ieHusIx apr'yMeHTa, KOMILIEKCHOT'O YUCIa
MBI OCTAaHAB/IMBATLCA He OyaeM, U OHM HaM He norpebyiorcs. OTme-
TUM JIMIIb, 9YTO 9aCTO IOJ, apryMEeHTOM IOHUMAETCst JI000H yrom ¢,
3a1aI0IIUI HEeHy/JIeBoe KOMILIEKCHOE YHCIO B TPUIOHOMETPUICCKOM
dbopwme. Tnasubiit aprymenT — oaus, o jexuT B [0, 27), a J0bbie
JIBa, apryMeHTa OTJINYAlOTCS Ha 27,

Y 1106CTBO TPUTOHOMETPUUECKO (DOPMBI COCTOUT B TOM, UTO IIPU YMHO-
JKEHUH JIByX YHCeJ MOJYJIA MEePEMHOKAIOTCA, & apryMeHThl — CKJIa-
JTBIBAIOTCS:

|21] - (cos 1 +isingr) - |za] - (cos o +ising,) =
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= |21| - |22 - (cos(p1 + @2) +isin(pr + @2)).

IIposepbre 9Ty HOPMYILY, PACKPBIB CKOOKH.
Orcroza Jierko ciegyer gopmyaa Myaspa: 2™ = |z|™(cos np—+isinny)
JJId HaTypPaJIbHBIX 77.

Onpenenenne 6.5.6. /[1sg BerecTBeHHOrO YuCIa 0 OyIeM Ha3bI-
BaThb €'Y KOMIIJIEKCHOE YHUCJIO COS ( + % sin .

O6o3nauenue €'Y umeer riyboOKMe OCHOBAHUS, BLIXOJIMAIINE 38 PAMKU JlaH-
Horo 3ajiaunuka. C TOYKM 3peHus IPUJIOXKEHU K IJIAHUMETPUIECKIM 3a-
JlagaM MOYKHO CYHATAThL, 4TO 3TO 0003HAYEHUE BBOJMTC JJIsi KPATKOCTU U

U3 Tex coobpaxkenmii, aro €1 . ¢2 = ¢i(¥11%2)  Hecmokuo nposeputrs u
1
e

9TO = /(¥1792) 110370My TaKie BLIPAXKEHUs BEAYT CeOsi BO MHOIOM

ei@z
IIOXO02KE€ Ha IMOKa3aTEJIbHYIO (byHKHI/IIO er.

Omnpenenenne 6.5.7. Ixcnonenyuarvroti hopmoti 3anucty, KOMILIEKC-
HOTO 4ncaa 2z = |z|(cos ¢ + i 8in @) HA3BIBAETCA €0 TpeJICTaBIeHUE B
BUJIE 2 = |z|e’¥.

Yurareab, KOHEUHO, 0OpaTUJI BHUMaHUE HA TO, UTO IOCJEJIHEE OIpeierie-
HUEe He TPUBHEC/IO HUYEero HOBOI'O: MbI ITOIPOCTY B3dAJIU TPUTOHOMETpPUYe-
CcKy10 (bopMy © 1IepeobO3HAYUIN OJUH U3 MHOXKHUTE/IEH, BXOJAININX B Hed.
OdeBniHOE YI0OCTBO 9KCIIOHEHIINAIBHON (POPMBI — KPATKOCTH €€ 3aIICH.

Badukcupyem Tenepb HeHyJeBoe KOMILIEKCHOe Yucio a = |ale’” u
paccMOTpHM IPeobpa3OBaHKe ILIOCKOCTH, IEPEBOJISIIEE TOUKY ¢ KOM-
IJIEKCHON KOODJMHATON 2z (WJIM, TOBOPsI KOpOYe, TOYKY 2) B TOUKY
az. Hec/ioxKHO TIOHATD, 9TO 9TO Ipeobpa3oBaHie — KOMIIO3UIE T0-
MOTETUH C IEHTPOM B Hadaje KoOpAuHAT u KodbdurmenroM |a| u
[OBOPOTa Ha yroJ arga = . Takasi KOMIIO3UIMsI, KAK U3BECTHO, Ha-
3bIBaeTCs OBOpOoTHOM romorerueil. Eciu |a| = 1, To goMuoxkenune na
a = €% ecTb IIPOCTO TIOBOPOT Ha YTOJI , a €CJIU @ BEIeCTBEeHHO, TO
9TO IpeoOpa3oBaHne — «OObITHAA> TOMOTETHSI.

[TocMoTpuM Tenepb Ha OLEPAIUI0 U3BAEUEHUA KOPHA HATYPATHLHOI
CTEeleHNU U3 KOMILJIEKCHOT'O YUCJIA.
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3ama4da 6.5.1. Pemure ypasuenune 2" = @ OTHOCUTEBHO Z, T/ 4 —
U3BECTHOE KOMILJIEKCHOE YUC/IO.

Pewenue. TlpencraBum npaByio 4acTh B Bujie |a|e’®, a neByio — B
Buje |z|"e™". U3 pasencrsa |z|"e"¥" = |a|e'* B3aTHeM MOy MpU-
xomM K |z|" = |a|, nostomy |z| = ¥/[a]. Pemas (rpuromomerpuue-
ckoe) ypasHenue ¥ = e'® naxonum ne = a + 27k, k € Z, otkyna

o k
nojyvyaeM pemeHus ¢ = — + 2n—, k € Z. Hec/ioxKHO 3aMeTUTh,
n n
YTO PA3JIMIHbBIX KOMIIJIEKCHBIX YHCEJI IIPU 3TOM IIOJydaeTCd 1 HITYK.
[TosToMy {/a — 9T0 MHOXKECTBO 3HAUEHHUIH, a HE OJ[HO 3HAUEHHE:

o k . [« k
Vla| | cos | — + 27— | +isin | — + 27— k=0,...,n—1
n n n n
Kopuu n-it crenenu n3 HeHyJI€BOTO KOMILJIEKCHOTO YUCTIA IIPU N > 3
JIE’KAT B BEPIINHAX IPABUJILHOTO N-yTOJBHUKA C IIEHTPOM B HadaJje
KOOPJIMHAT. U

Crenyromast 3a/iada (MK €€ MHOKECTBEHHBIE MOJIMMUKAIINT) TaCcTO
OKa3bIBAETCS TIOJIE3HOI TIPU pelIeHnn JIPYTUX 3a/1a4.

Sasaua 6.5.2. JIBe mpoTHUBOIIOIOKHBIE BEPIINHBI KBaIpaTa 3a1aHbl
KOMILJIEKCHBIME KOOpJiMHaTaMu a u ¢. Haiiiure KOMILIEKCHBIE KOOP-
JUHATHI b 1 d JIBYX JIPYTUX BEPIINH.

a+c
2

- c—a
X A umeeT KOMILIEKCHYIO KOOPDJAUHATY T — @ = — HobaBsasa K

Pewenue. LHentp X KBajpara 3aJaéTCsd YUCIOM T = , BEKTOD

s
HHUCJIY £ 3TOT BEKTOP, KOTOPbIiT IIOBEPHYJ/IN HA i§’ IOy YM UCKOMbIE

.C—a
BEPIINHBLI KBa/paTa: 3TO KOMIIJIEKCHbIE YHCJIa T + 1 . OHa H3
1 o " 1
BEDLIKH €CTb (a+c+ic—1ia), a Bropas 3aJIaéTCsl THCTIOM 3 (a4c—
—ic+ia). O

[IepBble 33141 3TOrO pazjena — He 0 TeOMETPUH: 9TO 3a/1a4u, JTaH-
Hble KaK TPEHUPOBOYHBIE 110 paboTe ¢ apudMeTUIeCKUMU OIePaIli-
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AMH ¢ KOMILIEKCHBIMUA YUCJIAMU. 3aTeM HJIyT IPOCThIE MeOMeTpUute-
CKHE 3aJa91, JJId KOTOPBIX HUKaKUX 3HaHI/IIU/I, KpoMe reoMeTpuIeCKoO-
IO CMBICJIa KOMILJIEKCHOTO YHUCJIa M apu(PMEeTHIeCKUX ONeparuii Ha,i
STUMU YHCIaMu, He TpeOyercd. B ycioBusax 3amad 9-19 npuseaeHbr
BasKHbBIE JIEMMbI O KOMILJIEKCHBIX YMC/IaX, KOTOPbIE OKA3bIBAIOTCS JI0-
CTATOYHO yIOOHBI JIJIsT TOI'O, YTOOBI PEIIAaTh OCTABIIUECS 38/ 1a91 9TOTO
pasjesna.

Hekoropble u3 3Tux 3aja4 yKe Mpe/Jlarajauch B pasjeie 0 KOOp/Iu-
Hatax. B mpuHIUIEe UX pernieHne MOKHO OBbLIO Obl B3MTH 3a OCHOBY
pellleHnsi B KOMILIEKCHBIX YMCJIaX, IMOCKOJIbKY (DaKTHUIeCKH padoTa C
KOOp/ImHaTaMu 1 BeJéTcsa. Ho KoMIIeKcHbIe Yncsia MOXKHO TEePEMHO-
JKaTh, TMOJIydas TOMOTETUN U IIOBOPOTHI. B 9acTHOCTH, yIpoIaeTcs
noBopotr Ha £90° (310 HTOMHOKEHHE HA +7).

Samaun

1. Iepeiiaure or anrebpamdeckoii hopmbl 3amucn ducia 36—36+v/3i k
TPUTOHOMETPHUYECKOH U SKCIIOHEHIINAIBHON (hopMaM 3aIllich KOM-
IJIEKCHOI'O 9UCJIa U 0OpaTHO.

2. Jokaxnre, 910 (€08 @ + isin )™ = cosny + isinnep.

o

n

Bepro s, aro {/(cos ¢ + ising) = cos £ +isin
n

(1+2)%
3. Bprumcomre —————.
(1 +i/3)30
4. JlokaxKuTe, 4TO KOMILJIEKCHO-CONPSZKEHHbIE YHCJIa K ITPOU3BE/IEe-
21 &
HUIO 27 - 29 U K YACTHOMY — €CTbh 2] - Z3 U — COOTBETCTBEHHO.
Z2 22
5. Beipazute sinnx m cosnx depes sinx M COST NpHU JIIOOBIX HATY-

paJIbHBIX N.
6. Haitmure cymmy KopHei n-it crernieHun u3 4uciaa 1. Pemure ypas-
menne z* = i.

7. Haiigure cymMMy KBaJIpaTOB PACCTOAHUN OT TOYKHU F 10 BEpPITHH
[IPaBUJILHOI'O N-YTOJIbHUKA, BIMCAHHOTO B OKPYKHOCTH pajuyca
R, ecniu paccrostaue ot P 10 1IeHTpa OKPY2KHOCTU PaBHO d.
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10.

11.

12.

13.

14.

15.

Jlokaxkurte, 9T0 CyMMa KBa/IPaTOB JUaroHaJjeil 4eTbIPEXyTrobHI-
Ka paBHa yJABOCHHON CyMMe KBaJIPATOB CPECIHUX JUHUMA.

JlokaxkuTte, 94TO CKaJIsIpPHOE TTPOU3BE/IEHNE BEKTOPOB C KOMILIEKC-
HBIMI KOOPJIMHATAMHU @ U b MOXKHO BBIYUCIATH O hOpMYyJIe

7-b = 1(@5—1— ba).
2

JlokarknuTe KpUTEpHil KOJIJIMHEAPHOCTH JIBYX HEHYJIEBBIX BEKTOPOB
(KOMHJIGKCHbIe uncia a, b, c, d 3a/IAI0T COOTBETCTBEHHO TOYKHU A,

a—b
d —d
JokazknuTe KpuTepuil OpTOroOHAJIBLHOCTH JBYX HEHYJIEBBIX BEKTO-
POB (KOMILJIEKCHBIE THCIIa a, b, ¢, d 33/1a10T COOTBETCTBCHHO TOUKHI

A, B,C,D):AB L 0D __azh
d c—d

AC
BC ~

= — Toraga M TOJIBKO TOI'/la, KOI'la IJId KOMIIJIEKCHbBIX YHCEJI «,

1
b u ¢, 3amarmux cooTBeTCTBeHHO TOYKN A, B n ', BBITOJTHEHO

COOTHOIIIEHNE ¢ = b+ F_..

A p A+
JlokazkuTe, 9TO YeThIPe TOUKHU ¢ KOMIIJIEKCHBIMU KOOPAUHATAME d,
b, c u d, ne jiexKarue Ha OJTHON TIPAMOIL, JIe2KAT Ha OJTHON OKPY K-
— : d—a e R.
c—b d—0»
JlokaxkurTe, YTO ypaBHEHHE IPsIMOIi, TIPOXOISINEil Yepe3 TOUKU a
u b, mmeet Bus 2(@ — b) +Z(b — a) +ab— ba = 0. Jlas aByx ToUex
a v b Ha eMHWYHON OKpY:KHOCTH |z| = 1 ypaBHeHme cekyieil
[puHAMaeT BUI z + zab = a + b.

Hoxkaxute, aro Touka C' gesmt orpe3ok AB B oTHOIIEHUN ——

HOCTH TOTJ/Ia W TOJILKO TOT/Ia, KOTJa

JlokakuTe, YTO KOMILIEKCHO-COTPS2KEHHOE YMC/I0 K KOMIIJIEKCHOM
KOOD/IMHATE TOYKM I[epecevdeHns] CEeKyIINX eIUHUYHON OKPYKHO-
ctu, npoxoaanmux depes A, B u gepe3 C', D, BoipaxKaercsa Gop-
a+b—c—d

ab—cd

MYJIOA Z =
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Jlokaxkure, 970 paBeHCTBO ab = —cd ecThb KpUTEpHUil mepreH -
Kyssipauoctu xopit AB u C'D euHUYHO# OKPY2KHOCTH.

JlokazkuTe, 9TO TOUKA IepecedeHus IBYX EePIIEeHINKY/IsIPHBIX XOPT,
eauHanaHOM OKpy)kHOCTH AB 1 C'D Haxomurcesa 1o dpopMmysie z =

1
=Sla+b+c+d).

Jlano HeHyJIeBOe KOMILJIEKCHOEe Yncyio p. Jlokaxkure, 9T0 ypaBHe-
HHe KacaTeJbHON K OKPYXKHOCTHU 2Z = pp B TOYKE P UMEET BUJI:
Dz + Zp = 2pp.

ILOK&)KI/ITG, 9TO TOYKa HepecequHH KaCaTeJIbHbBIX B TOYKaX a U b
2ab
a+b

K €JIMHUYHON OKPYKHOCTHU BbIparkaeTcs popMyJoii: z =

Bepmunbr Tpeyrosbauka ABC' ¢ KOMILIEKCHBIMI KOOPIHHATAMEI
a, b1 ¢ 1exkaT Ha e IMHUYIHON OKpY2KHOCTH 2Z = 1. JlokaxkuTe, 9TO
KOMILIeKCHas Koopaunara oproienaTpa AABC pasua h = a+b+c.

(Teopema Diinepa) Jokarxkure, 90 B JIIOOOM TPEYTOJbLHUKE IEHTD
OTIMCAHHOW OKPY2KHOCTH, TOYKA ITepecevYeHnsd MeIMaH U OPTOIEHT]

1 ‘Ij[}
JIezKaT Ha OJHOHN IIPAMOi, mpuyem O? = §G .

[Iycts H — opronentp octpoyrosbHOoro AABC, a Touka X cum-
MeTpuIHa ToYKe H oTHOCHTETHhHO cepeanubl croponbl BC. Jloka-
»)kure, 9r0 AX — amamMerp OnMCaHHONH OKPY?KHOCTH.

(IIpamas Hotomona) Tokazkure, 4TO B OIMMCAHHOM I€THIPEXYTOJIb-
HUKE CepeJUHDbI JuaroHaJeil u NeHTP OKPYKHOCTU JIeKaT Ha OJ-
HOI IIPAMOIL.

(Teopema Ilackann) JJokazkuTe, 9T0 TOUKH [IEPECETEHHST TPIMBIX,
COJIEPKAIINX ITPOTUBOIIOJIOZKHBIE CTOPOHBI BITUCAHHOT'O TIIECTUYTOJTh-
HUKAa, JIC2KAT Ha, OJTHON MPAMOI.

Jokaxkure, aro Tpeyroabauku AA; B1Ch u AA;ByCy, 3amaHibie
KOMILJIEKCHBIMU KOOPJIMHATAMU BCEX CBOMX BEPIIHUH, ITOJ0OHBI TO-
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26.

27.

28.

29.

30.

31.

32.

33.

I'Ta 1 TOJIBKO TOI'la, KOI'la (B €CTECTBEHHbBIX 0603Ha‘IeHI/I${X)

a; as 1
by by 1| =0.
C1 Co 1

Joxkaxure, ato AABC', BepImHBI KOTOPOTO 38, IaI0TCs KOMILITEKC-
HBIMHU 9HCJIAMU @, b U ¢ ¢ PABHBIMU MOJTYJISIMHU, PABHOCTOPOHHUIT
TOIJIa U TOJILKO TOrIa, Korna a’ + b? + ¢ = ab + be + ca.

Ha croponax uersipéxyroibunka ABCD BO BHEIIHIOIO CTOPOHY
mocTpoeHbl KBaiparsl ¢ reHTpamu W, X, Y, Z. Jlokaxkute, 4TO
B 4eTbipéxyroibuuke W XY Z nmaronaju paBHBI M HEPIEHIAKY-
JISIDHBI.

Yepes touky M, nexaryto Ha omucanHoil okpyxuoctu AABC,

nposejiernt Xopabl M P u M () stoit okpyKHOCTH Tak, ut0o M P |
1 ABu M@ L AC. dokaxure, auro C'P || BQ.

Touka A B3siTa BHYTpHU OKpY:KHOCTH. JJIs1 KarK 101 XOPIbl OKPY K-
HOCTH, IPOXOJsIneii yepe3 A, mocTpouM TOYKY IepecedeHus Ka-
CaTeJIbHBIX K 9TON OKPYZKHOCTH, HPOBEJICHHBIX B KOHIIAX XOPJIbI.
JlokaxkuTe, 9TO BCe TaKhe TOUYKHU JieXKaT Ha OJHON IPSMOIi.

Ha croponax Tpeyrosbanka ABC' BO BHEIIHIOIO CTOPOHY MOCTPO-
enbl KBajiparel BAED u ACFG. okaxure, aro meaunana AM
tpeyrosibauka ABC nepuenpukynsapaa FG.

Ha croponax Tpeyroimpanka A BC' BO BHEITHIOI CTOPOHY TIOCTPOe-
ubl kBaJipathl BAED u ACFG. JlokaxXure, 9TO cepejiiHa, 0TPe3-
Ka DF — ogHa U Ta »Ke TOYKa, HE3aBUCUMO OT IOJIOXKEHUs] TOUKN
A (upu dbukcupoBanubix B u C).

K okpyzxkHuocTHu ¢ riearpom O TPOBEIEHBI JIBE TTapaJliebHble Ka-
caTeJIbHbBIE, & TAKyKe TPEThsl KacaTeIbHasl, IePeCceKatoIast epBbie
nBe B Toukax A u B. Jlokaxure, uro ZAOB = 90°.

Jokazkure, 910 MpeobpazoBaHme MIOCKOCTH, U3 KOTOPOl y/IaJIIIH
TouKy z = 0, 3a7aBaemoe (HOPMYJION z +— —, TIEPEBOJUT OKPY K-
HOCTH WJIU MPSIMYIO B OKPY?KHOCTH HJIA TIPAMYIO.
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34.

35.

Yeroipexyroabauk AP B() Brmcan B OKpYKHOCTb w, /P = /@) =
= 90° u AP = AQ < BP. Ilyctb X — mpousBojibHasT TOYKA
na orpeske PQ). Ilpamas AX nepecekaer w B Toukax A u S, a
touka 1 BeiOpana Ha ayre AQ)B OKpyKHOCTH W TaKUM 0Opa30M,
aro npambie X1 n AX nepnenaukyasapHbl. [lycrs M — cepeauna
xopaer ST'. Jlokaxkure, uTo npu nepemertiennn X 10 oTpe3ky PQ)
touka M JIBUKETCS 110 OKPYKHOCTH.

(Bcepoccutickas oaumnuada) YeTBepo NpaBUIbHO MYIIUX KPYT-
JIBIX 9acoB (PasHbIX PasMepoB) JiexkarT Ha croje nudepbiaramu
BBEPX TaK, YTO UX IEHTPHI ABJISIOTCA BepIIMHAME KBaJpara. B
HGKOTOprI?'I MOMEHT BPEMCHMH KOHIIbI MHUHYTHBIX CTPEJIOK OKa3a-
JINCH BepImHaMu KBaJipaTa. Jlokaykure, 9TO 4eThIPEXYTOJTbHUK,
00pa30BaHHBII KOHIIAMU MUHYTHBIX CTPEJIOK, B JIIOOOH MOMEHT
BpeMeHn siByisteTcsa KBaaparom. (Tommuuoll 9acos npenebpedn. )
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6.6. IIpamas Cumcona

[Tycts Tpeyronbank ABC Bhnmcad B OKPY>KHOCTD, & TOYKa P JIEsKUT
Ha 3Toii oKpyzKkHOCTH. OKA3bIBAETCsA, YTO €CJIM U3 TOYKU P mpoBecTu
HEPHEHIUKY/ISIPLI K IPSIMBIM, COIEPKAIIM CTOPOHLI TPEYroJILHUKA,
ABC, ocHOBaHUSI TIEPIIEHINKYJISPOB OY/IyT JIesKaTh HA OJHON TIpsi-
Moit. Dra mpsamas HazbBaercss npamot Cumcona mouxu P ommocu-
meavho mpeyzorviuka ABC' (uim npocro npamoti Cumcona, eciu u3
KOHTEKCTA, sICHO, O KAKON TOUKe M KAKOM TPEYTOJIbHUKE UJET PEUb).

Jlokazarb 3TO yTBEPKIEHNE HECTIOXKHO, BOCIIOJIb30BaBIINCH CBOWCTBa~
MM BIIMCAHHBIX YeTBIPEXYTOJHHUKOB. TaKoii 10JIX0T OTHECEH K IIep-
BOIl 3ajlade pasjiesia U OCTABJISETCS dUTaTes 0. Mbl IPOIEMOHCTPU-
PYyeM MHOe U3BECTHOE J10KA3aTE/HCTBO, UCIOJIB3YIONIEE TOMOTETHIO.

3ama4ga 6.6.1. Tpeyrospuuk ABC' Biucan B OKpyKHOCTh, & TOYKA
P jexxut ma stoit okpyxuoctu. Touku P,, P, u P. cuMMeTpUYIHBI
touke P orHOocuTebHO nipsiMbix BC', CA u AB coorBercrBenno. Jlo-
KayKNTe, 9TO 9TU TPHU TOYKH JIEZKAT Ha OJIHOM MPsMOil, Tpoxoadmieit
yepe3 oproreHTp Tpeyroibanka ABC.

Zoxazameavcmeo. llpoeném 1ps-
mbie PP,, PP, u PP, no nepecede-
HUS C OKPY?KHOCTBIO B TOUKax X, Y
U Z COOTBETCTBEHHO. Y TBEPKJICHUE
OyIeT T0Ka3aHO, €CJIM OKAXKeTCs, 9TO
AX | BY || CZ, npuuém P.H || CZ,
P,H | BY u P,H || AP.

BameTrum Tenepb, 4To oTpe3ok P.H
nepexoiuT B orpe3ok C'Z npu mapaJi-
JIEJILHOM TiepeHoce. UToObl 9TO yBU-
JIETDh, CJIEJIYET CJe/IaTh KOMIIO3HUIIAIO
OCEBBIX CHMMETPHUil: CHavaja OTHO-
curesibHO npgmoit AB, a 3atem OT-
HOCHUTEJIBHO IIPAMOM, IapaJiiesbHOi
AB u npoxojgmeit gepes Touxy O.
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Takoe npeobpasoanue nepesogut P. B Z, a H B C. Anajornvaxoe
BepHO u Jiyis map orpe3kos P, H, BY u P,H, AX.

Ocraéresa mokazate, uto AX || BY || CZ. Ilpuseaém mokazareib-
CTBO C IOMOIIBIO KOMIIJIEKCHBIX 9UCes (YUTaTesn, BO3MOKHO, yIKe
y3HAJN yTBEpXKJIeHre 3a1adn 28 TpeJblIyInero pasjena). Pacemor-
PUM €IMHIIHYIO OKPY>KHOCTH Ha, KOMILIEKCHOI IJIOCKOCTH, 3/ JaHHY IO
ypasuenneMm zZ = 1. Ilycrs Touku A, B, C, P, X, Y u Z 3amanbl
CBOMMU KOMILJIEKCHBIMI KOOpJIMHATaMu a, b, ¢, p, x, y U 2 COOTBET-
creenno. Torma
ab ac be

= y=——, T=——.
p p p

[Ipsmbie C'Z u BY mapaJuiesibHbI, MOCKOJIBKY OTHOIIEHNE

c+ab/p cp+ab
b+ac/p bp+ac

BEIECTBEHHO: €0 COIPSIKEHHOE PABHO

1/ep+1/ab  ab+cp
1/bp+1/ac  ac+bp

YTBepKIeHre O CyIecTBOBAHNY MpsiMoil CrMCOHA Telepb OUeBUIHO:
JIOCTATOYHO CJIEJIATH TOMOTETHUIO C TIEHTPOM B TouKe P u K03 durim-
eHToM 1/2, 9robbl yKa3aHHAs HAMH HpsMasi, IPOXojsinas depe3 P,
Py, n P,., mepemnia B HyKHYIO.

MokeT moka3aTbCs, 9TO MbI CJUITKOM YCJIOKHUIN 33/1a49y: Be/Ib 10~
cJIe pelenns 3a/1a9u 1 guTaresib cpasy HONMET, 9TO TeopeMa O Cy-
mecTBoBaHUM MpsiMoit CuMcoHa JIoKa3bIBaeTcs demenTapuo. [Ipuse-
JIEHHOE JIOKA3aTeJILCTBO TeM He MeHee 00/1aJIaeT OJHUM IPEHMYIIe-
CcTBOM: B HEM urypupoBaja Touka H, oHa Tak:Ke IpUHAJJIE)KAIA
oJTy YeHHO# 1psimoit P, P.,.

[TocKOJIbKY KOMILJIEKCHBIE TUCIIa Y2Ke M3y9YeHbl B MPEJbIILYIIEM pas-
Jierie, B 3aJia9u JIAHHOTO pas3jieia BKJIIOUYEHO TaKyKe TPEThe JI0Ka3a-
TEJICTBO CyIecTBoBaHus mpsimoii Cumcona (cM. 3amady 16).
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Sagaan

1.

i.  (IIpamas Cumcona) Jlokaykure, 9YT0 OCHOBAHUS IIE€PIICH/TH-
KYJISIPOB, IIPOBEJACHHBIX U3 TOYKM P ONMCAHHON OKPY?KHOCTH
TPEYroJbHUKA Ha €ro CTOPOHDBI WM UX IPOIOJIKCHUS, JIEZKAT
Ha, OJTHON NPAMOIA.

ii. OcHoBaHUS TTEPIEHIUKY/ISIPOB, IMPOBEIEHHBIX U3 HEKOTOPOIt
TOYKN P Ha CTOPOHBI TPEYroJbHUKA WU WX ITPOJIOJIKEHUS,
JiexKaT Ha OJiHOI nmpsaMoii. Jlokaxkure, uTo Touka P j1eKuT Ha
OIICAHHOI OKPY?KHOCTU TPEYTOJIbHUKA.

Touku A, B u C jiexkar Ha OIHOI IpsIMOii, Touka P — BHe 9TOii
npsimoii. /Jlokakure, 9T0 IeHTPLI OIUCAHHBIX OKpyzKkHOCTeil APADB,
APBC, APCA nexart Ha OIHON OKPYKHOCTH € TOUKOM P.

Cl\r[. ITY 2Ke 3a/1a9y TaK2Ke B KOHTEKCTe HpeO6pa30BaHHH nHBepcun (3‘(1—
nada 30 paszgena 6.8).

Ha oxkpyzxunocru dpuxcuposanbl Touku P u C'. Toukun A u B 1e-
PEMeEIaTCs M0 OKPY>KHOCTH TaK, 4To £ AC B ocTaércst MoCTOsTH-
vbiM. Jlokaxkure, uro npsimble CHMCOHA TOYKM P OTHOCHTETIHHO
TpeyrosbHUKOB A BC' KacaioTcsa pUKCHPOBAHHON OKPYZKHOCTH.

Touka P jBuKeTcd 1O ONMUCAHHONW OKPYXKHOCTU TPEYrOJbHHUKA
ABC. lokaxkure, 9to 1pu 3ToM Ipsmas CHMCOHa TOBOpaIHBaA-
eTcd Ha yroJl, PaBHBIA II0JIOBUHE yIVIOBOM BEJIMYUHBI JIYT'U, IIPOW-
JeHHoil Toukoil P.

Xopaa PQ ommcannoit okpyKHOCTH Tpeyroybanka ABC nieprieH-
nukyasgpaa cropore BC'. Jlokaxkure, ato npsmas CuMCOHa TOUKH
P otnocurenpHO TpeyronbanKa ABC mapasutenbaa mpamoit AQ).

Beicorsr Tpeyronbanka ABC' mnepecekatorcs B Touke H, a P —
TOYKA Ha €ro ONUCAHHOW OKpYyKHOCTHU. JloKakurTe, 4TO mpsiMas
Cumcona toukun P otHocutenbHo Tpeyroibuuka ABC penut ot-
pesok PH momomam.

Hokaxkute, uro npsimasi CUMCOHA, COOTBETCTBYIONIAA TOUKe PP Ha
ornmcannoit okpyzxuoctu AABC, nepecekaeT IpsiMy0, COeJIMHSIIO-



[Ipsamas Cumcona 210

10.

11.

12.

13.

14.

iyt P ¢ opronearpom AABC, B ToUKe HA OKPYKHOCTHU JIEBATH
TOYEK ITOI'0 TPEyroJbHUKA.

Touka P nexwur nwa omucanuoit okpyxkuoctu AABC, a X, Y,
Z — OCHOBaHWS MEPHEHIUKYIAPOB U3 P K MPIMBIM, COJIEPKAIIUAM
CTOPOHBI 3TOro Tpeyrosibuuka (X sexur Ha npsamoit BC). Joka-
JKHTe, 9TO TOYKa P JIe;KUT Ha cuMeuane BepinuHbl A, ecin n
ToJIbKO eciim XY = X 7.

Jan Tpeyrompauk ABC, O — 1EHTP ero OIMUCAHHONW OKPYrKHO-
ctu. [Ipoeknuu Touek D m X Ha CTOPOHBI TPEYTOJILHUKA JIEYKAT
Ha npambix £ u {1, npuaém £ || XO. dokaxwure, 9ro npsmast {1
obpasyer paBHbIe Ykl ¢ IpaMbivMua AB u C'D.

Jlau Tpeyronbauk. PaccmarpuBaiorces npsmbie £, 0018 1a1011me cie-
JIYIOIIIUM CBOWCTBOM: TPU IIPSIMbIE, CUMMETPUYIHbIE { OTHOCUTE b
HO CTOPOH TPEYTOJIbHUKA, [IEPECEKAIOTCsST B OJIHOI TouKe. Jlokazku-
Te, 9TO BCe TakKhe MpsiMble { ePeceKaroTcst B OHOM TOUKe.

[leHTp OKpPYKHOCTH Wo JICXKUT HA OKPYKHOCTU wi. V3 Toukm X
OKPYZKHOCTH Wy MPpOBejieHbl Kacareabubie X P u X () K OKpyKHO-
cti wo (P 1 () — TOYKHN KacaHusi), KOTOPbIe BTOPUTHO [TEPECEKAIOT
wi B Toukax R u S. [Jokaxkure, aro npsamast P() mpoxoauT depes
cepeinHY OoTpe3ka R.S.

[Iycte ABC' — ocrpoyrobHblii Tpeyroabauk, D, E u F — oc-
HOBAHUSI BBICOT 9TOTO TPEYTroJbHUKA, TPOoBeAeHHbIX 3 A, B u C
coorBercTBenHO. [lycrs P, (), R u S — ocHOBaHUsI TIEPIICH UK YT~
pos u3 touku D Ha npsimbie BA, BE, CF u C' A cOOTBETCTBEHHO.
Jokaxxnte, aro Touku P, (), R u S jexkar Ha OIHOM MpsIMOii.

(Teopema Canvmona) Hepes TOUKY OKPYKHOCTH TIPOBEJIEHBI TPH
[IPOU3BOJILHBIEC XOP/IbI, Ha KOTOPBIX KaK Ha JUaMeTpax II0OCTPOCHLI
okpyzkHOCTHU. J/loKaXKuTe, 9T0 BTOPHIE MOMTAPHbIE TOYKHU IIepecede-
HUA 9TUX OKPYZKHOCTEH JiezKaT Ha OJIHOU IIPAMO.

(IIpamas Obepa noanozo wemuvipéremopornnura) Jlokaxkure, 9To
JeThIPe OPTOIEHTPA TPEYTOJILHUKOB, 00PA30BaHHbBIX Y€ThIPbMSI I10-
[TapHO TePEeCEKaIONNMUCS IIPAMBIMU, HIKAKHE TPU U3 KOTOPBIX He
HPOXOJAT Yepe3 OLHY TOUYKY, JiezKaT Ha OJHOU IIPAMON.
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15.

16.

17.

18.

19.

20.

JlokazkuTe, 9TO MPOEKIUU TOYKU P OIMUCAHHON OKPYXKHOCTH de-
teipéxyronbanka ABC'D na upsmbie CuMcoHa TpPeyroJibHHKOB
BCD, CDA, DAB u BAC nexar Ha OfHOI npsiMoii (OHA Ha-

3bIBaeTCa NPAMot CuMCOHA BNUCAHHO20 YEMBPETY20ADHUKG,).

(IIpamas Cumcona 6 womnaexcnotl gopme) Ilycrb u — Touka Ha
OKPYZKHOCTHU 2Z = 1, a Uy, Uy U U3 — OCHOBAHUS HEPIICHIUKY/Is-
POB M3 TOYKHM U Ha CTOPOHBI (a3, (103 W (10 BIECAHHOTO B 3TY
OKPY?KHOCTb TPEYTIOJIbHUKA C BEPIIUHAMU 1, Ay U a3. JloKazkuTe,
YTO TOYKH Uy, Uy U U3 JICXKAT HA OJIHON IIPSIMOIA.

Bo Brucannom gersipéxyronpauke ABC' D npsamas Cumcona To4-
ku A orHOCHTENBHO TpeyroabanKa BC D meprneHInKy/IsipHa Ipsi-
moit Ditnepa ABCD. Jlokaxkure, aro mpsamas CuUMCOHa TOYKHI
B ornocurensuo Tpeyroybinka AC' D nepreH uKyIspHa IpsaMOoii

Ditnepa AACD.

Tpeyronsuuk ABC Brucan B oKpyKHOCTB. g 1ByX Touek P u
(2 3TOi1 OKPYKHOCTH TOCTPOEHBI TIpsiMbie CHUMCOHA OTHOCUTETHHO
AABC. okaxure, 9T0 yroj MEXK/Iy STUMU IIPIMBIMUA PABEH I10-
JIOBUHE BEJIUMIUHBI JIYTH, 3aKTI0UEHHON MEXK Iy YKa3aHHBIMU TOY-
KaM# OKPY2KHOCTH.

Jokaxkute, aro npsmbie CUMCOHA JIBYX JINAMETPAJIHLHO TPOTUBO-
MIOJIO?KHBIX TOYEK OMUCAHHON OKPYKHOCTH TPEYTOJbHUKA ITePIIeH-
JUKYJIAPHDBI, & NX TOYKa IEPECCYCHUd JICZKUT Ha OKPYKHOCTH Je-
BATH TOYEK TPEYyTrOJIbHUKA.

Toukun A, B, C' u P nexar Ha okpy:kHOCTH ¢ IeHTpoMm O. Cro-
poubl Tpeyronbanka Ay BiC napamiensasl npsasmbiMm PA, PB u
PC (PA || BiCy u . x.). Yepes sepmunbt AA; B1C nipoBejieHbl
npsiMble, mnapaJuienbibie cropodam AABC.

i.  JlokaxkuTe, 9TO 3TU HPAMbBIE IIEPECEKAIOTCs B TOUKe P, Jie-
JKalmeit Ha onmcaHHoi okpyzkHocT AA B C].

ii. okaxkure, uro mpsamaa Cumcona Todku P mapaJieiabHa
upsmoit OP.
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21.

22.

23.

24.

25.

26.

Jlaubl j1Be OKPYXKHOCTH M TpU HpsMble. KaxKmas npamas BbIce-
KaeT Ha OKPYZKHOCTSX XOPJbl PaBHOI JJINHBI, & TOYKH liepecede-
HUA TPAMBIX 00pa3yIoT TpeyrobHUK. /JloKaKuTe, 4TO ONMcaHHas
OKPYZKHOCTb 3TOI'O TPEYT'OJIbHHAKA IIPOXOJUT Uepe3 CePCIUHY OT-
pe3Ka MexXKJy IEHTPaMU JAHHBIX OKPY2KHOCTEH.

Yeroipéxyroapauk ABC'D Brucan B OKpy:KHOCTH. Ilycts £, —
npsimasi Cumcona Touku P oraocureabno ABCD. Ilpsimbre £y, £,
u {4 ompenensiorcs anajgornaio. Jlokaxkure, aro npsambie l,, (p,
l. n {4 IepeceKaloTcsI B OJIHON TOYKE.

Han tpeyrosbauk ABC' u Touku P u (), jexkalye Ha ero oru-
caHHOU OKpyzKHOCTH. Touky P OTpasmm OTHOCUTEJIHLHO MPAMOit
BC' n nonyunnu touky P,. Touky nepecedenus npsmbix QP, n
BC oboznaunm A;. Touku By u C onpeesiioTcss aHaJIOTTIHO.
Hokaxkure, uro Touku Ay, By u C jexkar Ha OJJHON IPSIMOIL.

Haunbt Touku A, B, C, D u E takue, uto ABC'D — napaJieo-
rpamm, 9eTbipéxyroabank BC' E D Buucannbiit, A j1e;KuT Ha Tpsi-
Moit £, { mepecekaeT BHyTpeHHOCTDH oTpe3ka C'D B Touke F' u mpsi-
Myio BG B Touke G. Hokaxkure, uro ecsiu FF = EG = EC, T0o
¢ — buccexktpuca yriia BAD.

N3 roukn P ommcannoit okpyzxuOcTH AABC IPOBEIEHBI IPSIMbIE
PA,, PBy u PC} 071 JaHHBIM OPHEHTUPOBAHHBIM YTJIOM (v K TIPsi-
mbim BC, CA u AB cooreercreento (touku Ay, By u C} jexar
Ha npambix BC, CA u AB). Hokaxure, aro Touku A;, By u C}
JiezkaT Ha OfHON npsimoit (0606wénnot npamots Cumcona).

(*) Hau dukcuposannsiit Tpeyronbank ABC. Ilyers D — npous-
BOJIbHAsI TOYKA, He COBIAJIAIONMas ¢ ero Bepiniamu. OKpyKHOCTh
¢ meHTpoM D, npoxosiias depe3 A, mepecekaer BTOPUYHO IIPsi-
mble AB u AC B Toukax Ay u A. coorBercTBeHHO. AHAJIOIUYIHO
oupenensitorca toukn B, u B., C, u Cy. Touky D Ha30BEéM x0pO-
wed, ecu Touku Ay, Ae, By, Be, C, n Cy, 1ekaT Ha 0JTHOI OKPY K-
nocTu. CKOJILKO MOMKET 0Ka3aThCsl TOYEK, XOPOUINX JIJIA JAHHOIO

AABC?
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6.7. Addunubie mpeodbpazoBaHUA

Jlnnst HarygaHOTO onpejeneHns adpdOUHHONO Mpeodpa30BaHUs IIJI0C-
KOCTH PACCMOTPUM TaK HA3BIBAEMOE MapaslieJIbHOe TPOEKTUPOBAHNE
IJIOCKOCTH Ha IJIOCKOCTh B TPEXMEPHOM IIPOCTPAHCTBE.

Onpenenenue 6.7.1. [lapariresvrvim npoexmuposaHuem IIOCKO-
CTH (v Ha IJIOCKOCTH [3 (BJIOJIb BEKTOpA @, HE MAPAJIIETHLHOTO v U [3)
HA3BIBAETCS OTOOPaYKEHMe IIJIOCKOCTH (v Ha ILJIOCKOCTH [3, COMOCTaB-

astrorniee Touke X € o takyio Touky X' € 3, uro X X' || @.

OroxkecTBUM HAYAJIBHYIO U KOHEUHYIO Itockoctu o« u 3. Takum
06pa3oM MOXKHO TOBODHTH O npeobpasosanut (0TOOParKeHUH CaMo
Ha cebsl) TIOCKOCTH B pe3ysibraTe MapaJiIeIbHOIO TPOEKTHPOBAHMS.
Taxkoe nmpeodbpazoBaHue MIOCKOCTH WJIM KOMIIO3UIIUIO ITPOU3BOJIHLHOTO
KOHEYHOI'0 YHC/Ia TaKUX IpeoOpa3oBaHuil Mbl OyjaeM Ha3bIBaTh -
purHBLM NPEOOPA30BAHUEM.

Addurnoe mpeodbpasoBaHne MEPEBOANUT MIPIMYIO B IPAMYIO, OTPE30K
B OTPE30K, & TaKzKe COXPAHSET MapaIebHOCTh (T. €. mapa mnapaJi-
JIEJTBHBIX MPSIMBIX TTOJT, IEHCTBIEM TAKOTO TIPe0Opa30BaHUST TEPEXOIAT
B IIapy NapaJjulesIbHbIX MPIMbIX ). [Ipu 3T0M COXpaHseTcst OTHOIIEHNE
JUIMH OTPE3KOB, JIEXKAINUX Ha MapaJIeIbHbIX MPIMbIX.

Teopema 6.7.1. IIycmv A’, B', C', D' — o6pasv, mouex A, B, C,
D npu apdunnom npeobpaszosaruu naockocmu, npuvem AB = CD.
Toeda A’B' = C'D’.

/ !/ ! !
Jlokazamesvcmeo. Bamerum, aro A'B’ || C'D’, mockoibKy napal-
JIeJIbHBIE TIPSMbIE IIePEXOAAT B IapaJuiejbHbie npu adUHHOM IIpe-

obpasoBannu. PaccMOTpuM ILIOCKOCTH v U 3 B IPOCTPAHCTBE U3 OIIpe-
nenenns adpbuHHOro MpeobpasoBaHust 1 COOTBETCTBYIOMMI Tpeobpa-

soBammio sextop d || AA" (a raxexe napatensusiit BB, CC', DD').
Buec A, B, C, D € a, a A", B, C'", D' € 5. Illyctb npsimasi, mpo-
Xo/dIas depe3 Touky B’ u napaJuiebHas npsMoit AB, mepecekaer
upsamyio AA" B Touke A”. Herbipéxyrompuuk ABB'A” — napaiie-
gorpamm, nosromy AB = A”B’. Jlanee u3 TeopeMbl CHHYCOB JIJIst
tpeyroabuuka A’ B'A’ umeem
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AB A"B' A'B’ L sin Z(3, @)

- = A'B'=AB- ————.

sin (o, @) sinZ(«,d)  sin Z(B, Q) = sin Z(«, @)
sin Z(5, @)

AnajiornuHo MOXKHO 1oty 9uTh coornomenune C'D' = CD-————,
sin Z(a, @)

orkyza ciaeayert, uro A’ B’ = C'D’. Takum o6pa3oM, IJIMHBI 1 HAIIPAB-
nerns aAByX BekTopoB A'B’ u C' D’ coBnagaior, o3ToMy 9TH BEKTOPbI

PaBHbI, 9TO U Tpe6OBaJIOCb JOKa3aThb. ]

OrHormenne mromaeil 1Byx GuUryp Takzxke coxpansercs npu adpduH-
HOM ITpe0OpPa30BAHNMN.

Addunnoe mpeobpazoBaHme SBIISETCS B3AUMHO OTHO3HATHBIM (y KarK-
JOif TOYKE €CTh TPoobpas, IIPUTOM POBHO OJIUH), U MTOTOMY Jist ad-
duHHOrO TTPpeobpazoBaHust cyiecTByeT obparroe. OKa3bIBAETCS TIPU
9TOM, 4TO U obparHOoe mpeobpaszoBanne TakxKe addUHHO.

Ormumiem cTpykrypy adduunabix npeodpaszoanuii. J[jsg sToro Ham
norpedyercs cJeayromiee

Onpenenenune 6.7.2. Cocamuem % npamot | ¢ xoapdunyuernmom
k HazbIBaeTCs IpeobpazoBaHue IJIOCKOCTH, IEPEBO/ISIIEE IIPOU3BOJIb-
Hyt0 TouKy A B Takyto Touky A’ uro npsimast AA’ nepneHuKyIsipHa

—
lu HA' =k - HA, tne H — Touka nepecedenus npsambix [ u AA’.

Cdopmynupyem Teopemy, XapakTepu3yIoILyo Bee adpGUHHBIE Tpeod-
Pa3OBAHMS.

Teopema 6.7.2. Jlwboe apdunrnoe npeobpasosarue moxHcho npeo-
cmasums 6 eude KOMNO3uyuy (m. e. nocaedosamesvhozo npuMeHe-
HUA) dBUINCENUA, 20MONMEMUL U CHCAMUA K NPAMOTL.

Jltoboe aBuMzKeHuMe, rOMOTETHSA WJIM CXKATUE ABJIAIOTCH adPUHHBIM
mpeobpa3oBaHmeM. JTO yTBEpP:KIeHNe MOXKHO JOKa3aTh, IBHO yKa-
3aB CIoco0 TMapaJlIe/IbHONO MPOEKTHPOBAHUS OJHON ILIOCKOCTH Ha
JIDYTYIO C TeM, ITOOBI ITOCJIe OTOXKIECTBJIEHUSI LIOCKOCTEH MOy IUTh
TpebyeMoe mpeodpa3oBaHue.



215 Addunnbie npeobpazoBanmst

[Ipu pertennn 3a1a4 ¢ TOMOIIBIO abOUHHBIX Ipeodpa30BaHUiT TOCTA-
TOYHO YJ00HO# B TPUMEHEHUH OKA3bIBAETCs CJIEJYIONIAs TEOpEMA.

Teopema 6.7.3. Cywecmsyem eduncmeennoe apdunrnoe npeobpa-
so6anue, nepesodawee 3adannviti AABC 6 sadannviti AA1BC ¢
COTPAHEHUEM COOMBEMCMEUS GEPULUH.

Kaxk citeicrBue — 1100011 mapaJsiiesorpaMM MOKHO abDUHHBIM IIpe-
oOpa3oBaHMeM MepPeBecTH B JII000i mapasuresjorpamM. OTMETHM, ITO
JIUISE TPOU3BOJIbHBIX YeThIPEXYTOJIbHUKOB aHAJIOTUIHOE YTBEPKIEHNE
HE UMeeT MecCTa.

Sagaun

1. Jlokaxkurte, 94TO MeJUAHbI TPEYTOJIbHUKA IIEPECEKAIOTCS B OJIHOM
TOYKE W JIeJATCS 3TONW TOYKON B OoTHOMeHWu 2 : 1, caurasg oT
BEPIITUHBI.

2. B rpeyrombauke ABC nposenena meanana C' M, a depe3 Touky P
Ha 9TOi Me rane nposejieHbl orpesku AA; u BBy (A u By nexar
Ha cropornax BC u AC coorsercrsenno). [lycrs BA; 1 A1C = a.
Haitimure ornomenue AB; : B,C.

3. Ilycrs E'u F' — cepeaunbl ctopon DA nu BC nmapaJuiesiorpamma
ABCD. lokaxkure, uro npsiMble BE u DF nengar nquaronais AC
Ha TPHU OTPEe3Ka OJMHAKOBOM JIJIMHHI.

4. Ilyctp B Tpeyrosbauke ABC' ¢ Toukoil nepecedenus mepuan G Ha

na croponax AB, BC, C'A ormedensl Touku D, E, F coorBer-
AD BE CF

DB EC FA

repecevdenns MeJnuaH u Jijid Tpeyroabauka DEF.

CTBEHHO, IIpIYEM Jokaxwure, uro G — TOUKa

5. Ha croponax tpeyronbuuka ABC ormeuens Touku C, Cy Ha AB,
Ay, Ay va BC, By, By na CA (Cy maxomurcs 6mmke Kk A, Ay —
6mke K B, By — 6imxke Kk C'), jiesisiime CTOPOHBI TPEYTOJIbHUKA
Ha pasuble yactu (AC) = C1Cy = CyB u 1. 1.). Jlokaxure, 910
quaronam C1 Ay, CoBy, A1 By mectuyronbanka C1C5A1 Ay By By
epeceKaroTcd B OJIHOI TOYKE.
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6.

10.

11.

Ha croponax Tpeyrospauka ABC ormedensl Touku C, Cy Ha AB,
Ay, Ay va BC, By, By na CA (C) maxonurcs 6mmke Kk A, A; —
6mke K B, By — 6imxke Kk C'), jesisiiye CTOPOHBI TPEYTOJIbHUKA
Ha pasuble yactu (AC] = C1Cy = CyB u 1. 1.). Pacemorpum tie-
CTUYTOJIbHUK, 00Pa30BaHHBIN IepecedeHneM mpsaMbix AAy, AAs,
BBy, BBy, CCy, CCy (CTOPOHBI MIECTHYTOJBHUKA JIZKAT Ha ITUX
npsiMbIX ). JlokazkuTe, 9To ero riaBHbIE JUArOHATH (COEMHSIIOIITIE
BEPINUHBI Yepe3 JBe) MepeceKaroTcs B OJIHOM TOUKe.

Ha croponax AB u AD napasenorpamva ABC' D B3sThl TOYKHI
F u E coorBercTBeHno, a G — To4YKa Iepecedenus orpe3ka KF ¢

AB AD _AC

AF AE ~ AG

Touku Ay, By u Cy nma croponax BC, CA u AB TtpeyrojbHu-
ka ABC ¢ mwromaapio 1 geasar 5tu ctoponbl B oTHomennu AC :
:C1B=BA,: A;C =CB;: BiA = k. Ilycts Ay, By u Cy — T09-
KU TlepecedeHus COOTBETCTBEHHO map npambix BBy u CCy, CC}
u AA;, AA; u BB;. Haiiaure mwiomaab Tpeyronbauka As ByCs.

nuaronasibio AC. Jlokaxkure, 110

Touku Ay, By u C na croponax BC, CA u AB tpeyroyibHUKA
ABC ¢ momaibio 1 Ae/iaT 3Tu CTOPOHBI B OTHOIIEHUU v, 5 U 7.
[Iycts Ay, By m C'y — TOUKH TepecedeHns COOTBETCTBEHHO ITap
npsameix BBy u CCy, CCy u AA,, AA; n BB,;. Jlokaxure, 4T0
IJIOMA/Ib TpeyrojbHuka Ao BsCy 3aBUCHT TOJBKO OT 4duces o, f3
U Y, HO He OT TOr0, Kakne KOHKpeTHo u3 Touek Ay, By, Cy nenar
COOTBETCTBYIOIIYIO CTOPOHY B 9TUX OTHOIEHUSIX.

[Ipstmast IpoxoauT Yepes TOUKY Iepecedenust Meauad M Tpeyrosb-
nuka ABC u nepecekaet npsambie AB, BC'u CA B toukax X, Y n

Z. llycrs X m'Y nexar no omay cropony ot M Ha 9TO TPAMOIL.
1 1 1

MZ ~ MX MY

Ha cropore BC' tpeyronbanka ABC' B3sita cepenuaa Aq, a Tak:Ke
npomsBoJsibHast Touka X Ha orpeske C'Ap. Ilpsmble XY u X7
napasutesibibl AC' u AB coorBercTBeHHO (TOUKHM Y U Z jexKar Ha
croponax AB u AC). Ilycts memnana AA; mepecekaer oTpe3ok
XY B rouke W. lokaxkure, uro CWY Z — napaJsuiesiorpamm.

Jokaxkure, 9T0O
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12.

13.

14.

15.

16.

17.

18.

Hokaxure «3amedaresibHOE CBONCTBO Tpamenuus» (Teopemy 1.4.9):
cepeJIMHbl OCHOBAHUI Tpallelliy, a TaKxKe TOYKa IepecevyeHusd eé
OOKOBBIX CTOPOH JIEYKAT Ha OJIHON TPAMOii.

B rpameniun ABC'D ¢ 6oabmium ocnoBanneMm A mpoBeieHbI OT-
pesku BE || CD u CF || AB (touku E u F jexar Ha 0Tpe3Ke
AD). Ilycte X u Y — mouku nepecedenus BE ¢ AC u CF ¢
BD coorBerctBenno. /lokaxkure, uro npamad XY mnapaJjieabHa
OCHOBAHUSIM TPAIEINN.

B rpameruun ABC'D ¢ 6onbmnm ocHoBarreM AD Ha 1raroHaJisix
AC u BD ormedenbl cOOTBETCTBEHHO TOYKHU F' 1 F Tak, uto AF =
= COu DE = BO (O — rouka nepecedenus quaronaieii). [lycrs
G u H — mouku nepeceuenus npsmbix C'E u BF ¢ ocHOBaHuEeM

AD. Hokaxure, uro AH = DG.

(Teopema Iaycca) B gerbipéxyronbauke ABC D, He nmMerorem ma-
paJIC/IbHBIX CTOPOH, MPAMast, IIPOXOIAIIAs Yepe3 CePEMHbI Ja-
rOHaJICH, IPOXOINT Yepes3 CepeUHy OTpe3Ka ¢ KOHIAME B TOYKAX
HepecevIeHrs MPOTUBOIOIOKHBIX CTOPOH.

[Tapasuteorpamm ABC' D jexKuT BHYTPU JAPYTOTO Mapasiieiorpam-
vMa AEFG, nmpudém Bepiuabl B u D jiexxar Ha orpe3kax AFE u
AG. Hokaxure, aro npsamble BG, ED n F(C nepecekaioTcs B 0J1-
HO# TOYKe.

Ha cropone AB tpeyrosbanka ABC' BeiOpanbr Touku C u Cy,
na cropoune BC — Ay u A,, na cropone C'A — By u By coorBer-
CTBEHHO, TIPUIEeM

AC;  BA, BA; CB, CB; AC,
CiB  A,C' A,C  By,A’ BiJA (C,B’

Joxazkure, aro Tpeyroapaukn A B1C7 nu Ay ByCy mmeror oauHa-
KOBYIO ILJIOIIATb.

Hokaxure, aro ecan npu adpduHHOM (HE TOXKJIECTBEHHOM) IIPe-
obpazoBannu [ KaxK/as TOYKa HEKOTOPOI HpsAMOii | epexoguT B
cebs, To Bce npambie Buga AA” (A" = f(A)), rae B kauectBe A
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19.

20.

21.

OepyTcst IPOU3BOJIbHBIE TOUKH, HE JieXKalllue Ha IPAMOoii [, mapaJi-
JICJIBHBIL JIPYT APYTY.

Kaxknast muaronasib BBITYKJ/IOTO MATHYTOBHAKA apasiiebHa OJ1-
HOIt u3 ero cropoH. okarkure, uTo adPUHHBIM Ipeodbpa3oBaHIeM
9TOT HATUYTOJBHUK MOYKHO IIEPEBECTU B IIPABUJIbHBIHN IISATHYTOJIb-
HUK.

Jlan Tpeyromsauk ABC' u touka H BayTpu Hero. /lokaxknure, 910
Haiiércs Takoe adduHHOE IIpeodpasoBaHue, Ipu KOTOPOM obpas
touku H craner oproreHTpoM obpasa Tpeyrosbauka ABC.

Jan tpeyronbank ABC' u Touka [ BHyTpu Hero. /lokaxkure, 910
He Bcerja Haiijércs Takoe addurHOE Mpeodpa3oBaHue, IMPU KO-
TOpoM 00pa3 Touku [ cTaHeT IEHTPOM BIUCAHHONW OKPYKHOCTU
obpasa tpeyrosbauka ABC.
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6.8. UuBepcus

B sTom pazjiernie uzydaercs emigé oJHO Mpeodpa3zoBaHue MJI0CKOCTUH —
uHBEPCUA. DTO TIPeodPA3OBAHIE COBEPIIAETCS OTHOCUTEIBHO HEKOTO-
POit OKPY2KHOCTH U JIEUCTBYET TAKIM 00Pa30M, UTO BCE, UTO HAXOIUT-
Csl BHYTPH KPyra, OrPAHUYEHHOTO 3TON OKPYKHOCTBIO, OTOOparKaeT-
¢ HAPYKY, a BCe TOYKHM BHE KPyra OTOOPaXKaIOTCsd BO BHYTPEHHIOIO
4aCTh 9TOr0 Kpyra (TOYKM HA OKPYKHOCTH OCTAIOTCS HA MECTE).

Birarojiapst cBonM yuBUTEILHBIM CBOMICTBAM HHBEPCHUST OKA3bIBACTCS
y/100Ha, KOIjla Ha UepTeke MMEeETCs HECKOJbKO OKPYKHOCTEMH, Ipo-
XOJSIMNUX depe3 (PUKCHPOBAHHYIO TOYKY, & B OCOOEHHOCTH — KOIJIa
MEXKJIy STUMU OKPYKHOCTSAMU U3BECTHBI yIUIbl. [IpuMenenne waBep-
CUM 9THM HE OTPDAHUYUBAETCs: OKA3BIBAETCS, ITO HMPAMbIE HWHBEPCHUSI
[IEPEBOJIUT B OKPYKHOCTU WUJIU TPAMbBIE U OKPYZKHOCTU OHA, TaKIKe
MIEPEBOJIUT B OKPYXKHOCTH WJIN IIPsIMble, U 0OJiee TOrO, 9TO IMpeod-
pasoBaHMe COXPAHSIET YTJIbI MKy OKPYKHOCTIME WJIA TPSIMBIMHU.
1t KpaTKOCTH 9acTo MPIMYIO CAUTAIOT «OKPYKHOCTBIO DECKOHEY-
HOT'O pajiuycay, W TOIJ/ia YTBEDXKJEHHe Bbillle (pOpMYIUpyeTcs Ipo-
Ie: MHBEPCUs IEPEBOIUT ODOOIIEHHBIE OKPYKHOCTHA B ODOOIIEHHBIE
OKPY2KHOCTH, IPUYIEM COXPaHss YIVIbI MEXK Iy HUMHU. B 9TOM pasierne
YUTATETIO TTPEJOCTABISIETC BO3MOYKHOCTH MOCMOTPETh Ha BCE BO3-
HukaoIme 3hdeKkThl «BO Beeil Kpaces. [lepeiiném, HaKoHeIl, K OIpe-
JIEJICHUSIM W CBOMCTBAM 3TOTO ITPeoOpPa30BaHUA.

Onpeneinenue 6.8.1. IIyctb w — OKpy:KHOCTH pajimyca R Ha 1ioc-
koctu, O — eé 1enTp. Mnsepcueti naockocmu 0mHocumenvho w Ha-
3BIBAETC IIpeobpasoBanue [, KOTOpPOe BCSIKYI0 TOUKY A, OT/IMIHYyI0
ot O, nepesoaut B Touky A’ na syue OA rakyio, uro OA-OA = R?.

DopmasibHO TOBOPsi, MHBEPCHUS HE OTOOpParKaeT BCIO IJIOCKOCTbL Ha
BCIO IIJIOCKOCTDb: IIEHTP OKPYXKHOCTU WHBEPCUU HE MEPEXOIUT HU B
KaKyl0 TOYKY IIJIOCKOCTH, 8 HUKAaKasl TOYKA ILJIOCKOCTH HE IePexo-
quT B 1ieHTp. [losromy wacto dhopmasibHO 106aBIAIOT «OECKOHETHO
VJIAJIEHHYIO TOYKY», KOTOPYIO 0003HAYAIOT 0O, U T'OBOPSAT, UTO IEHTP
OKPYZKHOCTU UHBEPCHUU TIEPEXOJUT B HEE, & OHA MEPEXOJIUT B IEHTP
3TON OKPY2KHOCTH.
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MuBepcuio 4acTo Ha3bIBAIOT CUMMEMPUET OMHOCUMEADHO OKDPYIHC-
nocmu. MoOXKHO oKa3aTh cjeyloliee yrBepkK/Ienue: mycTh ToukKa P
JIEZKHT I10 OJIHY CTOPOHY OT HPSIMOii £ 1 110 9Ty Ke CTOPOHY paccMar-
PUBAIOTCS OKPYKHOCTH, KACAIOIINIECs 9TOH IPAMOit B TOUKe () TakKoii,
gro PQ) L ¢. IlycTb 1neHTpBI 3TOH OKPY2KHOCTH HEOIPAHUYIEHHO YIla-
JsgtoTed ot upsmoit ¢ Baoab npamoit P(Q). Torma obpassr Touku P
[IpU MHBEPCUM OTHOCUTEJIBHO TAaKUX OKPYXKHOCTEN OYIyT CTPEMUTDH-
¢ K TOYKE, CUMMETPUIHOI TOUKe P OTHOCUTENBbHO HpsiMoii . DTo,
B 9aCTHOCTH, O3HAYAET, 9YTO OOBEKThI, PACIIOJIOKEHHbBIE JTOCTATOTHO
OJIM3KO K I'PAHUIE OKPYKHOCTH, OTHOCUTE/IHLHO KOTOPOIT cCOBEpIaeTCs
MHBepCHUs, OYIAYT «MCKaXKaThCso» B MeHbIeil crerenn. Mbl He Oyiem
yIIIyOIaThCs B (DOPMAIU3AIMIO 9TOI0 YTBEPKICHUSI, XOTsI U IIPUBE-
,ZLéM COOTBeTCTByIOH_LI/Iﬁ PUCYHOK JIJIgd HalVIAJHOCTU U MHTYUTHUBHOI'O
IIOHUMaHUA y dYUTaTEJId.

OauH u3 crocoboB MOCTPOEHUsI UHBEPCHBIX (CHMMETPHUYHBIX JIPYT
JIPYTy OTHOCHTEJIbHO JIAHHOW OKPY’KHOCTH) TOUYEK JAETCsl CIIEIyFo-
el TpocToit 3a/1a9eit.

3ama4da 6.8.1. Ilycrs 3 Touku P BHe OKpPYKHOCTH w ¢ TieHTpoM O
poBeeHbl KacaTebable PK1 n PK,. JlokaxknuTe, 94TO nepecedeHmne
ayua OP ¢ npamoit K Ky naér Takyio touky P’ aro OP'-OP = R?|
T.el,(P)=P.
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Pewenue. Uz nopobus tpeyroiabaukos K1OP u K{OP' cpasy cie-
or OK, B

OK, OP"

JIyeT, 4TO

YT1Bepxkaenue 3. [Ipu unsepcuu, 0MHOCUMEALHO OKPYHCHOCTNU W C
uenmpom O (Komopwviti dasee 6ydem HA3LIEAMb UEHMPOM UHBEPCUL):

1. mpamas, nPoOTodAULAA UePe3 UeHMP UHBEPCUL, NEPETOIUM, & Ce-

0;

2. NPpAMAA, He NPOTOOAWGA HePe3 UEHMP UHBEPCUL, NEPETOJUM, 6
OKPYAHCHOCTG, NPOTOOAUYIO YEPE3 UEHMP UHBEPCULU;

3. OKPYHCHOCTIL, NPOTOOAWGA HEPE3 UEHMP UHBEPCUU, MEPETO-
dum 6 NPAMYI0, He NPOTOOAWYIO YePE3 UECHMP UHBEPCUL;

4. OKpYsHCHOCTD, He NPOTOOAWAL YEPES UEHMD UHBEPCUU, NEPETO-
dum 8 OKpYHCHOCMD, He NPOTOOAULYIO YePe3 UEHMP UHBEPCUL.

HepBoe u3 YTBep}K,ZLeHI/Iﬁ O4YeBUIHO, a OCTaJIbHbI€ OTHECEHBbI K 3a/la-
JaM 9TOIr'o pa3jejia.

CBoiicTBO CcOXpaHEHUs YIVIOB IIPU WHBEPCUU HA3BIBAETCS KOHPOPM-
nocmuto (T. e. mEBepCHs — KoH(GOPMHOe TpeobpaszoBanue). VI3 sroro
CBOIICTBA JIOCTATOYHO JIETKO TIOJYUIUTh (CM. 3ajady 8), 9To J[BE OPTO-
POHAJILHBIE OKPYKHOCTH (YTOJI MEXKJTy KaCATeJIbHBIMUI B TOUKAX TIepe-
CEYEeHUsT KOTOPBIX — IPSIMOii) TIePeXo/IAT caMu B cebst IIPU HHBEPCUU
JIPYT OTHOCUTEJIHHO JApyra. KoHedHo, 3T0 He 03HAYAET, UTO BCE TOU-
KM OKPYZKHOCTH, OPTOTOHAJIBHONH OKPYZKHOCTH WHBEPCHUN, OCTAIOTCS
Ha MecTe: YaCTH BHE U BHYTPHU OKPYKHOCTU MHBEPCUU MEHSIIOTCST Me-
CTaMH.

PaccmorpuM HeMHOTO € JIpyroit CTOPOHBI C/Iydail, KOTJia MHBEPCUS
JeficTByeT Ha OKPYXKHOCTb (v, HE IIPOXOAAINYIO dYepe3 LIEHTP UHBEP-
cun. Ilycrs oHa mepexoauT B OKpy:kHOCTH . Eciu cieaurh He 3a
oOpa3aMy KOHKPETHBIX TOYEK 9TOI OKPYKHOCTH, & 3a BCEl OKPYKHO-
CTBIO B TIEJIOM, TO (@ B ' TIEPEBOJITCSI TAK?Ke IOMOTETHEl ¢ TIeHTPOM
B 1ieHTpe nHBepcuu. OKa3biBaeTcs, 9T0 KOIMDPUIIMEHT TaKOil romo-
TETUMN CBA3aH C y2Ke U3YYEHHLIM HAMW ITIOHATHEM CTEIIeHU TOYKU.
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3ama4da 6.8.2. Ilycth o — OKPYKHOCTD, He IIPOXOJIAIIAST Yepes IEHTD
O okpyx)uoctu w pajguycom R. Ilycrs npu orobpakeruu [, oKpy K-
HOCTB (v IEPEXOIUT B OKPYZKHOCTH . JloKaxkuTe, 9T0 pajjuychl 1y 1
T/ TUX OKPYZKHOCTEN CBSI3aHBI COOTHOIIEHNEM

To R?

ra | pow,(O)|
Pewenue. PaccMoTpuM 11T IPOCTOTHI CIyYail, KOra OKPYKHOCTh (v
JIEZKUT BHYTPHU w (OCTaJIbHBIE CIydYau — KOTJa (v HAXOJUTCS BHE W
WM UMeeT ¢ w ODIue TOYKH — COBEPIIEHHO aHajorudubl). [Tycrs
aya OA nepecekaer 0be OKpyxKHOCTH « U ¢ 110 ux jguamerpam AB
n A By, mpu4éM TOYKM Ha 9TOM Jyde uayT B nopgaake O, A, B, By,
A;. Torma oTHOIIEHNE pauyCcOB PABHO OTHOIIEHUIO JIUAMETPOB:

OA,— OB, R?/OA-R?/OB  R?
OB —0A OB — OA  OA-OB’

g

OrmernMm, uTo B 3aj1ade 19 npusesena Oosiee obimast hopmysia nu3mMe-
HEHUSI PACCTOSHUN IIPU UHBEPCUU.

[IpuBeném mpuMep pemnieHus JOCTATOYHO COJIEPKATETHHONU 3a/1adH,
B KOTOPOI1 MHBEPCUA JBazK/Ibl IOMOI'aeT YIPOCTUTH KOHCTPYKIUIO U
CPaBHUTEILHO OBICTPO MPUNTH K PEIIEeHUIO.

Bamaya 6.8.3. OKpyXKHOCTH w; U Wo
¢ neatpamMu O u P COOTBETCTBEHHO IIe-
pecekaloTcg B Toukax X u Y, IpuuéM
ZOXP = 90°. B wy nposeu nuamerp AB
TakK, 9TO TO4YKa B moIraja cTporo BHYTPh
wy. JIBe OKpPYZKHOCTH, TTPOXOISAIINE Yepe3
Touku O u A, KacaioTcsa wey

6 mouxar F u G. [oxaocume, wmo wemwipe mouxu F, G, O u B
AEACAM HA 00HOTL OKPYHCHOCTIIU.

Pewenue. Cpazy scHO, 9TO Wi U Wo OPTOIOHAJIBHBI, U ITOITOMY IIPH
MHBEPCUU OTHOCUTEIBHO Wi OKPY?KHOCTH Wy IepexouT B cebs. [Ipo-
CJIeIUM 33 ONMCAHHON OKpyxKHOCTBIO AFGQO. OHa npoxomur depes



223 Nusepcus

nenTp uHBepcun O U MOTOMY HEPEXOJIUT B IPSIMYIO, TPOXOJISAILYIO
yepe3 obpasel F' u G’ touek F' u G. A OKpPy:KHOCTH, OIMCAHHBIC
BOKPYT AAFO u AGO, nepexo/isiT B IpsIMble, TPoxosiue depe3 A
(9Ta TOYKa HEMOIBUKHA [IPU UHBEPCUH ) 1 TIO-TIPEsKHEMY KaCAOTIHeCsT
wo (YIJIbI MeK Ly OIMMCAHHBIMU OKPY?KHOCTSIMU ITUX TPEYTOJbHUKOB
U Wy JOJKHBL coxpannTbes). Urtak, F' u G’ — Touku KacaHus wy ¢
IPSMBIME, TPOBeJAEHHBIMEU Uepe3 A. 3ajadua cBejach K CJeIyIomnei:
HEOOXOIMMO TToKa3aTh, uto F', G’ u B jiexkar Ha OJIHO IPSAMOii.

[Tposeném npsimyio F'G’ 1 nokazkem, 4To
TOUKa B TakxKe JIeXKUT Ha TON ITPAMOIL.
Bamerum cpasy, 9ro cepeguHa D oTpes-
ka F'G’ ectb ocHOBaHWE TepIEHINKYJIs-
pa u3 A kK mpamoii F'G'. Eciu Mmbl 1o-
kaxkeMm, yro ZADB = 90°, To Torma us
/ADB = ZADF' nocnenyer, 910 TOYKA
B nexut na npsmoit F'G’. Ho paserncrso ZADB = 90° paBHOCHJIBHO
TOMY, 9TO [ JIEXKUT Ha w1, TOCKOJIbKY AB — jmuamerp 3T0i OKpyK-

HOCTH.

C 3T0it TEIBIO CIeaeM eIné OJHy MHBEPCHIO, Ha 3TOT pa3 OTHOCH-
TEJBHO Wo. IIpu 3T0it nuBepcnn wy mepexoauT B ceds, a npamas F'G’
HEPEXOIUT B OKPY?KHOCTH, IIPOXonsdinyto depe3 Touku F', G' n O.
Bamerum cpasy, 4To Touka A JexkuT Ha 3T0il ke okpyxkHocTu. Ho
Touku A u D upum yKazaHHON WMHBEPCUU IEPEXOJAT JPYT B JIpyra
(eMm. 3agady 1, peméHHYO B 9TOM pasjiesie). 3HAUNT, pa3 A JIeXKuT

Ha OKpyzKHOCTH-0Opaze npsamoit F'G’, eé obpaz A’ = D nexur Ha
npsiMoit F'G. 910 1 TpeboBasIoCh. O
Sagaan

1. Ilyctb Ay, Ay u By, By — mapbl pa3IndHbIX TOYEK, CAMMETPUIHBIX
OTHOCHUTEILHO OKpYyKHOCTH w ¢ mentpom O. Torma ZOAB; =
= Z0B5A,.

2. JlokaxkuTe, 9TO TpsIMasi, He MPOXOJIIas Yepe3 MeHTP WHBEPCHUH,
[IEPEXOJ/IUT B OKPYKHOCTH, IIPOXOJISAIIYIO Yepe3 IeHTP UHBEPCUN.
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JlokaxknuTe TakKe, YTO OKPYKHOCTDL, IPOXOJIAIIAs Yepe3 IEeHTP
WHBEPCUH, IEPEXOJUT B IPsAMYIO, HE NPOXOAAIIYI0 Hepe3 IIeHTP
UHBEPCUM.

3. okaxkure, 4TO OKPYKHOCTH, HE MPOXOJIAIas Yepe3 MEeHTP WH-
BEPCHUN, IIEPEXOINUT B OKPY2KHOCTDB, HE IIPOXOIAAILYIO depe3 IIEHTD
MHBEPCUM.

4. JlokaxKuTe, 9TO MHBEPCUS COXPAHSIET YIJIbI MEXK Y IepeceKaromnu-
MHUCSI OKPYZKHOCTSIMU UJIM MEKJIYy IePECEKAIONMMUCS PSIMbIMH.
HUnave 2060pa, un6EPCUA COTPAHAET Y20l MEAHCIY 0000WEHHBLMU
OKPYHCHOCTNAMU.

5. Jlan Tpeyronbauk ABC u OKpyKHOCTB C IIEHTPOM B Touke A pa-
muyca R = VAB - AC. JlokaxXute, 9TO KOMITO3UINSA WHBEPCHUH
OTHOCUTEJIHHO 3TOI OKPYZKHOCTH U IIOCJISIYIOIIEH OCeBOM CUMMET-
pUU OTHOCUTEILHO OMCCEKTPUCHI yriia A MEepeBOAUT Mapy TOUYEK
B u C' B cebs, a ommcannyio okpy:kHocThb AABC — B npsmyio
BC'. Buisicnute, B KaKne TOYKH MEPEXOAT IEHTPHI BIIMCAHHON U
ormcannoit okpyxkuocreit AABC.

6. Ilycrs f — mpeobpasoBaHme IOCKOCTH, pACCMOTPEHHOE B ITPEIbI-
Jyteit 3a1ade (1ocse0BaTeIbHOe IIPUMEHEHNEe HHBEPCUU U CHM-
Mmerpun). JlokaxkuTe, 9TO KOMIO3UIMs MIpeobpasoBanus f ¢ ca-
MUM CODOIt eCTh TOXKJIECTBEHHOE ITIPeodpa30BaHue.

7. B ocrpoyromsaom Tpeyrosnbauke ABC ormeden opronentp H u
Beicotel AA;, BB, u CCy. Haitnure obpassr Touek H, C, B, A,
B, A, npu mHBepcUU OTHOCUTEIBHO OKPY’KHOCTH C IIEHTPOM B
Bepmmtae C' u pajnyca /CH - CCY.

8. JlokaxkuTe, 9TO €C/ii OKPY?KHOCTh (v IIEPEXOINT B cebsl IpU WH-
BEPCUU OTHOCHUTEJILHO W, TO OKPY?KHOCTH W IIEPEXOJUT B cebsl Ipn
WHBEPCUU OTHOCUTEHHO «v. JloKaxkure, 9TO Takme OKPYKHOCTU
OPTOTOHAJIBHBI, 8 TAK¥Ke UTO OPTOrOHAJbHBIE OKPYKHOCTH TIepe-
XOIAT B cebsl IPU MHBEPCHUH JIPYT OTHOCUTEIBLHO JIpyTa.

9. Ilycts Toukn Ay u Ay cUMMETPUYHBI OTHOCUTETHHO OKPYZKHOCTH
w. Toryga yobasi OKPYKHOCTH (v, TPOXOJIAIIALA Yepe3 ITU TOUKU,
OPTOrOHAJIbHA W.
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10.

11.

12.

13.

14.

15.

(J/lemma Apzrumeda) IlycTb OKpYKHOCTH (v KACAETCSI U3HYTPU OKPY 7K~

noctu [ u eé xopanl PQ) B Toukax A u B coorBercrBenno. Tora
npsmas AB genut jgyry P(Q), He comepKallyi TOYKY KaCaHWI,
IOTIOJTaM.

i.  JlokaxkuTe 3TO yTBEPXKICHUE.

11. ﬂOK&)KHTG, 9TO OTPE3KU KacCaTeJIbHbIX N3 TOYKU M — ce-

peaunbl ayru P(Q), He comepxkameit A, K « paBHBI JJIHHAM
MP = MQ.

OxpyxuocTH k1, ko, k3, k4 TIOIIAPpHO KAcarOTCst BHEIITHIM 00pa30M,
a mX TOUKM Kacauus — k1 Nky = B, kaoNks = A, ki Nky = C,
ky N ks = D. Hokaxure, aro ABC'D — BIuCaHHBIH YeThIpPeX-
YTOJIbHUK.

[Iycte ABC — upsimoyrosibabIit TpeyroibHuk ¢ ZC = 90° a X u
Y — roukn BayTpu orpeskoB C'A u C'B coorerctBenno. [TocTpo-
UM YeTbipe OKpyzKHocTH ¢ mneHrpavmu A, B, X, Y, npoxossimnue
yepe3 Touky C. JlokazkuTe, 9TO 4eThbipe TOUYKHU IIePeceueHns dTUX
OKpYyzKHOCTEH, oT/tmaHbie 0T C'; ABJIAIOTCSA BEPIIMHAMU BIUCAHHO-
IO IeTHIPEXYTOJTbHUKA.

[Iycrs ABC'D — gerbipexyrosbiuk, quaronagun AC 1 BD u me-
pecekatorcs B Touke . JlokaxKuTe, 9TO TOYKU, CUMMETPUIHBIC
E ornocurensuo cropon AB, BC, CD, DA, nexar Ha OJIHOI
OKPY?KHOCTH.

[Ipsmblie ¢ u 5 nEepHEHIUKYISPHBI U HepecekaroTcs B Touke O.
OKpyKHOCTH W) U Wy Kacarorcs mpsMoit 1 B Touke O u JiexKaT
10 pa3Hble CTOPOHBI OTHOCUTEJIBLHO 3TOI IIPAMOM, & OKPYKHOCTU
W3 M Wy TAK¥Ke MPOXOJAT depe3 Touky (), KacaroTces IpsaMoii fo u
JIe’KaT M0 pasHble CTOPOHBI oTHOCUTENbHO (5. Ilycts A, B, C'n
D — nomapHble TOYKHU IepecevdeHus STUX OKPYKHOCTEeH, OTJIMY-
uoie or Touku O. Jlokaxwure, aTo 4deTbipéxyroibuuk ABCD —
BIIACAHHBIM.

Ha orpeske AB B3sara npousBosibHast Touka M. OxpyxkuoCTH I’
KacaeTcst OKpy»KHocTeit ¢ quamerpamu AB, M A, M B. Jlokaxure,
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16.

17.

18.

19.

20.

YTO JIUAMETD ITON OKPYZKHOCTH PABEH PACCTOSHHUIO OT €€ IEeHTPa
Jio mpsimoit AB.

Ha orpeske AC B3sita Touka B, nociie yero na AB, BC' u AC' kak
Ha JAuaMeTpax B OAHOU M TOM K€ MOJYILIOCKOCTU OTHOCUTEIHLHO
upsimMoit AC' TIOCTPOEHBI OIyOKPYKHOCTH v, 3 1 7y (HOJTyIeHHYIO
dburypy naseBaror mHoraa apbenocom). Ileprnenaukynsp BM
orpesky AC penut nosydennyio purypy Ha jBe dactu. Jlokarxkm-
Te, YTO PAJUYChl OKPYKHOCTEl, BIMCAHHBIX B 9TH YacTh (Kaca-
formuxcst npsimoit BM u jiexkainux 1mo pasHble CTOPOHBI OT Heé),
DPAaBHBI.

(3adavwa Ilanna) Ha orpeske AC
B3siTa TOUKa B, mocye dero na AB,
BC n AC kax Ha amamMerpax IIo-
CTPOeHbI OKpyzKHOCTH v, 3 1 7y (00-
pasytommue apbesnoc). Ilycts 6; —
OKPY?KHOCTb, BIINCAHHasA B apbesoc, A B C

a Jlajiee CTPOUTCS TTOC/IeI0BATEIBHOCTD OKPYZKHOCTEMH Of: 0,41 Ka-
caeTcst OKpyzKHOCTEl o, v u §,,. [lycThb 7,, — paanyc oKpy>KHOCTH
On, d, — paccrosiHue OT IeHTpa J, 10 npsamoii AB. lokaxwure,
n

910 — = 2n.

Tn
Yeroipéxyroabank ABC D oHOBpEMEHHO OIUCAaH BOKPYT HEKOTO-
POii OKPY>KHOCTH ¥ BIIMCAH B HEKOTOPYIO OKPYXKHOCTD. Jlokazkure,
YTO OTPE3KHU, COEIUHSIIONINE TOUYKM KACAHUSA MIPOTHUBOIOJIOKHBIX
CTOPOH CO BIMCAHHOI OKPY?KHOCTBIO, HEPIEHINKYISPHBI.
JlokazkuTe, 9TO PACCTOSIHUS IPU HMHBEPCHH MEHSIIOTCS CJIeIYTO-
R?>.MN (
OM -ON
M u N cooTBeTCTBEHHO, & R — pajuyc OKPYKHOCTU UHBEPCHUU C
neraTpom O).

muMm obpazom: M'N' = rouku M’ u N’ — obpasse

(Hepasencmeo Imosemesn) Jlokazkure, 9T0 Jjisi TPOU3BOJBLHOTO
gerbipéxyroibunka ABC D cnpaseauso nHepaBencTtBo AC-BD <
< AB-CD + BC - AD, nupuaém paBeHCTBO JIOCTUTAETCS TOTJA U
TOJIBKO TOTJIa, KOTJIa 9TOT YeTHIPEXYTOJIHbHUK BINCAHHBIN.
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21.

22.

23.

24.

25.

26.

27.

OKo0JI10 IpaBUILHOIO MHOIOYTOJIbHUKA A1 As . . . A, onucana oKpyx-
HOCTD, 1 Ha eé ayre A; A, B3sra Touka M. Jlokaxkure, 9T0

1 1 1 1
MA1-MA2+MA2-MA3+'”+MAn_1-MAn - MA,-MA,’

JlokazkuTte, 9TO 0OPa3bl IPSIMBIX, COAEPKAIIUNX CTOPOHBI TPEYTOJIb-
nnka ABC, npu mHBEPCHH OTHOCHTEIbHO BIIMCAHHON OKPY2KHO-
CTHU, TIPEJICTABIAIOT COOOI TPU PaBHBIE OKPYZKHOCTHU, TIEPECEKAI0-
Imuecst B Touke mepecedennst ouccekrpuc I Ttpeyroapunka ABC.
JlokaxkuTte, 9TO OKPY2KHOCTH, IIPOBEJICHHAs Yepe3 BTOPbIE TOUKU
HepecedeHusi 9TUX OKPYKHOCTEl (oTiimaHble or [), MMeeT Takoit
ZKe paJinyc, 9TO U 9TU TPHU.

(@opmyaa Slisepa) Jokazxkure, 4T0 pACCTOSHIE MEXKTY IEHTPAME
BIIMCAHHON ¥ onmcanHoil okpyzkuocteit O TpeyroJibHUKA BbIpa-
JKaeTCs 9epes ero pajauychbl R 1 r OIMUCAHHON U BIIMCAHHON OKPY K-
HoCTell coorseTcTBento 1o dopmyite OI? = R? — 2Ry,

JlokakuTte, 9TO B IPOU3BOJILHOM TPEYTOJILHUKE pajuychl R u r
OIMCAHHOM U BHEBIIMCAHHON OKPY2KHOCTEHl CBA3aHBLI C PACCTOAHU-
eM d MexKJly UX HeHTpaMu cooTHolleHueM d> = R? + 2Rr.

Tpu okpyKHOCTH TPOXOIAT Yepes oy TouKy; A, B, C' — BTOpbIe
WX TOYKH Itepecevdenusd. MI3BecTHO, 9TO yIJIbI MEXK Iy OKPY2KHOCTS-
MU, TlepecekafomumMucs B Toukax A u B, paBubl « n 5. Haitgure
YTOJI MEXKJIYy OKPYKHOCTSIMH, Iepecekaformumucs B Touke C'.

Hanbr octpoyrosbabiit Tpeyrobauk ABC, ero Touka mepecete-
Hust 6uccekTpuc I u 1eHTp X BHEBIMCAHHOW OKPYKHOCTH, Kacaio-
meiicst croporsl BC. Ilycts M — 11eHTp ONMUCAHHON OKPYKHOCTH
ABIC, a G — rakas Ttouka Ha BC, aro XG 1 BC'. Iloctpoum
okpykHOCTD €2 ¢ muamerpom AX. Ilycrs {2 nepecekaercs ¢ omm-
canHoit okpy:kHOCTBIO AABC B Toukax A u P. Jlokaxkure, 9410
M, G, P jmexxar Ha OIHON IPSIMOIA.

,Z[‘OKEL}KI/ITG, 9TO OKPY2KHOCTD 1 /IB€ CUMMETPUYIHbIE OTHOCHUTEJ/ILHO
HeE TOYKHU IIpU MHBEPCHUU TaKzKe IIEPEXOAAT B OKPY2KHOCTb U IBE€
CUMMETPpHUYIHBIE OTHOCUTEJ/ILHO HEE TOYKMU.
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28.

29.

30.

31.

[IycTh mHBEpPCHS OTHOCUTEIBHO OKPYZKHOCTH W 0TOOparKaeT OKPY K-
HOCTBb (v; Ha OKPYKHOCTb (v9. JIoKaxKure, UTO JjIsd BCAKON TOUYKHU
X Ha OKPY?KHOCTH w JII00as MHBEPCHS C IIeHTPOM B X oToOpazkaeT
('] M (g Ha JIBe PaBHBIE OKPYKHOCTH.

Janbr Tpeyronbank ABC u ero meHTp onucanuoii okpyzkuoctu O.
JlokazkuTe, 9TO IIPU UHBEPCHH OTHOCUTEIBHO HEKOTOPO OKPY K-
Hoctu ¢ neaTpoMm B Bepmmbae C' toukn O, A, B mepeiiayT coor-
BercTBenno B Takue Touku (', A’ u B’ uyro A'B’ — cepeaunnblii
neprenaukyasp k CO'.

IIycts Touku A, B, C' jexar Ha OIHOI HpsiMoii, a Touka P mHe
JIEXKHT Ha Heil. JlokaxkuTe, 9T0 IMEHTPHI ONMMCAHHBIX OKPYKHOCTEH
tpeyrosibaukoB PAB, PBC, PC A nexar Ha OJHON OKPYKHOCTH
¢ Toukoil P.

(*) Bo BumcaunoM B OKpy2KHOCTS {2 Tpeyroibauke A BC u3BecTHBI
mymabl cropon AC' = 3, AB =5 u ZBAC = 120°. Buccekrpuca
/BAC mnepecekaer croporny BC' B Touke D, a OKpyKHOCTH §) B
touke F. OKpyKHOCTH w mocTpoeHa Ha DE Kak Ha auamerpe n
BTOPUYHO repecekaet §) B Touke F.

i.  /lokaxkwre, 9TO MPU KOMIIO3UIINM WHBEPCUU OTHOCHUTE/THHO

okpyzkHOCTH ¢ ieHTpoM A u paguycom v AC - AB u cummer-
pPUU OTHOCUTEIBHO OUCCEKTPUCHI £ A OKPYKHOCTH W OCTAETCSI
Ha MecTe, a () nepexoaut B BC.

ii. Jlokaxkwure, uro AF — cumemnana AABC.

iii. Borawmcmmre mmnay AF.
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6.9. IIpoekTuBHBIE TTpeobpa3zoBaHUHA

PacemorpuM 1m10cKocTh v B TPEXMEPHOM MPOCTPAHCTBE U JIBA TUIIA
[POEKTUPOBAHNUIT HA HEKOTOPYTO TIOCKOCTD 3 (TI€PBBIil y7Ke N3y dasIcst
B pasjee 6.7).

Onpenenenne 6.9.1. [laparresvroim npoexmuposaHuem ILIOCKO-
CTH (v HA TUIOCKOCTH [3 (BJI0JIb BEKTOPA @, He TapaJlJIe/IbHOIO (v) HA3bI-
BaeTcst 0TOOparkeHue IJI0CKOCTH (v Ha IIJIOCKOCTD (3, COITOCTABJISIIOIIEE

rouke X € a takyio Touky X' € [, uro X X' || @.

Onpenenenne 6.9.2. [lenmpasvHbim NpoexmMuposaHUuemM ILIOCKO-
CTH (v Ha IJIOCKOCTH 3 u3 ToYKu P ¢ <, Ha3bIBAeTCs OTOOpAYKEHMEe
IJIOCKOCTH (v Ha, TJIOCKOCTD (3, comocTas/isiforiiee ToUke X € o TaKyio
rouky X' € [, uro X, X' u P nexar Ha OJHON MPSMOIi.

IIpoexmuenvim omobpasicenuem niockocmu OyJieM HA3bIBATH KOMIIO-
SUIHIO JIFOOOTO (KOHEYHOIO) YHCjIa MapAIeIbHbIX U IEHTPAJbHBIX
poeKTupoBanuil. K HagaabHy0 1 KOHETHYIO IJIOCKOCTH OTOXK 16~
CTBUTH, TO MOYKHO TOBOPHUTB U O NPOEKMUGHOM npeobpazosanuu (T. e.
0TOOPAasKEHUH TLIOCKOCTHU camy B cebst).

OrmeTnM BaxKHOE 0OCTOATETHCTBO: MIPH IEHTPATHLHOM ITPOEKTUPOBAa-
HAU MOKET CJIYIUTbCs, 9TO HEKOTOPOH NpsiMOil £ ILJIOCKOCTH (v HE
COOTBETCTBYET HUKAKOE MHOXKECTBO TOYEK Ha (3: pedub UIET O ciIydae,
KOTJIa IJIOCKOCTh, IPOXOIsIasd depe3 £ 1 IEeHTP MPOeKTUpoBaHus P,
napaJuiesbHa mIockoct 3. it Toro 4robbl BBEIEHHBIE 0TOOparKe-
HUs OBLIM B3aUMHO OJHO3HAYHBIMU M BCIOJLY ONPEICTEHHBIME, KayK-
JIYIO TIJIOCKOCTb MBI IIOTIOJTHUM CBO€il TaK Ha3bIBaeMOil OECKOHETHO
yIaJEHHON MIPsAMOIL, KOTOpas ABJIsieTcst 00pa3oMm mpsmoii £. Pesysibrar
JI06aBJIeHIS K €BKJIMIOBOI TIJIOCKOCTHU JIOTIOJTHUTE/IHHON OECKOHETHO
YAAJIEHHON MPAMO# MBI OyJIeM Ha3bIBATH NPOEKMUBHOT NAOCKOCTDLIO.
s omuchIiBaeMOTo ciiydas MeHTPaJIbHOIO ITPOEKTUPOBAHUS OyIeM
FOBOPUTH, 9TO NpsAMas £ IMepexXojIuT B HeckoHeuno Yoarermiyio.

OrmeruMm crernuduky paboOThl ¢ TPOEKTUBHOM ILJIOCKOCTBIO.
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1. Ha mpoekTuBHO# TJIOCKOCTU BCsKUE JIBE PA3JIMIHBIE MPIMbIE
UMEIOT POBHO OJHY OOIIyIo TOUKY. llapa/uiesbubiMu mpsaMbIMu
HAa3BIBAIOTCS IIPAMBIE, TIEPECEKAIONINecs: B OECKOHEYHO Y/IAIEH-
HOIT TOUKe (T. e. B TOUKe, IpUHA JIeKaIeil 0eCKOHETHO YIaIeH-
HOIT TIPSIMOI).

2. Ilpu npoeKTHBHBIX MTPEOOPA30BAHUIX COXPAHSIOTCA CBOICTBA
«TIEPECEKATHCS B OJIHOM TOUKE» M «JIexKaTh Ha OJIHOM ITPAMOIT».
[Ipsimast Tpu TPOEKTUBHOM MTPeOOPA30BAHUY ITEPEXOJIUT B ITPs-
MYIO.

3. Addunnbie npeobpazoBaHmst — JYACTHBIH C/Tydail TPOEKTHBHBIX
npeobpazoBanwuii. [IoaToMy 1 TOMOTETHUS TAKXKe sABJISIETCS YacT-
HBIM CJIy9aeM IPOEKTHBHOIO MpeobpasoBaHus (MOCKOIBKY TO-
MOTETHs €CTh YaCTHBIH cirydaii adpdUHHOrO mpeobpaszoBaHsl).

4. Tlpu npOeKTUBHBIX TPEOOPABOBAHUIX HE COXPAHSIIOTCS PACCTO-
JHUA U He COXPAHSIOTCA OTHOIIEHUSA OTPE3KOB Ha TapaJslie/ib-
HBIX IPSIMbIX (TI09TOMY He BCSIKO€ TPOEKTUBHOE Mpeobpa3oBa-
aue adGUHHO).

5. IIpu mpoeKTUBHBIX IIPeoOpPa30BAHUAX COXPAHAIOTCS JIBOIHbIE
OTHOIIIEHWS TOYEK Ha MPAMOM. /IBOMHBIM OTHOIIEHUAM IOCBSI-
IEH CJIeTYIONUN Pas3jiesi, TTO9TOMY OINPeJeIEHUS Mbl OTJIOYKIM
710 Hero (B JIAHHOM pasJiesie OHHM YIUTATEJI0 He BCTPETATCS ).

K Toukam OecKOHEYHO yIa/IEHHON TTPAMOI MOXKHO OTHOCHTLCA KaK K
HANPABACHUAM: BCAKOEC MHOXKECTBO ITaPAJIJIC/IBHBIX IIPAMBIX IIepece-
KaeTcsd B OJHON OECKOHEYHO y/IaJIEHHON TOUKe, TPUIEM JIJIs JIBYX Pa3-
JIMYHBIX HADOPOB MAPAJIIETBHBIX IPIMBIX (C PA3IMIHBIMU HAIIPABJIC-
HUSIME ) UX OECKOHEYHO V/IAJEHHBIE TOUKU PA3JINIHBI.

[IpoekTuBHBIE TPEOOPaA30BaHUs Y00HO MPUMEHATH, KOIJIa B 3aJa4e
pedb UJIET JIUIIb O MePecevYeHnt MPAMBIX B OJHON TOYKe WJIN O MPU-
HaJIJIE?KHOCTU TOYEK OJIHOI MPSAMOIL, & OTHOIIEHUSI OTPE3KOB, JITMHBI
U yIVIbI HE UrPaioT poJjin. B 3TuX ciydasgx 4epTéxk bacTo yIaéTcd
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CUJIBHO YIIPOCTHUTD, OTIPABUB HEKOTOPYIO IPAMYIO Ha OECKOHEUHOCTD.
[Ipu 3TOM Te mpsiMble, KOTOPBIE TIEPECEKAJNCH Ha OTIPABJICHHON Ha
6ECKOHETHOCTD TIPSAMOii, CTAHOBATCS apaJliebHbl (& «ObiBiasy Gec-
KOHEYHO y/IaJICHHAs TIPAMasi TIEPEXO/IAT B OOBIMHYTO MPSAMYIO Ha TLI0C-
koctH). [TapasiebHOCTh IPU TIPOEKTUBHBIX MPEOOPA30BAHUSIX, KAK
YUTATENI0, KOHEYHO, yKe SICHO, He coXpaHsercs. BoJsiee Toro, okasbl-
BAETCs, ITO MMPOU3BOJILHBIN 9€THIPEXYTOIBHUK HA ILJIOCKOCTH MOXKHO
IIPOEKTUBHBIM ITPE0OPA30BAHUEM IIEPEBECTH B JIO00 HAIIEPE T 3a/1aH-
HBII IeTBIPEXYTONbHUK.

OTmenbHOE BHUMAHHUE YIEIUM JIEHCTBHUIO IMPOEKTUBHBIX IIPeoOpaso-
BaHWII Ha OKPYKHOCTU. [Ipu MPOEKTUBHOM ITpe0bpa30BAHUN OKPY K-
HOCTB, BOOOIIE TOBOPsI, B OKPY?KHOCTH HE MEPEXOIUT: €€ 00pa30M MO-
I'yT CTATh JIIAIC, apabosa min rumepbosa. OTHAKO WHOTIa OKA3bI-
BaeTCs BOZMOYKHBIM CIIENINAIBLHO 110100paTh IPOEKTHBHOE IIPeodpa3o-
BaHUEe TaKUM 00pa30M, 9TOOBI OJIHY 3aJJaHHYI0 OKPY?KHOCTb «COXpPa-
HUTBH», T. €. OCTABUTh OKPY?KHOCTHIO. BoJjiee TOro, mpu 9T0M BO3MOXK-
HO II€PEBECTH 3aJIaHHY0 TOYKY BHYTPH OKPY?KHOCTH B €€ IeHT] JT1u00,
ecJTu 9TO y/100Hee, IepeBecTn 3a/aHHYI0 MPIMYIO, He TIePEeCeKaroILy 0
9Ty OKPY?KHOCTh, B OECKOHEYHO YJIaJIEHHYIO. Ecanm »Ke K OKpyKHO-
cTH ObLIN IPOBEIEHBI KacaTeJbHbIe, TO II0C/Ie TAKOTO IPOEKTUBHOTO
1Ipeobpa30BaHmsI OHI OCTAHYTCsI KACATEIbHBIMU: IIPOEKTUBHOE IIPE0D-
paszoBaHue (IIPOEKTUBHON MIIOCKOCTH ) B3AUMHO OJIHO3HATHO, TOTOMY
rocJjie peodpa3oBanusd 00pa3 OKPYKHOCTH U 00pa3 KacaTe/ILHOM 110-
[peKHEMY MMEIOT POBHO OJIHY OOIILYIO TOUKY.

JlokazarebCcTBaM CYIIECTBOBAHUS JIBYX YKA3aHHBIX BBIIIE ITPeoOpa-
30BaHUIl, «COXPAHAIONINX» OKPY2KHOCTb, TOCBATIEeHbI 3a1a4un 10 u 11.
CdopmynupyeM OCHOBHBIE BO3MOYKHOCTH ITPOEKTHUBHBIX ITPEOOpPa30-
BaHUH B BUJE CIICAYIONIECIT TEOPEeMBI.

Teopema 6.9.1. Jlis xaocdozo u3 udyuyux nusice NyYyHKmMos cyuie-
CMBYEM NPOEKMUBHOE NPEodPA30BAHUE, OCYULECTNEAAOULEE YKA3GH-
Hoe 6 amom nyHkme deticmeue:

1. Ilpeobpasosanue nepesodum 3adamnmvie wemwvipe mouku A, B,
C, D, nuxaxue mpu u3 KOmMopur He AeHcam wa 00Hot nps-
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Mmoti, 6 aadanmvie wemoipe mouku W, X, Y, Z, cpedu xomopwix
MaKKHCE HUKAKUE MPU He AEHCAM 1A 00HOT NPAMOTL.

2. Ilpeobpasosanue nepesodum 3a0aHHYI0 OKPYHCHOCTND W 8 OKPYIHC-
HOCD, G 3adanHyro moywky P enympu w — 6 uenmp obpasa w.

3. Ilpeobpasosarue nepesodum 3a0aHHYI0 OKPYHCHOCD W 8 OKPYIHC-
HOCMDY, a4 NPAMYIO L, HE UMENULYIO ¢ W 00WULT MOoYeK, 8 becKo-
HEUHO YOANEHHYIO NPAMYIO.

Samaua 6.9.1. Jlana OKpy>KHOCTH W H
He 1epecekaromas eé npamas £. 13 Touek
psIMOit ¢ IPOBOJISITCS TIAPHI KACATETbHBIX
K W, IIOCJIe 9er0 TOYKHN KaCaHMsI COeIHsI- 3
oTcst Xopjoit. Jlokakure, 9T0 BCe Takue
XOPJIbI TPOXOAAT 4Yepe3 (PUKCHPOBAHHYIO
TOUKY P, 3aBUCSIIYIO TOJBKO OT BBIOOpA

upsMoii £.

9T‘(L IIpAMasd Ha3bIBaeTCHA nwmpm’l TOYKU P —

boJtee HO,.lpO6HOC n3ydeHnue 1oJigdp OTHEeCEeHO K

zajtadam 9-11 cremytomiero passesna.

Pewenue. Crenaem npoeKTHBHOE IIpeodpa30BaHme, IEPEBOISIIEE IIPsi-
My10 £ Ha 6ECKOHETHOCTH, & OKPY?KHOCTb W — B OKPY?KHOCTb.

[Tocse nmpeobpazoBaHust Mapbl KacaTe/JIbHBIX K OKPYKHOCTH U3 TOYEK
OECKOHEYHO yIaJEHHON IMPsIMOil OKA3bIBAIOTCS IapaJuieabHbl. Ode-
BHUJIHO, YTO BCE IIOCTPOEHHBIE XOP/IbI ABJIAITCA JUuaMeTpaMi OKPY K-
HOCTH, TIO3TOMY BCE OHU MPOXOJIAT Uepe3 €€ IMEHTP. U

Bajaun 1-9 sToro pasjena He cojepKaT OKPYXKHOCTEH: B HUX C TI0-
MOIIBIO ITPOEKTUBHOIO TPeo0pa30BaHusd yJI0OHO <«BBIIPIMHUTbY Hep-
TEXK, CBeJIA 3aJ1a9y K 60Jiee TPOCTOil, peraorieiics KIacCuIeCKIuMI
Merogamu ItaHnnmerpun. B 3agadax 10 u 11 guraresio mnpegiaraer-
cs1 000CHOBATH, [TOYEMY PACCMOTPEHHBbIE HAMU (M IPUMEHEHHBIE TIPU
pellleHnn 3aJ1a4K) IPOEKTUBHbIE TPe0OPA30BAHMUSI, «COXPAHSIIOINIIEs



233 [IpoekTuBHBIE TTPEOOPA30OBAHMS

OKPYZKHOCTB, CymecTBYOT. OcTaBIIrecs 3a/ia9u pas/iesia UCoIb3y-
0T 9T PEeoOPA3OBAHUS.
HpI/I IIEPBOM IIPOYTEHUU JJOCTATOIHO IIPUHATH K CBEJICHUIO (bOpl\’IyHI/IpOBKI/I

zajiag 10 m 11, BepHYTHCI K HUM MOXKHO U IIOCJIE PelleHns 3aja4 12-22.

Saga4dn

1.

3.

JlokaxkuTte, 9TO JIOOOH YETHIPEXYTOJBHUK MOXKHO ITPOEKTHUBHBIM
1peoOpa30BaHNEM IIEPEBECTU B JIIO0O0H 4eThIPEXyTOJILHUK.

[Tos1, BBLIOXKEHHBIH Y6PHBIMUA U OEJIBIMA KBaJIPATHBIMU ILIUTKA-
MU OJIMHAKOBOI'O pa3Mepa B IMIaXMAaTHOM MOPsJIKe (PUCYHOK CJie-
Ba), cororpaduposan moj HEKOTOPbIM yrioMm. OJHA U3 MTUTOK
(ABCD) na dororpaduu n3obpazkena, a BCIO OCTAJIbHYIO (HO-
rorpaduto crépin (pUCYyHOK crpasa). JonoJHUTEIHHO Ty HKTUD-
HO¥t JtmHUeH Ha hoTorpadun TOCTPOUIN TOUKH TIepeceueHus Mpsi-
MbIX, COAePzKallluX IIPOTUBOIIOJIO?KHBIE CTOPOHDI '—IeTpréXYFO.HI)—
nuka ABCD, a TakzKe IpSIMYyTO, TTPOXOIAIILYIO 9e€pe3 9TU TOUKH.
Uctionb3ys Ty dgacThb dororpaduu, ¢ IOMOIIbIO OJIHON JIMHEHKN
BoccranoBuTe Ha dororpacdun Bee 8 coceqaux ¢ ABC'D mamTok.
Vrazanue. PoTOCHEMKY PacCMOTPHUTE KaK MEHTPATBHOE MPOEKTH-
pOBaHMe ILJIOCKOCTH I10J1a Ha IJIOCKOCTH (pboTorpadun.

(Teopema /lesapea) Tpu npsivbie £y, £, u £, TIEPECEKAIOTCST B OJIHOT
touke P. B rpeyrosbaukax A; B1Ci u Ay ByCy Bepiuabl A; jgexkar
Ha {,, B; uwa l,, C; na . (vme i = 1,2). Toukn E, F u G — tpu
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TOYKH II€pecevdeHnsl COOTBETCTBEHHO nap npsaMbix B1C7 n ByCs,
C1A1 u CyAs, A1 By n Ay By, Hokazkure, aro Toukn F, F', G nexkar

Ha OJAHOI HPAMOIL.

Ykasannoe ceoticmeo (nepeceuwerue 6 00noti mouke P npamovlir,
COCOUHANOUUT COOMBEMCMBYIOULUE BEPULUNDL) HA3BIBALTNCA NeED-
cnexmusHocmvro mpeyeosvrukos A1 B1CT u Ay ByCy omnocumenn-
Ho mouku P. A npunadasesrcnocmo movex E, F u G odnoti nps-
MOTL HAZBIBAEMNCA NEPCNEKMUSHOCTNBIO IMOT NAPLL MPEY20NDHU-
K06 omuocumenrvho npamot EG. Teopema /lesapza ymeepowcda-
em, WMo u3 MEPCNEKMUSHOCTU MPEY20AbHUKOE OMHOCUMEABHO
MOUKY CACIYEM UT MEPCNEKMUSHOCTND OMHOCUMEALHO NPAMOT.
Oxasvieaemcs, cnpagediuso u obpammoe ymeeprcienue, U no-
IMOMY YMBEPHCICHUA 0 NEPCNEKMUSHOCTIU NAPLL MPEY20NDHU-
K08 OMHOCUMEALHO HEKOMOPOT NPAMOT U 0 NEPCNEKMUSHOCTU
Mot 21Ce NAPbLL OMHOCUMENPHO HEKOMOPOT mowky caedytom dpye
us dpyea. Ionpobytime doxaszamsv a3mo ymeepicoeHue camocmos-
MeNBHO.

4. (Teopema Monoica) Jaubl Tpu OKPYKHOCTH Wi, Wo, W3 C HOIAP-
HO Pa3JUYHBIMU PajlycaMu, TPUYEM HU OJIHA U3 HUX HE JIEXKHUT
BHYTPU JPYTOil M HUKAKHE JIBE W3 HUX He MMEIOT Oojiee OJIHOM
obmeit Toukn. Ilycts A — Touka mepecevdeHust OOIMNX BHEITHUX
KacaTeJbHbIX K W1 U Ws, TOUKA B ompejiesieHa aHAJIOIMYHO LIS Wy
u w3, a C' — st wy u wy. Jlokaxkure, aro Touku A, B u C jexar
Ha OAHOI HPAMOIL.

5. (Teopema Ilanna) Touku Ay, By, C} jexxar Ha IpsaMoii 1, a TOUYKH
Ag, By, Cy nexat na ly. Jlokaxkure, 9T0 TPU TOUKH TEPECeIeHUs]
IPAMBIX P = AlBQ N BlAQ, Q = 3102 N ClBQ, R = Ang N ClA2

JIE2KAT Ha OAHON IIPAMOMN.

6. s nyx TpeyromsankoB Ay B1CT u Ay ByCy 0Ka3aiock, 9To mpsi-
Mmble A1 A, B1By n C1Cy niepecekaroTcst B 0HOM Touke P, a mpsi-
Mble A1 By, B1Cy, C1 Ay nepecekaiorcest B 0j1HOM Touke (). Jlokarku-
te, aro nupsmbie A1Cy, B1As, C1 By TOXKe IepeceKaioTcs B OIHOMN
TOUKe.
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7.

10.

11.

12.

(3adavwa o mpuarunetnot noaspe) Ilycrs yeBnanvr AA;, BBy u
C'C, tpeyrosbuuka ABC' nepecekaiorcss B ToUke J BHYTPH 9TOrO
tpeyrosibHuKa. O6o3HaunM depe3 D, E, F Touku nepeceveHust
npameix B1C7 u BC, A1By u AB, A1C7 u AC. Jlokaxure, 9T0

Touku D, F/ u F' nexkar Ha OIHOHN IIPsIMOIi.

B uersipéxyrompuuke ABC' D oTrMedeHa TOYKa IepecevdeHus Tua-
ronaJieit P, a Ha croponax AB, BC, CD u DA coorBeTCTBEHHO
BoiOpanbl Toukn E, F', G u H. Touka E' — nepeceuenue mpsiMoii
PE co croponoit CD. Toukun F', G' u H' onpejneienbl aHaJo-
rugno. ITycrs X — Touka mepeceuenus npsmbix FG u FH, a
X’ — rmouka nepecevenuss E'G' u F'H'. Jlokaxkure, uro Touka P
JexkuT Ha npsamoit X X,

Ha mmockocru man tpeyronbank ABC u Touka S, OT/IMdHAsT OT
ero pepmmH. Toukn Ay, By u C7 — nepecedenusi map HpPsSMBIX
BC u AS, AC u BS, AB u C'S coorsercrBenno. Touku P, Q u
R — nepeceuenus map upsmbix C1 By n CB, A1Cy u AC, A1B1 n
AB cootBercrBenno. [lokaxkure, aro Touku P, () u R yexar Ha
OJTHOIT TIPAMOIA.

(*) Ilycrs Ha MJIOCKOCTH (v JIaHA OKPY’KHOCTH W W HE MepeceKa-
IOIasl 9Ty OKPYKHOCTH mpsmas (. Jlokaxkure, ITO CyHIIeCTByeT
[IPOEKTUBHOE 0TOOPaKeHne v Ha JIPYTryIo II0CKOCTh 3, TIepeBo/is-
mee w B HEKOTOPYIO OKPY?KHOCTH W' Ha TIOCKOCTH [3, & MPSIMYIO
{ — B OECKOHEYHO VIAJEHHYIO MPAMYIO.

(*) IlycTh Ha MIIOCKOCTH (v JaHA OKPYKHOCTH W U TOYKa P BHYT-
pu 3101 OKpy2KHOCTH. JIOKazkuTe, 9T0 CyIecTBYeT MPOEKTHUBHOE
orobpazkeHne (v Ha JPYTYIO IJIOCKOCTD (3, MEPEBOJISIIIEE W B HEKO-
TOPYIO OKPYXKHOCTH W' Ha IJIOCKOCTHU [3, eHTp P’ Koropoit — 06-
pa3 Touku P.

Ha mockocTu j1aHbl OKPY?KHOCTh W U TOYKa P, He JiexKalas Ha
9TOI OKpYy:KHOCTH. Uepe3 TOUuKy P NpOBOAATCH BCEBO3MOYKHBIE
cekylpe w (eciu TOYKa JIEKUT BHE OKPYKHOCTU) WJIH XOPJIbI W
(ecsim 9Ta TOUYKa JIEXKUT BHYTPHU w). Haiiure reomerpuaeckoe Me-
CTO TOYEK IlepecedeHus map KacaTeJbHbIX K W, IPOBEJIEHHBIX B
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13.

14.

15.

16.

17.

18.

TOYKaX IlepecedCHrA OKPY2KHOCTU C CEKYIINMU UJIA HpOBeﬂéHHbIX
B KOHIIaX XOP/J COOTBETCTBEHHO.

[Iycts okpyxkuOCTH mEepecekaeT ctopoubl AB, BC u CA tpe-
yrombanka ABC B Toukax Ch m Cy, Ay u Ay, By u By coor-
BeTcTBeHHO. [lyCcTh KacareibHBIE K 9TOH OKPY’KHOCTH B TOYKAX
C1 u Cy nepecekaiorcs B Touke (3, a Toukn Az u Bs onpejeseHsl
anajorndno. /lokaxkure, auro AAz, BBs u C'C3 nepecekaiorcs: B
OIHON TOYKE.

(Teopema Ilackansn) B oxpy:kHOCTH S BHIHCAH IECTUYTOJHHUK
ABCDEF. Jlokaxute, 9TO TOYKHU TepecedeHus npsaMbix AB u
DE, BC u EF, CD u FA nexar Ha 0JHOII TIPsAMOii (BO3MOXKHO,
GECKOHEYHO YIaJIEHHOIT ).

(Teopema Bpuanwona) Ilycte ABCDEF — olvcaHHBIH I1€CTH-
yroabauK. lokaxkure, uro ero guaronagu AD, BE u C'F nepe-
CEKaIOTCA B OJTHON TOYKeE.

[Iycts ABC'D — 4eThIpexyroIbHUK, BIUCAHHBI B OKPYKHOCTD
w, a P — Touka Ha npomo/kennn AC rtakas, uro PB u PD
kacarorca w. Kacarenphast B Touke C' nepecekaet npsamyoo PD B
touke () m npsmyto AD B Touke R. Ilycts E — BTOpas ToUka
nepeceuennss AQ) ¢ w. Hokaxkure, uro Touku B, I/, R nexar Ha
OJTHOIT TIPAMOIA.

B caedyrowem pasdene npedaazaemca peusums amy 360a4y ¢ uc-
NOABL3OBUAHUEM 2APMOHUMECKULT YEMBEPOK.

JlokaxkuTte, 4TO NpsiMbIe, COEUHSAIONINE ITPOTUBOIIOIOKHBIE TOY-
KM KaCaHUs OIUCAHHOT'O YeThIPEXYTOJIbHUKA, ITPOXO/IAT Yepe3 TOU-
Ky Tepecedenns JTuaroHaJiei.

[Tycrs I' — onucannast okpyzxuocts Tpeyroyibanka ABC. OKpyxk-
HOCTB, IIpoxo/isiias depe3 Touku A u C nmepecekaer cropoubt BC
u BA B toukax D u E coorBerctBenno. Ilpsmbie AD u C'E 1e-
pecekatorcst ¢ I' Bropoit pa3 B Toukax G m H coOTBETCTBEHHO.
Kacarenbabie k I' B Toukax A u C' nepecekatror DFE B Toukax L u
M coorercrenno. Jokaxkure, uro LH u MG nepecekaiorcs Ha
okpyxKkHOCcTH [,
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19.

20.

21.

JlokarkuTe, 9TO €C/JM HPOEKTHUBHOE IIPeoOpPa30BaHUE IEPEBOIUT
OKPYZKHOCTDb w ¢ 1eHTPpoM () B OKPYKHOCTh, & TOUKY P BHyTpH W
B IIEHTP HOBOI OKPY2KHOCTH, TO IIPO0Opa3 OECKOHEYHO yIaJIEHHO
npstmoit iepreruKyasper OP.

JlokaxkuTe, 9TO BCE IPOEKTUBHBIE TTPEOOPA3OBAHUS, TIEPEBO/ISIITIE
3aJIAaHHYI0 OKPYXKHOCTb W B OKPY?KHOCTB, a 3aJaHHYIO0 TOUKy P
BHYTPU W B IEHTP HOBOIl OKPYKHOCTHU, MEPEBOJIAT Ha OCCKOHEY-
HOCTBH OJTHY W TY K€ TPIMYIO.

Ommemum, wmo wacmo noaapy mouku P onpedeasrom umerro
KaK my npamyro, o komopol udém pewsv 6 amoit 3adave.

Yeroipéxyroapauk ABC'D Brumcan B oKpy2KHOCTD (). O603HaATIM
qepe3 E u F toukm mepecedenus npsmbix C'B u C'D coorBer-
cTBeHHO ¢ KacartenbHoil K €2 B Touke A. Ilycre G uw H — To4-
ku nepecevennss BE ¢ €) u npsamoit AD coorsercrBenno, a I u
J — roukwu niepecedenusi DF' ¢ ) u npsimoit AB cOOTBETCTBEHHO.
Jokaxure, uro npsmbeie /G u JH mnepecekaioTcss HA CUMeIAAHEe
Bepiabl B tpeyronbuuka ABC.
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6.10. /IBoiiHble OTHOIIEHUS U TAPMOHUYECKNE YeT-
BEPKU

Omnpegenenne 6.10.1. Ilycts A, B, C, D — TOYKHU Ha TPAMOIi.
Jeotinvim omrowenuem amoti 4emeepky, Ha3bIBaeTCs YUCIIO

(A,B;C,D):% . %

3/ech, Kak 1 paHee, CTPEJIKU HAJl OTPE3KAMU O3HATAIOT, I9TO OepéTcs
OTHOIIIEHNe HalpaBjeHHbIX orpe3kor: ecin AC u C'B conampasiie-

AC AC

HBI, TO Cﬁ = @, a €CJ/In OHU HallpaBJIEHbI B IIPOTHBOIIOJIOZKHDBIE

AC AC

CTOPOHBI, TO ﬁ = _C_B

Omnpenenenne 6.10.2. Yersépka touek A, B, C', D nHa upsamoii
HasbIBaeTCs 2apmonuseckot, ecim (A, B;C, D) = —1.

Ecmn A, B, C, D — rapMonunveckasi 9eTBEpKa, TO OyIeM TOBOPHUTh,
aro A u B 2apmonuvecku pasdeasrom C' u D. HecloxKHO 3aMeTUTB,
qro (A, B;C, D) = —1 Torna u tosbko Torja, korga (C, D; A, B) =
= —1, nmosromy A u B rapmonndeckn pazgensior C' u D Torma u
TOJIbKO TOT/A, Korya C' u D rapmonndeckn pasjensaior A u B. HYemy
eImé MOXKET OBITh PaBHO JIBOMHOE OTHOINEHWE TOYEK, €CJIU WX Iepe-
CTABJISITH MECTAMU BHYTPH CKOOOK, IIPE/IJIAraeTCsl BBISICHUTD B TIEPBOit
3aJ1ade pasjera.

Creflyer OTMETHTD, YTO €CJIM OJIHY U3 TOYeK (Hampumep, D) B3aTb
6eckoneuHo yiasénnoit, To (A, B; C,00) = —1 paBHOCHJIBHO TOMY,
qro C' — cepenuna AB.

C TOMOITBIO TEOPEMbI CHHYCOB HECKOJIBKO 'POMO3JKO (XOTs WIeii-
HO — OY€Hb MPOCTO) MOXKHO JIOKA3aTh, UYTO IPU IEHTPAILHBIX N
HapaJuIeIbHBIX ITPOEKIUAX ¢ OJHON MPSMOI Ha JIPYTYIO JBOWHDBIE OT-
HOIIIEHWST COXPAHSIOTCS.
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D, Cy Bi Ay DQI @2 ‘BQ [Ag

Jnst crydast eHTpaIbHOTO MPOEKTUPOBAHS (JIEBBIil PUCYHOK) TaCTO
ucnosb3yercsa obosnadenne P(A,C; B, D) = (Ay,Cy; Bi, Dy), 1. e.
YKa3bIBACTCs TOYKA, U3 KOTOPOIl OBLIO COBEPIICHO IIEHTPAILHOE IIPO-
exTupoBanue dersépku A, B, C, D mjg mojy4enust HOBOI 9eTBEPKH.

[IpuBesiéM Kitaccmyueckyio 3ajady, B KOTOPOl BO3HMKAIOT T'apMOHU-
JecKre 4eTBEpKH. B Hell peub MOMJAET 0 KOHCTPYKINU, Ha3bIBA€MOit
YEMUIPETEEPULUHHUKOM.

Omnpenenenne 6.10.3. Yemwpéxsepuwunnux ABCD — 310 cOBO-
KyIHOCTh deThipex Todek A, B, C', D, cpejn KOTOPbIX HUKAKHE TPU
He JIezKaT Ha OIHON IPSIMOil, & TaKKe BCEX IECTH IPSMBbIX, IIPOXO/Id-
X 9epes3 1apbl U3 9TUX TOYCK.

Bagada 6.10.1. (Teopema o wemuvipérsepwunnure) B derbipéxsep-
muaanke ABCD npsmble AD n BC' nepecekatorcst B Touke P, a
AB u CD — B touke Q. Ilycts npsimast P(Q) niepecekaer AC' B R, a
BD —8S.

i.  Jokaxwure, uro (P,Q; R, S) = —1.

ii. IlycTp nomosnuTebHO MpOBejcHA MpsiMas RB, a eé ToYKu Tie-
pecedenusi ¢ upsMbiMu DP u D(Q) ects X u Y. Jlokaxkure, 94T0

(R,B; X,Y) = —1.
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Pewenue. Jlng  nmepBoro
IyHKTa JIOCTATOYHO 3allu-
caTh ODOOIIEHHBIE TEOPEMBI
Yesor u Menenag. Uz
AAPQ 1o Teopeme Yenbr:

AD PR QB

DP RQ BA
N3 tpoiiku Touexk B, D, S
Ha OJIHOW IIPAMOM 10 Teope- R

me Menesaga:
AD PS5 QB _
DP 5¢ BA

Ocraércs moemTh MepBoe paBEeHCTBO Ha BTOPOE.

1.

JL1s1 BTOpOro myHKTa CIIPOEKTUPYEM TIOJIYHYEHHYIO YeTBEPKY U3 TOUKU

D na npamyio RB: D(R,S; P,Q) = (R,B; X,Y) = —1. O

Omnpenenenne 6.10.4. Ilycrs A, B, C', D — To4YKu Ha OKPYKHOCTH.
Jleotinvim omrowenuem amoti 4emeepky, Ha3bIBAeTCs IUCIIO

CA DA
(A B:C.D)=+55: pp
rje 3HaK «+» Oepércs, ecsim AB u C'D nepecekatorcsi BHe Kpyra,
OI'PaHUYI€HHOI'O ,H,aHHOfI OKPY2KHOCTBIO, a «—», COOTBETCTBEHHO, €CJIN
UX TOYKA MEPeCeYCeHUd JICZKAT BHYTPU ITOT'O KPyra.

Hamomuum, 4To /151 €TBIPEX TOUEK a, b, ¢, d KOMILIEKCHOH ILJIOCKOCTH

“MeeT MeCTO KpUTepuil IPUHA/IJIC2KHOCTU OJIHON IIPAMONI UIn OJHOI OKPY K-
c—a d—a
HOCTU: YUCJIIO : JIOJI?KHO OBITH BEIECTBEHHBIM.

c—b d—b

Omnpenenenne 6.10.5. Yersépra Touek A, B, C'; D Ha OKPYKHOCTH
Ha3bIBaETCsl 2apmorueckotl, eciu (A, B;C, D) = —1.
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[Fapmonnueckast gerBepka (A, B; C, D) Ha OKPYy?KHOCTH — 3TO Bep-
ITUHBI TAPMOHUYIECKOro deThipéxyroibunka AC' BD. lapmonuyeckuit
JeTBIPEXYTOJBHUK paccMaTpuBaJIcd B pasjese 6.3 o cumemanax.

CBs3b TADMOHUYECKUX I€TBEPOK HA OKPYKHOCTHU U HA MIPAMON JTaéT-

cd cJIelyIoleil TeopeMoil.
P

Teopema 6.10.1. Ilycmov mouku P, A,
B, C aeoscam wa oxpyotcnocmu, a | —
npamas. Ilyemv PA, PB, PC, PD ne-
pecexarom | 6 moukar A, By, Ci, D

coomeememeenno. Toeda (A, B;C,D) = A »

= (AlaBl;Clle)-

Teopema 1O3BOJISIET  <«IIPOEKTHPOBATH> i By
1

9IeTBEPKU TOUYEK C OKPYYKHOCTH Ha
IPAMYIO 1 00paTHO ¢ COXpaHeHueM JABoiiHoro ornomenns. Obozmade-
e P(A,C; B, D) = (Ay, Cy; By, D1) IpUMEHSIETCS U B 9TOM CJIy4ae.

Hakowner, nmpuseiém TpeTuil BapuanT JIBOWHOIO OTHOIICHUS — JIJIs
YeTBEPKU NPIAMBIX @, b, ¢, d, TpOXoJdAux depe3 TouKy P.

Onpenenenune 6.10.6. [lycrs a, b, ¢, d — 4geTnIpe NpsiMble, TIepece-
Kalomumecs B OHON Touke P. J[eotinbim omHoweruem 3moti uemesep-
sin Z(c,a) sinZ(d,a)

sin Z(e,b) ~ sinZ(d,b)’
rJie yIJIbl MIOHUMAIOTCS OPHEHTUPOBAHHBIMU (M HOTOMY OTHOIICHIHSI
CHUHYCOB OepyTCsl CO 3HAKOM: €CJIM B YUCIUTE]IE U 3HAMeHaTe e CTOAT
CHHYCBI IIPOTUBOIIOJIOXKHO HAIIPABJIEHHBIX YIJIOB, TO TaKOe OTHOIIIE-
HI€ OTPHIATEIbHO, HHAYE — IOJIOKUTENBHO).

KU NPAMbLT Ha3bIBaeTCs qucyio (a,b;c,d) =

C HOMOIIBIO TEOPEMBbI CUHYCOB HETPYIHO II0KAa3aTh, YTO €CJIA {e-
TBIpE TPsIMbIE TIePecevIeHbl KaKoii-mmbo mpsmoii B Toukax A, B, C|
D, nexamux COOTBETCTBEHHO HA MPSIMBIX a, b, ¢, d, 10 (a,b;c,d) =
= (A, B;C, D). 9o, KcTaTn, M03BOJISIET CPa3y HOHATD, UTO IIPH [EH-
TPaJIbHOM IIPOCKTUPOBAHUN Y€TBEPKH TOUEK C OJIHOM IIPSAMOIi Ha ApY-
T'YVIO ,HBOIZHOG OTHOHIECHNE COXPaHAETCA: OHO PaBHO ,Z[BOIU/IHOMy OTHOIIIE-
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HHUIO COOTBETCTBYIOIIUX ‘{eTpréX IPAMBIX, BIOJIb KOTOPBIX Be,ﬂéTCH
IOEHTPaJIbHOE ITPOECKTUPOBaHUE.

Ha mpakTuke npumenenue JBOWHBIX OTHOIIEHUN CBOJUTCS K TOMY,
9TO HalljleHHast (9aCTO — TapMOHIYECKasi) YeTBEPKA TOUYeK MPOEKTH-
pyeTcs U3 pa3INvIHbIX TOYEK Ha JPYTHe MpAMble I Ha OKPY2KHOCTH. B
IIOCJIE/IHEM CJIydae IOJIyYaloTCd rapMOHMYECKe YeThIPEXYTOJIbHUKY,
BIIMCAHHbIE B OKPYKHOCTH, Ha KOTOpPbIE IIPOU3BO/IUJIOCH IIPOEKTUPO-
BaHUe, 10CJIe Yero K HUM MOYKHO IPUMEHSITH BCIO TEXHUKY PabOThI
¢ cumeauanamu. OOpaTHBIN TOJIXOJ] TaKKe IOJIE3EH: JIOKA3aB, UTO
HEKOTODBIl 4eThIPEXYIOJIbHUK Ha OKPYKHOCTH ABJISAETCA TapMOHHU-
YEeCKUM, JAJIbIIC MOXKHO IPOCKTUPOBAHUAMY Ha PA3JIAYIHBIC IIPAMbBIC
13 Pa3/IMYHbIX TOYEK IIOJIYyYUTh FapMOHUYECKHE HeTBEPKU Ha IIPs-
MbIX. [IpuBeiéM 1OCTATOYHO TUMUYHBIN IIPUMEDP TAKOTrO IOJIX0/Ia K
peIeHnto 3a/1auu.

Bagaua 6.10.2. Ilyctrb ABC' — Ttpe-
YTOJIbHUK, BIUCAHHBI B OKPYKHOCTH W,
D — Touka Ha 3T0#l OKpyx)KHOCTHU. [IycTh
P, ), R — ocHOBaHUs TEPIEHIHKY/ISTPOB
u3 D na upamele BC, CA, AB coorser-
crenno. [Tokaxkure, aro PQ) = Q)R Torya
u TOJIbKO Torja, korna ABC'D rapmonu-
YEeCKUM.

Pewenue. Tposeném DQ u B(Q) 510 nepecedenusi ¢ OKPYKHOCTHIO B
toukax X u Y coorBercrBeHHO. B 3amade 28 pasmena 6.5 o Kom-
IJIEKCHBIX YHCJIaX YUTATEIO IPEJJIarajoch gokas3arh, uro BX || RQ).
3/1ecb MBI UCHOJIB3YEM 3TOT (DAKT. DKBUBAJIECHTHOCTH TaPMOHUIHO-
ctu derbipéxyroibauka ABC'D u pasencrsa PQ) = ()R nonydaercs
U3 cJejIyrolleil 1ernoYku NpoeKTUPOBaHUIT FrapMOHUYECKON YeTBEPKU

(P,R;Q,):
B(P,R:Q,00) = —1 < Q(C,A;Y,X)=—1 < (A,C;B,D) = —1.

g
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Sagaan

1. Ilycrs (A, B;C, D) = «. Kakune 3naveHusi IPUHAMAIOT JBOIHBIE
OTHOIIIEHUsI, ecju nepectaBiaTb Touku A, B, C' u D mectamn
BHYTPH CKOOOK (-, -;-,-) (Bcero 4! = 24 nepecranoBku)?

2. JlopokHBbIil IepeKpeCTOK (Tapa MpsIMOJIMHERHBIX JIOPOT [1 1 [y, T1e-
PECEKAaOIINXCsI TIOJL IPSMBIM YIJIOM) CHAT C JPOHA, HAXO/AIIEr0Cs
B BO3/lyXe Ha HEKOTOPOM YJIAJICHUU OT TOYKH MEePecedeHusi JOPOT.
Brosb moporu [; ormeruMm ToUKy D niepeceveHusi JIOpor, TOUKy B,
B KOTOPO# CTOUT 3HaK 3a 2 KM oT D, u Touky A, B KOTOpOii cTouT
3HaK 3a 4 kM. ['ne-to mexxkay B u D naxoaurcsa aromobuas C'. Ha
dororpadun srr Touku Oymem obosnauare A’ B’ C',) D’. Oxka-
3aJ10Ch, YTO Ha rmojtyueHHoM n3obpazkenun A'D' = 300 nukcereit,
A'C’ = 275 nukceneit, B'C’ = 50 nukceneit. Borancaure CD —
paccTosinue 0T aBTOMOOUIs JI0 NepekpecTKa (He Ha dororpadum,
a BJIOJIb JIOPOTH).

3. Jlokaxkwure, uaro iy 4eTbipéx Touek A, B, C, D, jpexxammx Ha O
Hoil mpsawmoit, (A,C;B,D) = —1 Torjga m TOJBKO TOrJa, KOIJIa
ME - MD = MA?, rne M — cepeauna AC.

4. Joxaxkure, 9To jyisi cepequnabl M orpe3ka AB BBITIOIHEHO COOT-
Homenne (A, B; M, P) = —1 Torja u ToabKo Tora, Korjaa P = oo.

5. Yesuannt AX, BY , C'Z tpeyrosbauka ABC' nepecekaroTcs B O
noit Touke J. Ilycre ZY nepecexkaer BC' B Touke X. /lokaxkure,
aro (B,C; X, W) = —1. Ilycrs W J nepecekaer AB B Touke R, a
AC B rouke P. [okaxure, aro (R, P; JW) = —1.

6. Buyrpu Tpeyrossuuka ABC BeiOpana Touka P, u uepes Heé mpo-
Bejienbl uesnanbl AA;, BBy, CCy (touku Ay, By, C; jexar Ha
cropoHax TpeyrosbHuka). Ilyers X u Y — Touku mepecedeHust
A1 By u A;C ¢ psimoit, mapasuienbaoit BC' 1 Ipoxo/isineii depes
touky A. Jlokaxkwure, uro AX = AY.

7. K nape okpyxkuocteii ¢ nenrpamu C' u D 1poBejieHbl 00IIIe BHEIII-

HUe KacaTe/lbHbIe, IepeceKarolmecss B Touke A, a Takxke obiue
BHYTPEHHIE KacaTeJbHbIe, epecekalonuecsd B Touke B. Jlokaxku-
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10.

11.

re, uro (A, B;C, D) = —1. Cupoekrupyiire 3Ty rapMOHHYECKYIO
YeTBEPKY Ha BHEIIHIOIO U Ha BHYTPEHHIOIO KacaTeJIbHbIE U IOJIY-
9uTe Ha HUX EIE MO OJ[HON rapMOHUYIECKON YeTBEPKE.

B tpeyronbauke ABC' orMeueHbl TOUKA MEPECeIeHnst OUCCEKTPHC
I u nenrtp I, BHeBIMCAHHOI OKpy»KHOCTH, Kacamoiieiics BC, a
Takzke 1posejieHa Ouccekrpuca AA; (touxka A, gexur na BC).
Hokaxwure, aro (I,14;A, A1) = —1.

ITycte A — TOuKa BHe OKpyzKHOCTH W, 8 AK; 1 AK,; — Kacareib-
uole u3 A K w (K; u Ky — Toukn kacanus). [pavas KK, Ha-
3BIBAETCS TOJIAPOit Toukn A orHOCHTETbHO w. [itst ipsmoit K Ky
TOYKa A Ha3BIBAETCS TOJIOCOM.

i. Ilycre npsimast AD nepecekaeT OKpyKHOCTb B Toukax C'u D
(C' nexur 6mmxke kK A, uem D), a monsapy K; Ky B Touke B.

Hokaxwure, aro (A, B;C, D) = —1.

ii. (La Hire’s theorem) Jlokaxkure, 9T0 TOUYKa X JIEKUT HA T10-
JIdpe TOYKU Y OTHOCHUTEJIbHO OKPY>KHOCTU W TOI'/Ia 1 TOJIBKO
TOTIa, KOrJa TOYKa Y JIEKUT Ha MOJIgpe TOYKH X OTHOCH-
TeJIbHO W (00e TOYKHM JiexkaT BHE OKPYKHOCTH ).

Onpenenum noaapy To9ku A BHYTPU OKPYXKHOCTU W: MPOBEIEM
qepes 1eHTp okpyxKuOcTH O 1 TOUKY A mpsMmyto, a 3aTeM B TOUKe
A moctpoum K 39T0il mpsimoii neprenaukysp. Ilycrs stor mep-
MEHIUKYJISID TlepeceKaeT OKPYKHOCTh B Toukax K n Ky, a Kaca-
TeJIbHbIE K OKPYZKHOCTU B Toukax K u Ky mepecekaioT mpsaiMyio
OA B touke K. Torma mossipoit Touku A Ha3bIBAETCS TPsSMasi,
npoxosiast depe3 K, neprenaukysipHas OA.

JlokaxkuTe, 4TO TeopeMa U3 MyHKTA il mpeapliyieil 3a/1a4u crpa-
BeJ/IMBa M B TOM cCJjydae, Korjga TOuku X W Y MOTYT Jie¥KaTb
BHYTPHU OKPYZKHOCTH.

(Teopema Bpoxapa) Iycts gerbipéxyroapank ABC'D — Brimcas-
HbIil, P — Touka nepecedenns npsambix AB u CD, () — Touka
nepecedenns npsaMbix BC' u DA, a R — To4Ka 1epecedeHus Ipsi-
Mbix AC' u BD. Jlokaxure, uro P, (), R — 1OJIIOCH JIjis TIPSIMBIX
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12.

13.

14.

15.

16.

17.

®QR, RP, PQ coorBerctBenno. /lokaxkure, uro ) — OPTOIEHTP
APQR.

Tpeyeorvnur PQR Hasvieaemces a6MONOAAPHHM OMHOCUMEND-
HO onucannol okpyotrcnocmu wemupéryzorvrura ABCD: 6 amom
MPEY20ALHUKE N100AA CIMOPOHA — NOAAPE NPOMUBONEAHCAULET BEP-
WUHDL.

Ha nucre 6ymarn napucoBana OKpyzKHOCTb U OTMevueHa Touka M.
[TocTpotiTe omHOI JIMHEHKON KacaTeJbHYIO K 3TOH OKPYXKHOCTH,
IIPOXOJAINYIO Yepe3 yKa3aHHYI0 TOYKY.

[Iycts Touku A, E, C', B jexar Ha OJHON IPAMOIl B yKa3aHHOM
MopsiJiKe, a TouKa [) He JIe:KUT Ha 9Toi npamoii. Jlokaxkure, 9To
BBIIIOJIHEHHUE JIIOOBIX JIBYX U3 TPEX CJIEAYIONIUX YCJIOBUN BJIEUET
BBIIIOJIHEHUE W OCTABIIEr0Csl TPETHEro YCJIOBUSI:

i. (A, C;E,B)=—-1; ii. DFE — o6uccekrpuca ZADC,
iii. ED nepuenjaukysisapaa BD.

Touku A, B, C, D, E jexar Ha OKpyxKHOCTH w. KacareabHble
K w B Toukax B u D mepecekaiorcss B Takoit Touke P, uro AC
Takzke nmpoxoaut depe3 P, a DE || AC. lokaxure, uro BE nenut
orpe3ok AC' momoszam.

Brucannas okpyxuocts AABC' kacaercsa ero cropon BC, CA,
AB B Toukax D, E, F' coorserctenno. [Ipsvbie EF' u BC nepe-
cekarorcsa B Touke K. Jokaxkure, uro [K | AD, rne I — Touka
nepecevyeHnsi OUCCEKTPUC TPEYTOIbHUKA.

Han tpeyronbuuk ABC' ¢ HeHTpPOM BIUCAHHON OKpyKHOCTH .
OcnoBanne neprienukysisipa u3 I k BC' oboznadnm depe3 D, a
ocHOBaHme TepreHuKyaapa n3 [ Kk AD — qepe3 P. /lokaxure,
uro LBPD = /ZDPC.

(Onumnuada um. U. @. Hlapwvieuna) [lycrs D — Touka nepecede-
Hust OuccekTpuck yria B co croponoit AC, I4 n [ — ToUKn T1e-
pecedenns ouccektpuc AABD u ABDC' coorBercrBenno. Ilycrn

npsimast [ 41c nepecekaercs ¢ npsimoit AC' B Touke Q). Jlokaxure,
aro ZQBD = 90°.
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18.

19.

20.

21.

22.

23.

(Oaumnuada um. U. @. Hlapveuna) [lycts AD — GuccekTpuca
rpeyroabauka ABC. Touku M u N — npoeknuu B u C' cooTBeT-
crBerno Ha AD. Okpyx)uocTh ¢ quamerpom M N nepecekaer BC

B Toukax X u Y. Jlokaxkure, uro LBAX = LZCAY.

Ha Beicotre AA; octpoyrosbHoro tpeyrosibiauka ABC' BeiOpana
rouka X. Uepes rouky X mnposejensl npsimbie BE u CF (E un
F — roukn na AC' u AB coorBercrBenno). Jlokaxure, aro Aj A —
buccexkrpuca LEAF.

[Iycth w — okpyx)HOCTH ¢ neHTpoM O, A — TO4YKa BHE 3TOI
oKkpyzkHOCTU. Yepe3 Touky A K OKPYKHOCTH IIPOBEJICHBI JIBE Ka-
care/ibHBbIE, TOUKN Kacauus obosnadens! yepe3 B u C. [lycrs D —
TOYKA Ha OKPYKHOCTH Takas, 910 A, O, D jexkar Ha OJHOI Tpsi-
Moit, a X — ocHoBanue neprienaukyssipa u3 B k DC. Ilycrs Y —
cepeauna BX, a Z — Bropag Touka nepecedenust npsamoit DY ¢
w. Hokaxure, uro ZA 1 ZC.

(3adaua o 6abouke) Ilycts AC, BD, KN — XOpIbl OKPYKHO-
CTHU, TIPOXOIAIIe depe3 TOUKy M, JieXKallyo BHYTPH OKPYKHO-
cru. [lycrb P = KNNAB, Q = KNNCD. JlokaxXure, 9T0 €CIu
MK = MN, o MP = MQ.

B okpyxuocTH w ¢ rieaTpom O JaHbI ABE IePIeHINKYIAPHBIE XOP-
net AB u CD, nepecekatomiuecst B toake F. Ilycts F' — Touka
nepecedenns: npaMmbix AD u BC, a K u L — Touku nepecevennst

FB u FA c nepuenyukyisipom K OF B Touke F. /lokaxkurte, 910
KE =FL.

[Iycte ABC'D — 4YeTbIpexyroJIbHUK, BIUCAHHBI B OKPY?KHOCTh
w, a P — rmouka na npomomkennn AC rtaxast, aro upsambie PB
u PD kacatorcsa w. Kacarenbnas B Touke C' niepecekaeT mpsiMyio
PD B touke ) u npsmyto AD B Touke R. Ilycts E — BrOpas
touka nepecedenns AQ) ¢ w. lokaxure, uto B, E, R nexar Ha
OJTHOU IIPAMOY.

B npedvidyuiem pasdene npedaazanrocsy pewums amy 3adavy ¢ uc-
NOABL30BAHUEM NPOEKMUBHO20 NPE0OPAZ0EAHUSA.
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24.

25.

26.

27.

28.

B ocrpoyrosbHoM Tpeyronbauke ABC mpoBenenbl BhicoThl AA7,
BBy u CCy. llycte D = BCNBCy, E=ACNACy, F = ABN
N Ay By (uMerorcst B BHJLy TOUKHU TI€pecevdeHrst MpsiMbix ). Jlokaku-
Te, yro Touku [, F u F' nexxart Ha OIHOI IIPSIMOIL.

B nepasnobenpentom tpeyrobauke ABC touku D, E, F — oc-
HOBAHMS BBICOT, IPOBEIEHHBLIX K croponam BC, C'A, AB coorser-
crBerno, H — opronentp. Touku P u () BoiOpanb Ha orpeske KF
tak, uto AP 1 EF, HQ 1 EF. llpambie DP u (QH mepeceka-
H
0Tcd B Touke R. Boraumcimre ——-.
HR
K ommcanHoit OKpY?KHOCTH MIPSMOYTOJIBHOTO Tpeyroibuuka AB P
¢ upsiMbIM yryiom P posesiena kacaresbaas PT (T — Touka mepe-
cedenus Toii KacareapHoi ¢ npsamoit AB). Ilycrs BM — meguana
Tpeyrosbauka PBT a eé npojo/Kenne 3a TOUYKy B niepecekaer-
cst ¢ meprenukyasipom PN k npsmoit AB B Touke ) (touka N
nexut Ha AB). Jokaxure, uro AQ || PT.

(*) Brimcannast oKpyzKHOCTB w Tpeyroybhuka ABC KacaeTcs cTo-
pou AB, BC', C'A coorBerctBenno B Toukax F, D, F. Ilpamas
AD mepecekaeT BIUCAHHYIO OKPY?KHOCTH BTOPUYIHO B TOYKe P.
Jokaxkure, aro ecsiu ZBPC = 90°, to AE + AP = PD.

(*) HepaBrobenpennsiit tpeyroibank A BC Brmcan B OKPYZKHOCTb
w, PQ) — nmamerp, nepuenukynapusiit BC, a D, F, F' — Toukn
Kacauuga Brucannoit okpyxuoctu AABC co croponamu BC, C'A,
AB coorsercreenno. Ha F'E ormeuena Touka R takasi, ato AQ) ||
| DR. Ilycte npsimas PQ) niepecekaercs ¢ npsmoit EF' B Touke K.
Hokaxure, uro Touku B, R, K, C' nexat Ha 0JIHOI OKPYKHOCTH.
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7.

YKa3aHud 1 NOJCKA3KN

K pasdeay 1.1, c.

1.

10.

BocrionbayiiTech hopMysioit j1jist BLIMACIEHUS IO TPEYTOJIbHUKA:
OHa& paBHAa MOJIOBAHE NPOU3BEACHUA BBICOTHI HA OCHOBAHUE.

IIycrs AA1 u BB — 1Ba oTpesKa, 0 KOTOPBIX HJET pedb B YCJIOBUU
(s myHKTa 1 970 GUCCEeKTpHUCH, a Juidg il — Mmemmansl). Jlokaxkure

pasenctso AABA| u AABB;.
1
ADBE — pasuobenpenusiii, DE || AC, ZAED = ZCAE = 540.

Jlsist cTOpoH a, b U ¢ U MeIMaHbl K CTOPOHE ¢ 3Ta MEJIUaHa JEJUT 16
pUMeTp Ha YacTu JUIMHON a + ¢/2 u b + ¢/2. VIx paBeHCTBO Bje4ér
paBeHcTBO a = b.

[TokaxkuTe, ITO B TAKOM TPEYTOJHLHUKE BLICOTA COBIAIAET C MEIUAHOM
(Ha JMaMeTp OmUpaeTCst IPsAMOil yrodr).

[Iycrb st onpenenéuanoctu 6uccekTpuchl yriioB B u C' nepecekaiorcs
uva ocuoBaunu AD B Touke M. Ob6a tpeyrospauka ABM u CDM —
paBHOOEIpEHHBIE.

Her. TocTaTovuno B34TH NPOU3BOJIBHYIO XOPY OKPY2KHOCTHU, OTJIUIHYIO
OT JMaMeTpa, 33 OCHOBaHHe PABHOOEIPEHHBIX TPEYTOJbHUKOB, a Bep-
IIMHBI PACIOJIOKUTE HA ITOH 2Ke OKPY2KHOCTHU, HO TI0 PA3HBbIE CTOPOHBI
OT BBIOPAHHOI XOPIIbI.

Ja, mpas. [lokaxkute, 910 JTIO6OH U3 MIECTH TPEYTOJHHUKOB, Ha KOTO-
pbie 6uccekTpucel paszbuBaior AABC, MOXeT OBITH MPSIMOYTOJBHBIM
JIUITL B CIyYae, KOTJAA MPSIMBIM SIBJISIETCS YTOJI OUCCEKTPUCHI CO CTO-
POHO#1, K KOTOPOIt 3Ta OUCCEKTPUCa TPOBEJICHA, MOCKOJIBKY OCTAIbHDIE
JIBa yIJIa 3aBEIOMO OCTPBIE.

He xBacraer. B kadecTBe TaKOro TpeyroJibHUKa MOJOWIET PaBHOOE/I-
penHbIil TpeyroabHuk ¢ yryamu 45° u 67,5°. loctaTouno mpoBecTu B
HEM BBICOTY U3 yriia B 67,5°, a 3aTeM OTPa3uTh OCHOBAHUE OTHOCUTE b~
HO 3T0# BbICOTHI. BbicoTa 1 00pa3 OCHOBaHUS IIPU YKA3aHHON CHMMET-
pUU PA3JIENIsiT TPEYTOJHHUK Ha TPU HY2KHBIX.

I[Mycrs BM u CN — pasubie mejmanbl AABC, G — ux Todka nepece-
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11.

12.
13.

14.

15.

16.

17.

1 1 2 2
genus. Torma GN = §C’N = §BM =GM, GB = gBM = §CN =
= GC, mosromy ABGN n ACGM paBHBI TIO IBYM CTOPOHAM ¥ YTJIY
mexy aumu. Cinenosarensno, AB = 2BN = 2CM = AC.

Ilepsoe pewernue. AAPB pasunobenpennsiii, PM — Menuana B HEM,
noatomy C'M neprienukyssipaa AB, a saagut, AC' = BC'. Ilokaxure,
uro BbicoTa AK siBsteTcst OMCCEKTPHUCO. DTo OyaeT O3HadYaTh, ITO U
AB = AC.

Bmopoe pewenue. /PAB = /PBA, a BP — Guccekrpuca B IPAMO-
yrosibaoM AAK B, nostomy ZABK = 60°, /ZBAK = 30°. Jlasee,
APBM = APBK 10 AByM CTOPOHAM U YIJIy MEXKIY HUMH, IIOITOMY
ZBMP = 90°.

/ABC = ZACB = /BDE = /BFE.

Ecim 6uccexkrpuca BK tpeyronbauka ABC jenurcst momojam oOuc-
cekrpucoit yrma A, to AABK pasuobeapennniit. Torna /AKB =
=/ABK = /CBK. Ho ZAK B — suemnuit 11 ACBK , aTo nportu-
BOPEYNT TMOJTYIEHHBIM PABEHCTBAM.

Bocnombayiitech TeM 00CTOATENHLCTBOM, UTO MeAMaHa U3 BEPIIUHBI A
neprenukyasipiaa C'D, ecin u Tonbko eciim AD = AC. Ananormanoe
BEPHO U [JIsT TPEX APYTUX BePIIuH. VI3 1oy IeHHbIX YeThIPEX PABEHCTB
JuaroHaJjieil NaTUyroJbHUKa CIEJyeT MIATOE PABEHCTBO.

Vron ZCAC" — npsamoii, a n3 napasieJJbHOCTH TIPSIMBIX CJIEIyeT, 9TO
/MPA=/C = ZA. Tlosromy AAM P — pasuobenpennsiii. Ero Bbi-
cora MD — menmana B mém, npuuém MD || AC', mostomy MD —
cpennsts juaus AAC'P.

Yepes Touky A mpoeanTe mpsMyio, mapasienbuyio C D, 1o mepecede-
HUsI ¢ TIpojoskeHueM orpeska BD B touke M. Tpeyronpauku AM D
u DC A pasubr o cropone (AD — ob1mast) u IByM IPIJIEXKAIINAM K Heil
yriam, nosromy AM = CD = AB. 3uaunt, ABAM — paBHobGejipeH-
uorit. Orcriona /KDB = ZAMB = ZABM = /KBD.

[Tycte ABC' D — nansblit ueTbipéxyrosbuuk, a K, L, M u N — cepeu-
uot AB, BC, CD u DA coorBercrBenno. [lyist onpenenéurocTn Oyaem
CcIuTaTh, 4T0 0Tpe30K C'K — BOCBMOIT OTPE30K, HE PABHBIN OCTABHBIM.
B pasaobenpennbix AALD u ABNC orpesok LN — meauana, mo3To-
My u BbicoTa. T'peyronbauku ALN u BN L paBHBI 110 THIIOTEHY3€ U
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18.

19.

20.

21.

karery. YerbipéxyroabHuk AN LB — npsiMOyroJibHUK (QHAJOIMYHO U
DNLC — npsimoyronbhuk). ITosromy ABCD — npsiMOyroJibHUK.

B nepBoM nyrkTe — He 00si3aTesIbHO. B KadecTBe KOHTPIpUMEpPA pac-
cmotpure AABC ¢ yrimamu /B = 60°, ZA = 45°, /C = 75°. Bosbmure
Touky P mHa cepenunnoMm nepuenaukyisape Kk AC rtax, uro LPAC =

= /PCA = 30°. okaxure, uro AP =CP u AM = CN.

Bo Bropom myHkTe — 0bsizaTesibHO. [lycts AB < B

< BC, a cepemuuubIil nepueHuKyasap £ K cTo-

pore AC muepecekaer BC B Touke K. Torma K
/KAC = ZACK = /C < ZA, nostomy K me- M

xut Ha orpeske BC. U3 papencrBa AP = CP N

caemyer, 9To TouKa P jexut Ha mpsamoit £. Tou-
ka L nepeceuernns AK u CM cummerpuana N
OTHOCHUTEIBHO £. ZICHO, 9TO OHA JIEXKUT Ha OTPe3-
ke MC. Ho ZAKC — suemmunit qna AABK, A C
mosromy /LKN = /AKC > /ABK = /MBN. Urak, yron npu

BepmnHe paBHOGeApeHHOr0 ALK N GoJiblie yIiia IIpu BepIInHe PABHO-

6enperroro AMBN. Tlostomy /KNL < /ZBNM. DTo 3Ha4UT, 9TO

Touka L jiexkur Ha npomposkennn orpeska MC' 3a Touky M. Ilporu-

Bopeune. Anajornano u AB He Moxer ObITH 6osbie BC.

14

Paccmorpum Touky F kacammsi croponst BC co A
BHHCaHHOM OKpyKHOCTBIO: [F = CE, a AIEB —
npsiMoyroJibHbIH ¢ yriiom 30°, orkyna ID = DB =

= IFE = CE. Tlockoabky ZEID = 60°, oTrpeskn
ED, IE u ID pasunl. Utak, ACED — pasaobe-
peunsbiit ¢ ZCED = 150°. Ocraércst 3aMeTUTh, 9TO
LIAC + ZACD = 15° + (90° — ZDCE) = 90°.

IIposenTe 6uccekrpucy CL m mponmmure BN o |
nepecedenus ¢ nupamoit AC' B rouke K. B ABCK C
Beicota C'N — buccekrpuca, mosromy KN = NB. Yruet BOL u CBK
pasubl 45°, nosromy CL || BK. B AABK wmeauana AN penut mnomno-
gam C'L.

[Tycrs 6uccekrpucst AI u CI nepecekator CK n AL cooTBeTCTBEHHO
B roukax X u Y. Tpeyrombauku ACK u ACL — paBHOOeIpEHHBIE 110
yesosuio, ostomy AX m CY — soeicotst AAMC'. Tosromy m M1 —
TOXKE BBICOTA ITOTO TPEYTOJILHUKA.
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22.

23.

24.

25.

JocTpoiiTe JAHHBI TPEYTOJBHUK 0 IapaJiie- A D
norpamma ABCD wu uposequre KN || BC.

Torma CN = CD — DN = AB — AK = K N
= AC — CL = AL. ANCL = ALAK, mno-

sromy AN LK — pasrobenpennsblit. [Tockoabky

/NLA = /LK B (BHemHue yTJIbl B DPABHBIX TPE-

yrosbuukax), ZNLK = ZALK+/LKB = 60°. B C
AKLN paBHOCTOPOHHMIA.

OcCTpOYrosIbHBIH TPEYrOIbHUK Pa3pe3aercst Ha HYKHbIE 9aCTH BJOJIb
OTPE3KOB OT IIEHTPA OIIUCAHHOI OKPY?KHOCTH JI0 BepIIUH. TpeyroJbHIK
ABC ¢ tynsiv yriaom C' TakzkKe MOXKHO pa3pe3arb: HYXKHO B3dTh Ha
cropone AB roukn B’ u A’ (B’ nexur mexay A u A’) tak, arobel
ObL BhIostHeHB! pasenctsa AB' = B'C' u BA' = A'C.

[IpstMOyTOBHBIN TPEYTOTHLHUK TaK pa3pe3aTb HEBO3MOXKHO. 1lycTh B
npamoyronbaoM AABC yron C mnpsimoii. CyiecrByer aBa crocoba
pa3pe3aThb ero Ha TPU: BLIOPATH TOUKY X BHYTPHU TPEYTOJbHUKA U IIPO-
BecTu OoTpe3ku oT X 10 BEpIIuH JIMOO paspe3arh ero cHavdaja BIOJb
MIPSIMO#, MTPOXOJIsAIIeil Yepe3 KaKyI-TO BEPIINHY, & 3aTeM IOBTOPUTh
9Ty OIeparyio ¢ OJHOM M3 MoJydIuBINUXCsa dacTeidl. B mepBom ciydae
AAXB pasuobenpennsiii, mumb ecaiu AX = X B, HO Torma aBa apy-
IUX TPEYTroJbHUKa He paBHOOeapeHHbIE. Bo BTOpOM citydae XOTst ObI
OJIVH U3 TIOJIyYAIOIINXCsT TIPU TIEPBOM pa3pe3e TPEYTOJbHUKOB JOJIKEH
OBITH paBHOOEIPEHHBIM. Torma mepBast mpsiMast — OUCCEKTPUCa TPSIMO-
ro yraa uiau coequnsier C' ¢ Toukoit D na AB rakoit, yro AD = AC.
B obonx ciaydasx Tpebyemoe HEBO3MOMKHO.

[Tocrpotite Ha BD Kak Ha ocHOBaHUU TPEeyrojbHUK BDE .| paBHBI Tpe-
yroapuuky ABC (touka E jiekuT 10 ojHy cropoHy ot AB ¢ TouKoii
(). Torna ABCFE pasaocroponnuii, a AC'DE paBHOGeIpEHHBIH ¢ yT-
jgom 1ipu Bepuubae /DEC = 40°, orkyna /DCE = 70°, a 3HauwuT,
/ZBCD = 10°.

ITycts o, B 1y — yIJIbI IpU BEPIIIH- 4

nax A, B u C tpeyrompuuka ABC M N
coorBerctBenHo, BM u CN — 6uc-

CEeKTPUCHI TpeyroJibuuKa. llpesro-

JIOKUM, 9TO f3 < 7. o 5
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Omrnoxkum ot ayda C'N B HOJIYILIOCKOCTH, cojepzKailneil Touky M, yro
NCM;, pasusiii §/2, rae My — Touka Ha 6uccekrpuce BM. Tockoib-
Ky /2 < /2, rouka My nexur mexay B u M. Orpesok N M Bujen
u3 rouek B u C nox opuuM yriioM, pasubiM /2. CreoBaTebHO, TOY-
ku B, N, M u C nexxar Ha omuoit okpyzkuoctu, a BM; u C N — xopabt
3T0#1 OKpyrkHOCTHU. [TOCKOIBKY

vy . B o B v o B v
/BOM; = 45 « — 424 1 = /BOM; ==+~ - /NB
CM,; 5ty <g5t3ty 90°, C M, 2+2>5 C,

xopa BM; Bujna u3 rouku C' 10J] OCTPBIM yIJIOM, PABHBIM /24 [3/2,
a xopga C'N BuaHA U3 TOYKH B 110 OCTPBIM yIJIOM, PABHBIM (3, IPHIEM
B/2+~/2 > . Cienoarensno, BM > BM; > C'N. Takum obpasom,
€CJIN yTJIbI TPEYTOJbHUKA HEe PABHBI, TO OOJIBIIEMY YIJIy COOTBETCTBYET
MeHbIIas ONCCEKTPHUCA.

K pasdeay 1.2, c.

1.

[Tporenure nuamerp AD u paccMOTpPUTE MPSMOYTOJIBHBIE TPEYTOJIHHE-
ku ADC u BAH.

Ucnonb3yiiTe paBencTBo Biucanubix yriuos /PAD = /PQC, /PBD =
= /PQD, a Takye TeopeMy O BHEIIHEM yTJie TPEYTOJbHUKA.
Ucnonb3yiite paBencTso yriia AP B moaycyMmMe JyT, CTATUBAEMbIX 60-
KOBBIMHU CTOPOHAMU TPAIIEIHH.

IIycts A1C1 u B1 D4 nepecekatores B Touke P. Borunciure yron A1 PDq
€ TIOMOTIHIO TeopeMbl 1.2.2.

i. Ucmonp3syiite Teopemy 1.2.2, 9ToOBI MMOKa3aTh, UTO YO MEXKLY
B1Ci u AA, pasen %(ZBAC’ + ZACB + ZCBA).

ii. £CC1B1 =Z4ZCBBq, LCC1A1 = ZCAA;. Ho oba yriia B nmpaBbIX
qacTax pasabl 90° — ZACB.

IMycte M u N — cepenunbt nyr AB u AC, a P u () — TOYKHU niepece-
uenust MN ¢ AB u AC coorBercrBento. Berauciure ZAPQ u ZAQP

KaK IOJIyCyMMBI COOTBETCTBYIOIINX JIyT, UCIOJIb3ys Teopemy 1.2.2.

Paccmorpum citygait, korga Touka P JieyKuT BHYTPU BTOPON OKPY2KHO-
cru. Ilycts () — Ta ToUKa repecevdeHus MPsSMO, TTPoxosdieil uepe3 P
7 TEePIEHIUKYIIpHOit AB, co BTOPOil OKPYKHOCTBIO, KOTOpasi HE Jie-
JKUAT BHYTpU IepBoil okpyzkuHocTu. Beipazure ZQPX u ZQPY qepes
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10.

11.

12.

13.

14.

YIJIOBBIE MEDPHBI JYyT ¢ TOMOIBI0 Teopembl 1.2.2 TTokaxkure Takxke, ITO
passoctb ZQPX — ZQPY pasna nosypasuoctu ayr AP u BP, nexa-
MUX BHYTPHU BTOpOit oKpy:kHOCTH. [losTomy nyrm QX u QY papHbL
OcTanbHble Caydan OCTABJISIOTCS IUTATEIO.

Tpeyromsauku AOB u AOD papHOOenpeHHbIE ¢ 001I1el GOKOBOI CTOPO-
noit AO. C moMoIpIo TeopeMbl 06 yrjie MeXKy KacaTelbHON 1 XOpmoi
IIOKazKHUTe, 9TO YIJIBL IIpU OCHOBaAHUAX 3TUX TpeyFOIH:)HI/IKOB PaBHBI.

Bocnonbayiitech BrimcanHOCTHIO YeThIpEXyroabankoB ABEM nu BCDE,
a Takxke TeMm pakrom, uro ZCDE nns tpeyronbauka DEM siiisiercs
BHEIITHUM.

C 1oMoIpbio TEOPEMBbI O PABEHCTBE BIMCAHHBIX YIJVIOB, OIUPAIONIUXCS
Ha OJHY JIyT'y, MOXKHO 3amucaTh ceputo pasencrs: ZOBC = /DBC =
=/DAC = LM AO = ZM BO. Ilostomy BO — 6uccekrpuca /M BC'.
Jlpyroe permienne MoxXeT ObITH OCHOBaHO Ha ToMm, uto DB u AC —
BBICOTBI TPEYTOJTHLHUKA, CTOPOHBI KOTOPOTO JieykaT Ha mpaMbix AB, DC
u AD, a O — opTOIEHTp ¥ TeHTP BIucanHoi okpyxuoctu ABMC.

JlokakuTe, ITO CyMMa MPOTUBOIOJIOXKHBIX YIJIOB PAacCMaTPUBAEMOTO
4eThIpEXyTroibHuKa paBHa 180°, BbIPA3UB 3Ty CYMMY 4epe3 yIJIbl HC-
XOJIHOTO Y€TBIPEXYTOJHHUKA.

[Iyctes P — Touka mnepeceuenuss KM u LN. Bocrionb3yiiTech Brncan-
HOCTBIO 4eThIpEéxyrobHuKOB BK PL u DM PN | 910o0bl IOKa3aTh, 9TO
/NPD = /BPL.

[Iycte H — ocHOBaHUe MEPIEHANKYJ/ISIPA, OIYIIEHHOr0 U3 TOUYKH P Ha
npamyio BC, a M — touka nepeceuenus npsimoit PH ¢ AD. Torna
/BDA = /BCA = /Z/BPH = /DPM. Jlokaxure, uro u ZAPM =
= /MAP. Orpesok PM — mennana npsmoyronbaoro AAPD.

Pacemorpum ciygaii, Korma D jexut na orpeske AB, a F — Ha npo-
nomkeanu AC 3a Touky C, mu6o 06e Touku D u F jrexkar Ha TPOJI0JI-
JKEHUSTX COOTBETCTBYIOMUX cTopoH. Ilycrs /A = «. Torma /BOC =
= 2a, ZOBC = 90° — «. IlockosbKy TOUKa F JIEXKUT Ha OKPYKHOCTH
¢ quamerpom OK, ZOEK = 90°. U3 Bunucannbix yrios LZOEC =
= /Z0BC =90° — «, nosromy ZAEK = 90° 4+ 90° — o = 180° — a.
Ilpedageaem “umamesam camocmosmMesvHo HAUMU No0TOOAULUT Na-
DAANENOZPAMM ONA CAYHas, Koeda A aeorcum Ha menvwetd dyze BC, u
0600u UMD 30004y HA CAYHAT, MYNOY2045H020 MPEYLONOHUKA.
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15.

16.
17.

18.

19.

20.

21.

22.

23.

IIycte K u N Jjexkar B pa3HbIX MOJYIIOCKOCTSAX OTHOCUTEIHLHO IPs-
Moit AB, a M u L — ocHOBaHUsI TEPIIEHINKYJISIPOB U3 TOUKU B Ha fo u
£1. Bocrmonb3yiiTech TeopeMoii 06 yriie MEXKIY KacaTeJbHON U XOPJIOil,
a TakKe MPsIMOYTOJIbHOCTBIO TpeyrosbHukoB M AK nu N AL. Chnyuaii,
korga K u N jexar B OQHOMN IOJIYILZIOCKOCTH OTHOCHTEIbHO AB, aHa-
JIOTUYEH.

Bocrmonb3yiiTech TeopeMoit 06 yriie MexK Iy KacaTeJabHON U XOPJIOi.

IIposesinte B Touke D KacaTeqbHYIO K OKPY?KHOCTU U BOCIOJIB3YHTECH
TeopeMoit 00 yriie MeXKJIy KacaTeJbHOW M XOPJOH, a TakxKe MapaJi-
JiesibHOCTBbI0 K L v pOoBeIEHHOM KacaTebHOH, YTOOBI JI0KA3aTh, ITO
B PACCMATPUBAEMOM UETHIPEXYTOJIBHUKE CYMMa IPOTUBOIOJIOXKHBIX yT-
JIoB paBHa 180°.

B pasrobGenpennbix Tpeyrojbankax ABK w DLC' paBHBI yribl 1pu
OCHOBaHUsIX, mo3ToMy BC K L — BIUCAHHBIN YETHIPEXYTOJIBHUK.

Toukn X, K, C u M nexar na ojnoii okpyxHoctu, a XM | BC.
ITokazkure orcioma, uro LZMXC = /BCX. Ananoruuno u ZNKD =
= /ADY . Ilpu stom nyru AY u BX paBHBIL.

IIycre Ay, B1, C1 — cepeauHbl COOTBETCTBYIOIIMX CTOPOH TPEYIOJIb-
Huka, M — TodYKa IlepeceveHnsl OIUCAHHBIX OKpyxKHOCcTeill AA1BCt n
AAC By, otnmuunas or Cy. Ecimu M j1exxuT BHYTpU TPEYTrOJABLHUKA, TO
ZATM B, = 180° — ZC'. Anajorndnoe noKa3aTebCTBO IOJYYUTCA U
JUIST CIydaeB, Korma M JIexKuT BHE TpeyroJibHIKa WJIK Ha ero CTOPOHE.
Cnpasedausa meopema Muxeas: ymeepoicoenue ocmaémes 6EPHbLM, eC-
AU BMECTNO CEPEIUH HA CTNOPOHAL MPEY20ALHUKA NPOUEOALHO BLLOPAT L
no mouxe. Bmecmo pasbopa cayuaes 0as €€ JoKka3amesbemea MoHCHO
UCTIOABIOBAMD M. H. OPUEHMUPOSAHHBIE Y2abl (cm. 3adaqy 13 pasdesa
6.2).

Touku C, @), B u R jexkar Ha OJHON OKPYKHOCTH, Kak 1 Touku C, P,

A, R. Tlokaxwure, uro ZAPQ = 180° — /ZPQB.

Onumure OKPYXKHOCTH OKOJIO KBaJApPaTOB M OTMETHTE BTOPYIO TOUKY
nepecedennus M 3Tux okpyxkHocreii. JlokaxkuTe, 4TO BCEe TPU IPAMBIE
POXOJSAT Yepe3 IMOCTPOEHHYIO TOUKY (Hapumep, Jist upsiMoit ABj 31o
Gyaer ciejoBarh u3 pasencrsa LZCM By = 180° — LC A2 A).

Touku A, B, C' u O jexkar Ha OKPY>KHOCTHU ¢ JuamMeTpoMm AB, a yribl
ACO u BCO onmpatorcsi Ha paBHbIE JyT'M 9TOH OKPYKHOCTH.
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24.

25.

26.
27.

28.

29.

30.

31.

32.

Orpesok OM BuyeH u3 Bcex TPEX TOUYEK MO NMpsMbiM yrjom. [Toka-
JKUTE C IMOMOIIBIO BIIMCAHHBIX YIJIOB, UTO JBa yriia B A Ay Ay A3 paBHBI
60°.

Touku B, C1, I, Ay nexat Ha OfHON OKpYKHOCTH, a BI — buccekTpuca
yruta C1BAj, orkyma cienyer paencrso ayr 1A u 1CY.

Tpeyronsuuk A1IC] — paBHOOenpeHHbli ¢ yriaoMm 30° Ipu OCHOBAHUM.

[Mycts AC' — mmaMeTp ONMHUCAHHON OKPY’KHOCTH YEeTBIPEXYTOJHHUKA
ABCD. Tlpoeknust nearpa okpyxHoctu O Ha jguaroHajb BD nejut
TOTIOJIaM OTPE30K MKy MPOeKIusaMu Touek A u D Ha 9Ty mpsaMyio.

[Tycts O — 11eHTp OMMCAHHOM OKPYKHOCTH YeThIpExyronbauka ABC D,
M — Touka mepecedeHust KacaTe/bHbIX B TouKaX A u B, a P — Touka
mepecevenns Kacareabubix B Toukax C' u D. Torma ZAM B+ /DPC =
= 360° — LZAOB — ZDOC = 360° — 2(LADB + Z/DAC).

Hokaxkure, aro ecou /B > Z/C, Tto onmcanHasi okpy>kHOCTb ABIC
mepecekaeT orpe3ok AC' u mpomoikenne AB 3a Touky B. 3areMm mnc-
HOHL3yﬁTe BIIMCaHHBIC YTIJIBI JIJIg JOKa3aTe/JIbCTBa TOI'O, ITO I — TOYKa
nepecedenns ouccekrpuc AAEFE.

[Tycts F' — Touka mepecedenust nmpsamoit AB ¢ obmieit KacaTeabHONW K
OKPY2KHOCTSIM, ITpoBeAeHHON depe3 D, a C; — orauvnas or DD Touka
nepecedenns nupsimoir C'D ¢ mepBoit okpykHOCTBIO. Vcnosb3yiite pa-
BeacrBa /FDA = /FAD, /BDF = /BCD, arobpl 1I0Ka3aTh, ITO
AD — 6uccekrpuca yrina C1DF.

Hokaxxute, aro Iy, I>, I3 nexkat Ha BIIUCAHHON OKPY2KHOCTH TPEYTOJIb-
HUKA W JIeJIST TOMoJIaM MeHbInne jyru S9S3, S153 u 5152 coorBer-
creenHo. Ilosromy 11571, 1559 u I3S3 — 6uccekrpucel AS1.55553.

[Tposenem uepes L orpesok B1Cy || BC'. Tpeyronbuuku AB1C u ABC

OJIO0HBI, ¥ JIOCTATOYHO JI0Ka3aTh, yro B1L = C1L.
Yerwipexyrompanku [DBL ILEC; A

BIUCAHBI B OKPYXKHOCTH C JHAMET-
pamu IB; um ICq{ COOTBETCTBEHHO. E
Tpeyronbnuk IDE pasHOOEeIpeHHbIH, B, @
ZIB\L = ZIDL = ZIEL = ZICHL. p

910 oszHauaer, uro AB1IC; Takxe I
paBHOOeIpEeHHbINH, ero BbicoTa 1L

ABJIACTCA MEJIUAHON. B Ja M C
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33.

34.

35.
36.

Pacemorpure takyio Touky P € AC, uro ZABP = /CBD. U3 nojo-
6ust rpeyronsaukoB ABP u DBC nonyunte AB-CD = AP-BD, au3
mo1o6ust Tpeyronbuukos PBC u ABD mnonyuure BC-AD = BD - PC.

Anvmepramusnoe dokazamesbemeo, ucnosvayrowee npamyro Cumco-
HaA, HO YXHCE OAA NPAMO20 U 00pamMH020 Ymeepicdenun meopemo, [Imo-
aemes odnospemero. Bynem moJb30BaThCS yTBEpKICHIEM 3aja4dn 1
pasznena 6.6. E€ perreHne OTHOCHTENILHO HECJIOZKHO U He TpeOyeT HuKa-
KHUX JIOTIOJIHATEJILHBIX CBEJICHUN, PEMIUTD €€ TUTATETh MOXKET, UCIIOIb-
3ysi JIUIb PAKTHI O BIMCAHHBIX yIVIax U3 JAHHOIO pasjesna. UTak, pac-
cMOTPHUM 4eThIPEXyToabHuK ABC D u omyctuM neprieHnKyasapel AK
AL n AM na npsimete CD, BD, BC coorsercrBenno (rouku K, L,
M — ux ocuoBanust). Ilo Teopeme cunycos KL = ADsin ZCDB (no-
CKOJIbKY AD — nuamMerp OKpY2KHOCTH, Ipoxosineit yepes Touku A, K
D n L). Ananornuno KM = ACsinZBCD u LM = ABsin ZCBD.

ITo Teopeme cunycos u3 tpeyrosbauka CDB (R — pajuyc ero onucas-
Hoit okpykHOCTH) K L = AD‘S—;, KM = AC’-S—}?, LM = AB-%.
Hepasencrso AB-CD+ BC-DA > AC - BD cienyer u3 HepaBeHCTBA
TpeyrospauKa: KL + LM > KM. B 3ToM HepaBeHCTBE JOCTUTAETCS
PaBEHCTBO, ecjii U TOJBKO ecyu TpeyroabHuk K LM Beipoxkiaer. Co-
rimacHo 331a4e 1 pazjiena 6.6 370 paBHOCUIIBHO TPUHAIEXKHOCTU TOUKHA

A omnmcaHHOR OKpyKHOCTH Tpeyrobauka BCD.

[Mpumenure k dersipéxyroapuuky ABDC Teopemy Iltomemest u ode-
BuzHoe Hepaserctso CD = BD > BC/2.

[Tpumenure k derbipéxyronbunky ABC P teopemy [lTomemest.

Iycres K u L — cepenunabr AC

u BD coorBercrBenno. OTpes-

ku OK un OL nepnesjukynsap- g’/
bl XopgaM AC u BD okpyx- o
Hocru §2 coorBeTcTBeHHO. [IycTh
rouka K’ nmamerpasbHO IIpO-
TUBONOJIOXKHA Touke O Ha (7.
Torna ZOLK' = 90°, nosro-

My npsiMasi BD npoxoauT yepes

K'. Ho ZALB = /BLC, no-
ckobKy ayru AK' n CK'
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37.

38.

1 1
okpyxkuocTu ) paBubl. [lostomy /BLC = §4ALC’ = iéAOC’ =
= /ADC. Tpeyronwuuku ACD u BC'L nofobHbI IO IBYM yIJIaM, OT-
AC  BC
AD  BL’

KyIda 1 TOrga MOXKHO 3alliiCcaTb

1
BC-AD:BL-AC’:ﬁBD-AC.
[Tpumenure Teopemy IlTosiemesi, 9TOOBI OJIYYIUTH CEPUIO PABEHCTB:
1
DC-AB:BC'-AD:§BD-AC’:KC’-BD.

U3z pasenctsa DC' - AB = KC' - BD caenyer nomobue TpeyroabHUKOB
CKD u BAD (no aBym cropoHam u yriry Mexjy Humu). [losromy
/CKD = Z/BAD. Anajoruuno u3 paseractsa BC - AD = KC - BD
crnenyer pasencrso /JCKB = /BAD. Torna /BKD = 2/BAD =
= /BOD, rouka K jexur Ha (s.

Jokazxkure pasencrBo ACEN u AMFEA. U3 pasencrsa /ENC =
= /K AFE cnenyer, aro touku A, N, K u F jexar Ha OJIHOI OKpYK-
Hoctu. 3areMm mokaxkute, uto KFE — 6uccekrpuca /AKC, a deTbl-
péxyronsauk AKCD — suucanssiii. [1ponomkenne 6uccekrpuckl K F
[epeceKaeT OMUCAHHYIO OKPYKHOCTh 9TOI'0 YeThIPEXYTOJbHIKA B Cepe-
mure ayru AC, He comepxKarein K. Dta Touka coBnagaer ¢ D.

Ecmu  Tpebyemoe Oy- Q
JIeT  YCTAHOBJIEHO JIJIsI
ouccekrpucel ZA, TO
9TO Ke BEpPHO W JIJIs
buccekTpucel yria ZC,
a 3HAYUT, JOKa3bIBa-
eMoe YTBEPXKICHUE A C
SKBUBAJIEHTHO TOMY,

9TO JIBE JIAHHBIE OKPYXKHOCTH IIePECEKAIOTCs B TOUKE [epecevenusi Ouc-
cektpuc AABC'. Paccmorpure paBHoGepeHHbIi TpeyroybHuK AQC n
OKPYKHOCTD, omucanuyio okoiao ABQC. Ilycts 6uccekrpuca yrma C
repecekaeT 3Ty OKpyKHOCTh B Touke D. Ilomcuérom BIMCAHHBIX yT-
JIOB U BHEIIHUX YIJIOB TPEYTOJbHUKOB, UCIIOJIb3ys PAaBHOOEIPEHHOCTD,
nokaxkure, aro BD — 6uccexkrpuca AABC.
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39.

40.

[Mapannensuocts EH u AC cnenyer uz roro, uro /M HE = /MKA =
= /MCA (AMKC u MEHK — BINCaHHBIE YeTHIPEXYTOJbHUKH).
Borauciuresbaast 4acTb 381291 OCTABJIEHA UATATEJIO.

[Iposenure siyuan F'D u GE 5o nepecedenns ¢ I' 8 Toukax X u Y co-
OTBETCTBEHHO W JIOKAXKUTE C MOMOIIBIO BIUCAHHBIX YIJIOB W CBOWCTB
CepeNVHHBIX MepIeHauKyasapoB, auto AY = AD = AF = AX. Yersl-
péxyronpauk X EDY Brucanusiit, nostomy LY ED = /Y XD. As T
pasubl Brncanubie yrael /Y X F u /YGF.

K pasdeay 1.3, c.

1.

[Tposesiure AK, BK u nepuenpukynsap u3 touku K kK orpesky AB.
BocmonbsyiiTech Teopemoii 06 yrite MexKIy KacaTeabHOW W XOPIOil i
HaXOXK/JICHUA JIBYX Iap HIPAMOYIOJIBHBIX TPEYTOJILHUKOB.

Ecim CTOPOHBI «MaJICHBKUX» PaBHOCTOPOHHUX TPEYT'OJIbHUKOB PaBHbI

T, Yy U Z, & CTOPOHA BCErO <«DOOJIBIIOrO» TPEyroJIbHUKA PaBHA W, TO

x
T+ Yy + z = w, oTKy1a nMeeM — + 4 + — = 1. Tpu craraeMbIX B Jie-
w

BOIt 9acT — KO3 DUIIMEHTHI [TOI00WsI, BIPA3UTE UX IePe3 OTHOIICHUS
ILIOIAdEM.

O6osnaubre AM = 3z, MB = 2z, AN = 4y, NC = 5y. IIposeanre
qepe3s M u N upsimble, mapaJuiesibibie BC, a 3aTeM BOCIOJIB3YHTECH
Teopemoit PaJreca.

B pasdese o eeomempuu Macc Mvl NOSHAKOMUMCA ¢ KYyoa bosee Ouicm-
PoIM U YOOOHBIM CTLOCOOOM PeULad N0J0OHBIE 36004 U.

CB CA
J1J1sT OCTPOYTOJILHOTO TPEYTOILHUKA c Bl = C—Al = cos ZC. Jlnsa Ty-
CA; (OB e
[IOYTOJIBHOTO TPEYTOJIbHUKA, =—=- .
OYTOJIBHOT'O TPEyroJl Ch A cos

Hoxkazkure, aro AAPB u AADP 110106HBI, BOCIIOJIb30BABIINChH BIIN-
caHHOCTBIO uerhlpéxyrombuuka APBC. Torna AP? = AD - AB =
= AFE - AC = AQ?.

[Ipomure PR u PQ 3a Touky P 510 mepecedenust co CTOpOHAMU yTJia
B Toukax B u C. Ilokaxkure, ucnosb3ysi reopemy Qajreca 1.3.4, aro

BC'|| ST. Touka P — oproneurp AABC.

IIycte BM u CN mnepecekatorcss B Touke S Ha orpeske AD. U3 to-
ek M u N omycrure nepresaukyisipsl M P u NQ #a cropony BC,
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nepecekatoriue npsmbie CN u BM coorBercTBeHHO B TOukax X u

Y. Ucnosbsyiite nmomobune ANSY u AMSX, a TakKe COOTHOIIEHUE

MX AS NY
MP = AA; = NO' Orciona 3akiounre, 4ro ANQD u AMPD

[10/I00HBI.

Ucnonp3yiiTe IpeiblayIIyIo 3a/1a5y.

9. Ilycrs Memmanbl mepeceksnck B Touke G, P = BB NYZ, a S =

10.

11.
12.

13.
14.

15.
16.

17.
18.

= BB NXY. Hokaxure, uro YS : SX =1:3,a AYPS~AYZX ¢
ko3 durmenrom 1/3.

IIpoBenuTe wepe3 KOHEI OTPE3KA JIYH, Ha KOTOPOM C IOMOIBIO IIIPKY-
JIsl OTJIOXKUTE 1 PABHBIX OTPE3KOB (IIPOM3BOJILHOI JJIMHBI). 3aTeM O~
CJIETHIOI0 OTMEYEHHYIO Ha Jiyde TOYKY COEJUHHUTE CO BTOPLIM KOHIIOM
orpeska upsimoii £. Yepes Bce OTMeUeHHBIE HA JIyde TOYKHU ITPOBETUTE
psMble, apaJuiejibabie £.

Hoxkaxkure, uro AABIA u AAIC 1omo6HbL.

[Tycts misa onpenenéanoctu K M mepecekaer p B Touke B BHe Kpyra, a
K N nepecekaer p B A BHyTpH Kpyra (€cjin 370 He Tak, JJOCTATOYHO 110~
mensiTb Mectamu Touku M u N). [okaxkure, aro Tpeyroiabauku O AN

n OBK momobust. Orciona cpady ciaeayer, ato ON - OK = OA - OB.
[Tposesure C'E || BD u Bocnosb3yiiTech H0106HeM.

[Tycts ya AB nepecekaet {2 B Touke P, a O1 m O — HMEHTPBI OKPY K-
vocreit w u (). Paccmorpure paBHoOenpernubie Tpeyroabanku O1AB n
OAP. U3 ux nonobust cienyer, uro OP L M N.

Tpeyronsuuku ANP u N PB nonobusi, orkyna PB - PA = PN?2.

IIycrs B — nepecedenue npsimoii A1 By ¢ mpsimoil, mapaJutesibaoit AB,
AC, ABy CE CA

= " = .
CE BC CiB AB

Ay b 28

W3 nomobuss AACD u AABA, nonyuunre A = IR Ho AA; = —.
c a

Ecim MD = aAD, to ND = aCD c omauMm u Tem ke Ko3pdu-

nuenToM «. Ilokaxkure, 4T0 SABON = §BH1(1 — a)CD, Saapym =

npoxosineil gepes rouky C. Torma

1
= §BH2(1 —a)AD (BH; n CHy — BBICOTBI TapaJjlIe/IOrPaMMa, OILy-

menHble Ha npsiMble C'D 1 AD cOOTBETCTBEHHO).
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19.

20.
21.

22.

23.

24.

25.

26.
27.
28.

29.

AD CD B D CD

AB B Y AB ~ XA

EA AX3 FA AX,

BX, X.B’ CX, =X, Orciona 1o Teopeme Henbr A= =1.
[Tycts cropona KBajpaTa (MMeIas JJIMHy &) JeKuT Ha orpeske BC,
a JIBe BepITUHBI 9TOro KBajipaTa jexar Ha AB u AC'. Torma n3 mogobust
HAXOJMM COOTHOIIEHUE MEXKY JIJIMHAMUI CTg%OHH BC' = a, BBICOTBI

a 1

AAI:thw:Ezfu—x’ a+2S/a
paBHbl, oTKy1a a+2S/a = b+2S5/b = ¢+25/c. I3 nepsoro pasencrsa:

Coxure paBE€HCTBa ——

OTKYJIa T = . Bce Tpu xBazgpara

a
ectn a # b, 0 S = > ToaTOoMY /ZC = 90°. AnajiorudHoe BEpHO W

JUIs IBYX Jpyrux yrios. Wrak, smmbo B 9TOM TpEyrojbHUKE BCE TPU
CTOPOHBI paBHBL, JIMOO TI0 KpaiiHeil Mepe jiBa yriia upsiMbie. [locirenee
HEBO3MOYKHO.

IIycrs I — menTp BOucaHHO# OKpy2KHOCTH w. IIpoBepbre, uro AAPI
u ACRI tiono6uel. 3atem nokaxure, ato AP - RC' = BP - RD =12,

[Iponmure K M 3a Touky M no nepecedenus: ¢ upstmoit BC' B Touke X.
Torna AKCX — paBuobenpennsiii, a C'M — ero BbIcOTA.

13 1010618 CIIe/YeT, UTO T'q : @ = T3, : b = 1 : ¢, mosromy u3 a’+b? = ¢?

MeeM 72 + r? = r2. Hectoxkno 3ameTnth, 9to d = /2r.

N3 momobust u cBoiicTB mapaJuiesiorpaMma jgokaxkure, uro ADAP n

PA  PD
ADCQ nonobubl. 3aTeM MpOBEPHTE, YTO —— = ———, a C TOMOIIHIO

AB DQ
mojicuéra yriioB Jokaxkure, uro L PAB = /P DQ.

Bocnonb3syiiTech npeablyInei 3agadei.
[Mokaxkure, uro EFDH (wiu EFHD) — paBHOOeIpEHHAsST TPATIEIUSL.

IIycte G — ToOuKa IepecevdeHUs] KareTa W IMPsIMOl, IPOXOASIIeil de-
pe3 F u nmapautensnoit C'E. Ilycrs npsmasi, mpoxojsmias depes B u
napaJutenbias C'E, nepecekaer AC B Touke H. Ilo Teopeme Dajeca
n3 FE = EB zakmodaeMm, auro GC = CH. JlokaxeMm Tenepb, ITO
CD = CH. Tpeyroabauku BCH u AC'D npsiMOyToJibHBIE C PABHBIMEI
kareramu AC = BC, a ZDAC = 90° — ZBHC = ZHBC. 3uauur,
ABCH = AACD, anoromy CD = CH = CG.

Hokaxkure, uro X Z — 6uccekrpuca AO1 X Os, a XW — Guccekrpuca
suemaero yria AO1X O, ucnonb3ys 3auady 13 (Teopemy o Guccek-
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30.

TpHCE BHEIIHEro yIjia) U aHAJOIMYHOE YTBEPKJICHNE JIJisi OMCCEKTPUCHI
yrja TpeyroJbHuKa. B KadecTBe JOMOJHUTE/IHHOTO ITOCTPOCHUS MOTYT
OBITH ITOJIE3HBI MEPIEHIUKYJISIPBI, OIyIeHHbie n3 Todek O1 u Oy Ha
OHY 13 OOIUX KACATEJbHBIX JTAaHHBIX OKPY2KHOCTEH.

[Tpoeném uz X u Y nepreHuKysipbl
K AB u CD (ux JUIMHBI OTMEYEHBI HA

pucytke). O6osnaunm PM = QM =
z T To X1

= a. Uz mojpobust — = — = —, — =

Y

v vy P

AX oz DX o x?
= ——, — = ——. Orciona — =
CY’ y»  BY S
zirs  AX-DX  PX-XQ

w2 CY-BY PY-YQ
_(a—z)(atz) a®—2a?
C(a—y)aty) a—y>

2 2
X _a — X 2 9
?—WHOquaeMa? =y-.

N3 paBencrsa

K pasdeay 1.4, c.
1. dyru M N u K P paBHbI.

2. Bocrmonb3yiiTech onpesiesieHneM U MIPU3HAKOM TIapaJjijiejlorpaMMa.

3. IlpoBemure mumaronayb. Bocmosb3yiiTech TeopeMoil o0 cpemHeil auHUM

TpeyroJbHUKa U IIPU3HAKOM IIapaJijieJiorpaMMa.

DTO NMPOU3BEJIEHUE PABHO [IPOU3BEIEHUIO COCETHIX CTOPOH APAJIIENIO-
rpaMma, 9ITO CJAeyeT U3 MOoJI00us TPEeyroJbHUKOB.

AK BK LK

KM KD AK’

Bocrionb3yiiTech TeopeMaMu 0 cpefiHel JUHUKM TPEYTOJbHUKA U Tpalie-

IUH.

Ecim P, Q u R — nieaTpsl KBaIpaToB, IOCTPOEHHLIX Ha cropoHax AD,
AB u BC napajienorpaMma ¢ OCTPLIM yIVIOM « IpH Bepiuae A, To
/PAQ =90°+a=/ZRBQ, APAQ = ARBQ u AQ L BQ. IlosTomy
PQ L QR.

[IpoBenuTe cepenuHHbIE TEPIEHIUKYIAPEI K cTopoHaM AB u AC. [o-
kaxwure, aro BN = NC.
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9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

i. BocnosbsyiiTech TeopeMoii KOCHHYCOB.
ii. /locTpoiiTe TpeyroJbHUK 10 MapaJsIeiorpaMMa, IPOJJINE MEIUAHY
Ha e€ JUIMHY. 3aTeM HCIOJb3YyiTe pe3yabTaT MPeAbIAyIIero myHKTa.

Omnycrure neprermukyassp BG #wa AC m Bocmonb3yiTech momobuem
rpeyronsankoB ABG n ACE, CBG u ACF.

[Tocrpotite mapazesorpamm BCQ P n qokaXuTte, 9TO 9€ThIPEXYTO/Ib-
vuk C'PD() BIUCAHHBIIA.

CHKM — npsamoyrosbank, a CN KO — napasutesiorpamum, riae CH —
Boicota, O — 1eHTp OKpyzKHOCTH, a N — Touka nepecedenns C'H u
upsimoit K L.

[Tocrpoiite napasutesorpammbl ABMX u DCMY . [dokaxure, 4To
AXDY — toxe napaJjejgorpamm, a K — ero meHrp.

Eciim AA; — nmamerp onmcaHHON OKpy»KHOCTH, & H — OpTOIEeHTp
AABC, to HBA,C — napaiesorpaMu.

Hoxkaxkute, aro M — cepenuna muaronayu BD. Bocrnosb3yiiTech Teo-
peMoii 0 cpejiHell JTMHUU TPEYTrOJIbHUKA.

Yepes Touky M mposemuTe mpsiMyio, nmapasienbiyio DE. Jlokaxure,
uro MBEF u ADEB — napajuienorpaMmmbl (F — ToYKa nepeceveHust
yKa3aHHOM mpsimoii ¢ upsmoit CF).

Ecm AO > OC u BO > OD, 1o tpeyroabauk ABQO mOKpBIBaeT Tpe-
yrosipauK CDO. Ilepumerp AABQO He menbie nepumerpa AC DO,
NpUYEM PABEHCTBO BO3MOXKHO ToJibKO ipu AO = OC u BO = OD.

JlokazknuTe, 9TO AUATOHAIN YKAa3aHHOTO YeTHIPEXYTOILHUKA TePIIeH/ I-
KYJISIPHBI, JIEJIATCSI TOYKON WX IlepecedeHuns IIoIoJiaM, a CTOPOHBI Ia-
paJLIe/IbHbI JIMArOHAISM JIAHHOTO pOMOA.

AAMD = ABND, orkyna DM = DN, a ZMDN = /ADB = 60°.

Taxke MOYXKHO paccMOTpeTh moBOpoT Ha 60° BOKpyr Touku D.

Hoxkaxkure, uro AB = AM, AD = AK, a 3areM BOCIOJIB3YHTECH pa-
BeHcTBOM ABAD u AMAK . Takxke MOXKHO pacCMOTPETh ITIOBOPOT BO-

kpyr Toukn A Ha 90°.

Ecmi /ZEAD =, a AD =z, 10 AE = —— AF = =
COS

Juraronan npsaMOYTOJbHUKA PaBHBI.
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23.

24.

25.

26.

27.

28.

29.

30.

31.

Vreepxkaenne sepro. Jlokaxkure, uro ecin Touku A u C nexkar Ha oJ-
HOIl ITape IPOTUBOIOJIOXKHBIX CTOPOH KBajiparta, a B u D — Ha apyroii,
to yenosuss AC' | BD u AC = BD pasaocwibHbl. Jlokaxkute, 910
JMaroHajm 9eTbipéxyrojibanka ABC D paBHBI U HEPIEHIUKYIISIPHBL.

[IpoBenuTe Yepe3 BepIIUHY TpANENUN TPAMYIO, TaPAIIETbHYIO €€ Trua-
TOHAJIA, U BOCIOJIB3yUTECHh TeM, YTO MeJuaHa MPsIMOYTOJBHOTO Tpe-
YIOJIbHUKA, ITPOBEIEHHAS U3 BEPIIUHBI IIPSMOIO yIJia, PaBHa IIOJOBUHE
TUTIOTEHY3bI.

Yepes cepeJinHy MEHBIIIEIO OCHOBAHUS TPAICIUN MIPOBEIUTE IPSIMBbIE,
rapaJiiebabie €€ 60KOBBIM cToponaM. MOXKHO TakKe BOCIIOIb30BATHCS
3aMeYaTe/IbHBIM CBOMCTBOM TpAaIEInN, IIPOJINB OOKOBBIE CTOPOHBI 110
IepecevYeHusl.

Jlokaxkure, 9T0 OUCCEKTPUCHI YIJIOB IIPU OOKOBOI CTOPOHE TpAIEIun
MEePIEHTUKYASIPHBI, & 3aTE€M BOCIIOJIB3YUTECH CBOMCTBOM BBICOTHI TPS-
MOYT'OJIBHOI'O TPEYrOJIbHUKA.

Ecin 6uccekrpuca yria B B Tpanemuun ABCD ¢ ocaoBanusimu AD >
> BC nepecekaer AD B Touke K, 1o AABK — paBHOOEIDEHHBII.

Mennana mpsIMOYTOJIBHOTO TPEYTOJIbHUKA, MPOBEJAEHHAS U3 BEPIINHBI
IPSIMOTO yTJIa, PaBHA IMOJIOBUHE THIOTeHy3bl. CM. yKa3aHWe K 3aJatvie

26.

Mo2kHO BOCIIO/IB30BATHCA 00OOIEHHON TeOpeMOil CUHYCOB, HO MOXKHO
oboitiTrch n 6e3 Hed: pacCMOTPUM CTOPOHBI BTOPOW TpAIEINH, TTapaJ-
stesibabie croporamM AB u BC' nepsoii tpaneruu ABCD. Ecin onn
CMeXKHBIe, TO yros Mexxy Humu pasen ZABC nmn 180° — LZABC. To-
IJIa JUAroHaJ b BTOPO# TpAIeIuu — X0p/ia, Ha KOTOPYIO OIMUPAETCS ITOT
yrosa. Ecim ¢cTopoHbl TPOTUBOIOIOKHBIE, TO CMEKHBIME OYIyT CTOPO-
ubl, apajuieababie AD u DC'. TlosTopuTte npeabiiyInee paccy sk IeHue.
Bocnonbayiitech Teopemoii o iepecekaroruxcst xopaax. Torma (st Tod-

. OC _0Ci BO _ B0
KU I1epecedeHusd JruarodaJjien O) yCJIOBI/IG

AO AlO OD ODy’
oCc OB

OA ~— OD’
[Tposeppre em@, uro Ay By ff C1D1.

BC'|| AD pasnocuibaO — a 1o pasHocuibHO B1Cy || A1D;.

Bocmonb3ayiiTech TeopeMoii 0 MPOMOPINOHAIBLHBIX OTPE3KAX U MOI001-

em AAOQ u ACOP.
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32.
33.

34.

35.

36.

37.

38.

39.

40.

BOCHOHb3yfITer 3aMedaTebHbIM CBOMCTBOM Tpallelnuu.

Orpasure ToUKy DD OTHOCHUTEILHO CEPEIMHHOIO EPIeHUKYIsIpa K AB,
a 3areM TouKy B orHOocuTesbHo C'D. Jlokaxkurte, 9TO €Cjiu IepBas u3
YKa3aHHBIX ToueK He conaaer ¢ C, o qubo AD + BD < AC + CB,
mubo AC + CB < AD + BD.

Onycrure nepneruky/asp u3 cepeaunabl BC Ha upsmyio DE un Boc-
HOJIb3YHTECh TeOpeMO#l O CpeJlHell JIMHUU TPAalleliu.

JokaxkuTe, 9T0 B JII000 TpaIlenuy Pa3HOCTb OCHOBaHUil OOJIbIIIE pa3-
HOCTHU OOKOBBIX CTOPOH, JIJIsi YET0 Yepe3 BEPIIUHY MEHbBIIIEr0 OCHOBAHUS
[IPOBEIUTE MPIMYIO, IapaJjaebHyi0 OOKOBOI CTOPOHE.

VKazaHHbIl OTPE30K €CTb CPeHSISA JINHUS TPAIEINN, & CYMMa OCHOBa-
HUI ONUCAHHON TpAlenuyu paBHA CyMMe €€ OOKOBBIX CTODOH.

[Tocrpoiite napaJuiesorpamm ACBK u nokaxure, uro ZK BD — pas-
HOCTOPOHHUA.

Bocronb3yiiTech 3amevdaTe/ IbHBIM CBORCTBOM TPAIICIINH.

IIponomzkure BM no nepecedenust ¢ upsimoii AD B Touke K. Yerbipéx-
yrosibauK BC' K D — napaJutesiorpamu, a derbipéxyroyibauk ABC K —
paBHOOEIpEHHAS] TPAIIEIIHS.

I[Iycrs N u F — cepenunnl guaronasueit BD u AC rparenuu, mpsamast

BF nepecekaer ocHopanne AD B Touke F. Jlokaxkure, uro ABCE —
PoMO, U BOCIOIL3YHTECH TEOPEMOil O cpenHell JUHUU TPEYTOILHUKA.

K pasdeay 1.5, c.

1
Bocnomnssyiirecs Tem, uro ZAOB = 180° — §(ZA + 4B).

[Tpsamast, coenuHSIONAsA TEHTPBI OKPYZKHOCTEH, COMEPXKUT JUATOHAJID
YeTHIPEXYTOJILHUKA U ABJISIETCS ero ochbio cumMeTpuu. [losTomy BrOpas
JUaroHaJib IeplleHIuKyadapHa eil.

JlokaknuTe, ITO IEHTP JAHHONW OKPYKHOCTH PABHOYIAJEH OT CTOPOH
YeTBIPEXYTOJIbHUKA.

Bocnoss3yiiTech BIMCaHHOCTBIO 9eThIpéxyToabianka AIC P n mokaxu-

te, uro LDAI = /BCI = 180° — ZQC1.

dAcuo, uro ABC D — paBHOGeipeHHas Tpamenust, myctb AD — eé 60/1b-
mee ocHoBaume. buccekrpucol yriioB A u D nepecekarorcst B Touke M,
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10.

11.

12.

13.

JIexKaleil Ha OHON U3 OKPY2KHOCTEH, a buccekrpucet yriios B u C — B
Touke N Ha apyroit. [lokaxkure, aro coBmagenne N u M 3KBUBAJICHTHO
KACAHUIO OKPY2KHOCTEN.

[Tokazkure, 9TO MEHTPHI ITUX OKPYKHOCTEN — CEPEIUHBI JYT, OTCEKae-
MBIX OT BIIMCAHHOMI OKPY2KHOCTHU JTaHHBIMU TPEYyTrOoJIbHUKaMU. I/ICHO.HI)—
3yiiTe TOT PaKT, ITO Yyroa MeXKJy JIBYMs JTUATOHAJISIMHU IIOJIY9€HHOTO
BIIMCAHHOT'O YETHIPEXYTOTBHUKA U3MEPIETCS MTOJIYCYyMMO# COOTBETCTBY-
IONIUX JIYT.

[Tycts muaronamm derwipéxyronbanka ABCD mepecekaioTcst B TOUKe
L. Ecm ZALB Tymuoit, To on 6osbie jroboro yria ABLC. Tlokaxu-
Te C TIOMOIIBIO AHAJIOTUYHBIX PACCYXKJIEHU, YTO JUATOHAJN YETHIPEX-
YTOJIbHUKA MEPHEHIUKYJISIPHBI. JTOT YEeThIPEXYTOJBHUK — JIEJIBTOU]T
WA KBaJpar.

Bocnombayiitecs pasenctsom LAIB + ZCID = 180°. Ecim LAIB
1 1
octpsrit, To ZCID — Tynoit. B atom caygae IM > §AB, IN < §CD

(mocrpoiite okpyzkHOCTH ¢ uamerpamu AB u CD). Ilosromy LAIB =
= /CID =90°, BC || AD.

[Tokazkure, uro AB = AD u CD = BC, a AC' — cepeluHHBIII IT€pITEH-
JUKyJIap K BD.

JlokakuTe, 9TO TOUKA Iepecevdenus: quaronaieil O npsiMoyroJibHIKa —
IIEHTD BIUCAHHOH OKPY>KHOCTH PACCMATPUBAEMOIO HYETBHIPEXYTOJIbHU-
Ka. s sroro onycrure neprneHuKyaspbl 13 O U IMEHTPOB OKPYKHO-
creit 1 u 3 Ha OONIYIO KAcaTEJbHYIO K 3THM OKPYKHOCTSAM M BBIYUCJIITE
JUIMHY nepreHaukyasapa u3 O no dbopMmysie cpegHell JIMHINA TPAIEIIH.

[TpoBeuTe MEPIEHINKYISAPbl U3 TOUYKU MEPECeueHnsl JuaroHasei Je-
TBIPEXYTOJbLHUKA HA €I0 CTOPOHBI U IOKAYKUTE, YTO OHU ABJIAIOTCA OUC-
CEKTPHCAMHE B YETBHIPEXYTONBHUKE C BEPIIMHAMY B OCHOBAHHUSAX MOCTPO-
€HHBIX IIePIEeHIUKYIApOB. VICHoab3yiTe I 3TOr0 BIUCAHHBLIE Y€ThI-
PEXYTOJIBHUKY (MCXOIHBIH 1 06PA30BABIINECS TIPH [IOCTPOEHUH MIEPIIEH-
JIUKYJISIPOB).

Ucnonwayitte Teopemy 1.5.3. U3BectHO 110 yemosuio, uro AM + BC =
=BM+ACuCM+AB = BM+AC. Torna AM+BC = CM+AB.

IIycts B yroiet A, B, C u D BuucaHbl OKPYXKHOCTH C PAIUYCAME X, ¥, Z
u t. Paccrostiue Mexkly TOYKaMK KaCaHUsl ABYX U3 9TUX OKPYZKHOCTEH
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14.

15.

16.

17.

18.

co croponoit AB ectb 2,/Ty. AHaIormvHO M OCTAIbHBIC PACCTOAHUA
paBHbI 2,/YZ, 2/zt, 2v/tx. U3 ycnosus AB+CD = BC+AD nomyunre
VZY + V2t = Jyz + V/tx. D1o yenosue pasnocuibho (/Y — Vi) (vz —
—Vz)=0.

i. Ilpumep Takoro BOCBMHYTOJBHUKA: IOJIYIPABUJIBLHBIN (CTOPOHBI
PaBHBLI Uepe3 OjHy) BOCBMHYTOILHHK CO cropoHamu 2 u 2 — /2. Ot
HEro YeThIPbMsI CIIOCOOAMEU MOXKHO OTPE3aTh OIMMCAHHYIO TPAIEIHIO CO
croponamu 2 +v/2, 2, 2 — /2, 2.

ii. He moxer. Eciau okpy:xuHOCTH € 1leHTpamMu P u () BIUCAHBI B de-
teipéxyronbankn ABCD uw BCDE, 1o P u () mexar Ha OucceKTpuce
/BCD, P nexur Ha 6uccekrpuce ZABC, () nexurt Ha OUCCeKTprce
/EBC, u /ZEBC < ZABC, orkyna BQ) < BP. Anajmoruunbsle pac-
CYKJIeHWsT IPUBOIAT K HepaBeHCTBY BP < BQ.

[Tycrs I coBnasia ¢ Toukoit nepecevenust cpeauux juauit XY u UV (X
nY nexar ua AB u C'D coorsercrsenno). [Tycrs jyist onpeenéanocTu
ayan AB u DC' mepeceknuchk B Touke P. Bocmonb3yitrech paBHOOET-
pennocthio Tpeyroyibunka PXY | B kotopom Pl — Mmeanana, a Takxke
teM, uro BI u CI — 6uccekrpucol BHemHUX yrioB APBC, 9Tobbi
nokazark nogobue ABX T u ACY I, u3 koroporo ciieiyer Tpebyemoe.
O6patno, nycrs [A - IC = IB - ID. Jlocrpoiite Tpeyrosbauku [ AB
u ICD no mapasutesiorpammoB AIBK u ICLD u pokaxXute 1mogobue
9TUX mapaJureorpaMMoB. U3 takoro momobust ciemyer, uro AIX B u
ACY I nonobusl, uro o3Havaer, uro /XIB+ /BIC + ZCIY = 180°,
mostomy I nexut Ha XY .

[TpumennTe HECKOBKO pa3 TeopeMy 1.5.2 W paBEeHCTBO OTPE3KOB Kaca-
TeJIbHBIX K JIAHHOMW OKPY2KHOCTH, IIPOBEIEHHBIX U3 JIAHHON TOUKH.

ITo onpenenennto snunca AR + AFy = CFy + CFy. BocnoubsyiiTech
Teopemoii 1.5.3.

[Tycts npogoskenus cropon BC' u AD nepecekatorces B Touke P (ciry-
Jail mapasuieIbHOCTU OCTaBJsiercs uurareso). s onpeaenéHHocTH
cuntaeM, uro P jexxur Ha npogoskennn BC' 3a Ttouky B u AD 3a
touky A. ns AAPB touka K ecTb TOUKa IepecedeHnst OUCCEKTPUC,
a st ACPD touka M ecTb eHTDP BHEBIIUCAHHON OKPYKHOCTH, [TOITO-
vy Touku P, K u M nexat na 6uccekrpuce m yria CPD. Jlokaxure,
YTO TOYKA MEpecedeHrsi OUCCEKTPUC BHENTHUX YIJIOB MIPU BepiiuHax A
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K

Ll

u B Tpeyronbauka ABP Takxke jexxutr Ha mpsimoii m. [logcaérom yr-
JIOB yOeuTech, 9TO OHA JIEXKUT U Ha ONUCAHHON OKpyxKHOCTH AABK.
Jlamee moKayKUTEe, UTO TEHTPHI OMUCAHHBIX OKpyXKHOCTeir AABK u
ACDM nexar Ha 3T0it »Ke buccekTpuce m. Eciin 1Be TaKuX OKPYK-
HOCTHU KACAIOTCS, TO UX TOUYKA KACAHUS JIEXKUT HA BCEX OUCCEKTPHUCAX
BHYTpeHHUX yIJioB YeTbipéxyronbauka ABC D. Jlokaxute u obparHoe:
eciin ABC' D — onmcanHbIil 4eThIPEXYTONIBHUK, TO I (IEHTp €ro BIuCaH-
HOIl OKPY?KHOCTH ) SIBJISIETCSI TOUKOW KACaHUsl OIIUCAHHBIX OKPYKHOCTEIH
YKa3aHHBIX TPEYTOJIbHUKOB.

Wrak, yTBep:KIeHNE O KacaHWW OMHCAHHBIX OKpykHOcTeilr AAKB un
AC DM pasuocuibHO TOMY, 9T0 ABC' D — OnMcaHHbIi YeTBIPEXYTOJTb-
Huk. To ke crpaBeIUBO W JUIsl ONUCAHHBIX OKpyzkHOCTe ABCL 1

ADAN.

pasdeny 1.6, c.

Hoxkaxkure, uro BD u C'D — BUCCEKTPUCHI BHEITHUX YTJIOB.
Bocrmonb3yiiTech mepreHanKy/IsspHOCTbIO OUCCEKTPUC CMEXKHBIX YIJIOB.
Bocrionb3yiiTech meprneHuKyIapHOCTBIO OUCCEKTPUC CMEXKHBIX YIJIOB.

ITycrs P u Q — Ttouku nepecedennss BC u DC ¢ upsimoit MN, a F' —
TOUYKa KacaHWs BHeBIHUCAHHON okpyxKHocTH AABD co croponoit BD.
Hoxkaxkure, auro BN = BP = BF u DQ = DF = DM. Tpeyroasauk
C PQ tonoben paBaobeapentHomy Tpeyroabunky BPN, mostomy CP =
= C'Q. Urak, BuucanHasi OKpyKHOCTh Tpeyrosbauka BCD kacaercs
ero cropoH B Toukax P, Q u F.

ITockosbky I — Touka mepecedenns duccekrpuc Tpeyronbunka ABC,

/B /C
yrost BIC pasen 180° — - T 5 = 90° + - s Touku 4 pac-

CyKZIeHNA aHaJIOTNYIHbI.

[Iycts 14 — mentp 3T0it oKpyx)kuocTu, a D, ' u F' — Toukm KacaHus c
npsimbiMu AB, BC u C'A cOOTBETCTBEHHO, 2p — MEPUMETP TPEYTOJib-
HuKa. V3 paBeHCTBa OTPE3KOB KAaCATEIbHBIX HAXO/UM

2p = AB + BC + CA= AB + BE + EC + CA = AD + AF,

orkyma AD = AF = p. Tpeyronbauk ADI4 NpsMOYTOJBHBIH ¢ yTJIOM
B 30°, oTKyma ciaeisyer Tpedyemoe.
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10.

11.

12.

O6osnaunm AB = ¢, BC = a, AC = b. Ussecrno, uro AQ = BP = p,
rae p — mojyrnepumMerp TpeyrojbHuka. Eceim T — cepemuna PQ), To

PT = SPQ= _(@B+BA+AP)= """
QT - QB =

c
[Iycte M u N — TOUKM KacaHus BIUCAHHOW OKPYKHOCTHU CO CTOPOHAMU

5.
AB u AC coorsercrsenno. Torma ¢ = AB = BK + AN = a+ b —

a+b—c
—2CK, orkyna CK = —
TOYKU KacaHWsi BHEBIMCAHHON OKPYXKHOCTHU C MPOJOKeHusAMu AB n
AC coorercrBenno, o BP + CQ = BC = a. llosatomy AP = AQ =

:giﬁiiBL:BP:AP—AB:gitj.

. Ocraércst IpoBEPUTD, UTO

. C nmpyroit cropossl, eciu P u Q —

2 2
i. Ecaum runorenysa To4ukoil Kacanus pazduUBaeTCs HA OTPE3KH JJINHBI
a+b+c
T Uy, TOT‘:p—l‘—y:T—C.

ii. PaccrostHue oT BepHIIMHBI IPAMOTO YTIJIa 0 TOYKN KACAHUS KATETa C
COOTBETCTBYIOIIEH BHEBIMCAHHON OKPYKHOCTBIO PABHO IOJIyIIEPUMET-
Py ¥ PaBHO PaIUyCy 9TOH OKPYKHOCTH.

[Tycts mpogoskenne CK 3a Touky C' KacaeTcss OHON U3 BHEBIUCAH-
HBIX OKpyzkHOCTell B Touke M. O6o3unaunm MC = z,CK = y. Torma
U3 paBEHCTBA OTPE3KOB KacareabHbix KM = x +y = 15 + AK Ha-
xomuMm AK = x + y — 15. CnemosarenbHo, morynepuMerp p = (x +
+154+y+x+y—15)/2 = x + y. [liomaab TpeyrosbHuKa paBHA
S=p-aro=p—-AK)-3=(x+y—(r+y—15))-3=3-15=45.
[Mycrs I — nentp Brnucanuoit okpy:kuoctu AABC, a D — Bepmuna
npsimoyrosbauka ABC D. Tlockomeky Al 1 A1As, CI L C1C5, nep-
menauKyasapbl n3 A na C1Cy n u3 C wa Ay Ay mepecekaroTcst B IEHTPE
J BrmmcanHoit okpyx)uocTu AACD. IlosroMy 10CTATOYHO HOKA3aTh,
aro DI 1 A1Ci. Onycrum meprienaukyaspel [ X, 1Y u [Z wa AB,
BC u CD. Ussectho, uto BC1 = XA =7D, AyB=CY =1Z. Tpe-
yrospauku A1 BCy u IZ D pasubl, ZIDZ = £ A1CyB. Otciona ciieyer
[IEPIIEH UK YJISIPHOCTb.

Touku O, Oy, Os nexar Ha buccekrpuce ZAOB. O6ozuauum LAOB =
=2a, ZOAB =23, ZOAC = 2~. Torna ZAO102 = a+5,a LZABC =
= 2« + 2 kax BHermHUE yIybl. [lycth D — ToUKa KacaHusi 0Tpe3Ka
AC co BueBnucanuoii okpyxkuocrbio AAOC. Hcuo, uro LAO:01 =
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13.

14.

15.

16.

17.

18.

1
= ZDAOQ — ZAOOQ = EZACO HOSTOMy nus ZA0102 = ZAOQOl
crenyer pasaobeapennocts AABC.

1
Bocrmosipsyiirecy Tem, uro L BIcA = 90° — = ZC, a cepenuna M ot-

peska IIo ectb cepemuna runorenyssl AllcA u AlloB. Ilosromy
/BMA =180°— ZC, u CAM B — BUUCAHHBII YeTBIPEXYTOJIBHUK.

Jokaxkute, 4T0O B Tpeyroybuuke BIL nBa yriia paBHbI, UCIOIb3YS BIIN-
caHable yribl. s qokasarebcTBa paBHOOEIPEHHOCTH TPEYTOJIbHUKA
BI 4L BoCmonb3yiTech TEOPEMOit O BHEIITHEM YTJIE.

Bocmonbsyiirecs 3a1a4eii 8, 4Tobbl JoKazaTh, uro BCT = C By u BCH =
= (' B;. Onycrure nepriengukyasapsel BD1, CEy wa B1Cy u BDy, CEs
Ha ByCy. 3arem paccmorpure Tpaneruu BD1E{C u BDoE>C. Ilep-
[IEHINKYJISIPBI, PABHBIE PACCTOSHUSIM OT cepeaunbl BC' 10 paccMmarpu-
BAeMBIX IIPIMBIX, €CTh CPEIHUE JIUHUU B 9TUX TPAIEIsIX.

Ecmun BsCy u AB neprieniukyisipabl, 7o Bbicota AABC u3 Toukn C
B X B C

nepecekaer B1Ch B Touke X Takoil, 4TO = . BeIipazure

Xy CBy

rocJieHee OTHOINEHNE Uepe3 IOJIYIIepUMEeTP W CTOPOHBI. Ilokaxkure,
9TO BBICOTA M3 BepmuHbl B mepecekaer BiCi B Touke Y, menseit
9TOT OTPE30K B TOM K€ OTHOIIeHuu, u nodromy X = Y. O6parHoe
JOKA3bIBAETCST AHAJIOTHIHO.

[TocTpoiiTe BHEBHUCAHHYIO OKPY2KHOCTb, KACAIOLYyIOCA CTOPOHBI, IIPO-
TUBOJIEKAIINEH JTaHHOo# Bepiune, B Touke M. JlokazkuTe, 9YTO 3Ta TOU-
Ka — HCKOMas.

IIycte M — cepenuna [41p. dcuo, uro Al4 1 Algp m Bl4 | Blp.
ITosTtomy A u B sexkat Ha oKpyzKHOCTH ¢ guameTpoM [alpg, ZAIAB =

1 1
= iéAMB. Hokaxkure, uto LAIAB = 540, orkyna LZAMB = ZC, a

M jrexxut Ha OKpy2KHOCTH §2 U siBJIsieTcst cepeaunoit gyru AC B. Tenepb
paccmorpure cepequust 1y, I u M’ orpeskos Cly, Clg, CM. Dru
TPU TOYKHM — IPOEKIMHU HEHTPOB ONMMCAHHBIX OKpyzkHOcTed Al CP,
AIgCP, AABC na [4Ip, npuuém Bce TpH ITIEHTpa JIeKAT Ha cepe-
juHHOM reprieHukyssipe Kk C'P. TlosroMy j10cTaTovHO JI0KA3aTh, 9TO
M’ — cepemuna I41g. MoKHO HCIIOIBL30BATH TOMOTETHIO ¢ KO3 dUIm-

E€HTOM ha nentTpom C.
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19.

20.

21.

22.

[Mockonbky ZA1AB =90°— /B = ZCAA " u ZACA" = 90°, Tpeyroun-
nukn ACA' u AA1 B nono6nsl. Cienosarennno, AA; - AA' = AB- AC.

1
C apyroit croponsl, ZAIAC = ilB = /ABI, 3Ha9UT, TPEYrOJIbHUKA

AIB u ACI4 nopobunl, u nosromy Al - Al4 = AB - AC. Ilycrn Tou-
ka As cummerpuuna Touke A; ormocurensbHo upsmoit AI. Torma As
nexutr na AA' uw AAy - AA' = Al - Al 5. Yernipéxyronbuuk [As A'T»
prucannbiit, ZIA' T4 = /TAsly = ZTA114.

Cepenuna D orpeska BC' ecrb cepenuna u A1 As. Hokaxkure, uro 6uc-
cexkTpuca yria C rpeyroiubpuuka ABC napasnensna AsBs, n mosro-
My AsP 1 A1By. Torma PD — memnana npsimoyroibaoro AAq P As.
Orciona /DAsP = /DPAy, ZA1DP = 2/DAsP = ZACB. Ilo-
sromy DP mnapastenbia AC u sBisiercst cpenueii jmuaueit AABC.
[Mycts £ € DP — cepequna AB. Jokaxure, uto EP = AFE, 3amm-
caB FP = PD — ED = DAy — ED u BbIpa3uB 3Ty Pa3HOCTh de-
pe3 mimHbl cTopoH. Ilockonbky APEA papHobenpennsbiit, /EAB; =
= 180° — LAEP = 2/FEAP. Tlostomy AP — Guccekrpuca /BAB;.
Ananormuno u A(Q) — OucceKTpHUCa YIjia, BEPTUKAILHOTO JAHHOMY.

Onyctum mepnienaukyasapol BBs u A1 By na AC u meprneHauKyis-
pot AAs u B1Ay wa BC. 3amerum, uto AB; = BA; = p— ¢, a
As Ay = B3Bj4 Kak 1poekuu oTpe3koB JumHbl (p — ¢) (nymasl AgAy n
B3 By pasubl (p — ¢) cosy). Ho ot orpeskn — npoekruu As By Ha cro-
ponbl. IIpoekiun pasubl 60 Korma orpe3ok Ag By mapasienen Ouc-
cekrpuce ZC, b0 Korja OH NepleHuKy/siped eil. Jlokaxkure, 910
[IEePBBIiT CIydail He peajusyercs: buccekrpuca yria AsH Bs nepeceka-
et orpe3ok Ay By (H — opronentp AABC).

[Iycts 14, Ip, Ic — 1meHTpbI BHEBNUCAHHBIX OKpyKHOCTel AABC, Ka-
caroruxcst cropod BC, CA u AB coorsercrBenno. Touku 4, Ic u
B nexxar Ha omHOil mpsiMoii. Amasorndno u Touku A u B jexkar Ha
orpeskax Icolg u I4Ip coorBercrBerHo. Ilycrs O — Touka mepece-
venns npambix 14 A’ n IoC’. TIpsamoyronbabie Tpeyronbanku 14 A'B n
I C' B 10106HBL: y HUX PaBHBI OCTPBIE YTkl Ipu Bepiiune B. IToaromy
/BI A" = Z/BIoC'. Tpeyronsuuk 1401, cienobaTeabHo, paBHOOE -
peHHbIii, ero Boicota OP sBjsieTcst ero MeInaHoii.

Toukn A’, C' u P nexar na oxpyxknoctu ¢ guamerpom OB. IIpsvbre
Alg u Alc nepuenpuxynspubsl, Kak 1 CIa u Cle. Iostomy A u C ite-
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2KaT Ha OKpYyKHOCTH ¢ nuameTpoM I lc u nearpom P. lenTpanbubrit
yrojt C P14 sroii okpyKHOCTH BiBoe 6oJibIie BrucanHoro yria C Al 4,
pasHoro nojopute yria A (mockosbky Al — GuccekTpuca 3TOrO yr-
na). [osromy LCPIy = LA.

[Mockonsky Z/PBC = 180° — ZCPI4 = 180° — ZA, 9eThIpEXYTOJIbHUK
APBC — BuucaHublil, 103TOMY P JIe2KUT OIHOBPEMEHHO Ha, OLUCAHHON
okpyzxuoctu AABC n na ommcannoii okpyxxuocru AA'BC’, . e. P
copmagaer ¢ By. Amajornuno u Ay, C1 — cepenunnl cropod Iglc u
141l tpeyrombuuka Ialplc. Utak, croporsl AAj B1C napajeabHbl
croponam Al4lglc.

B kavecTBe ympaKHEeHUsT YUTATEIO OCTABJIEHO JTOKA3ATEILCTBO IMapaJl-
stesibHOCTH cTOPOH Al4Iplc M CTOPOH TPEYrOJbHUKA, BEPIITUHBI KOTO-
poro jexkaT B TouKax Kacauusg AABC' co BIUCAHHONW OKPYKHOCTBHIO.

K pasdeay 1.7, c. [{7

1.

IIycte G — Touka nepecedenust meguan. [Ipumenure reopemy Iluda-
ropa K Tpeyrosibiuky BC'G u uctons3yiite opmysty Meauanbl.

ITo Teopeme KOCHHYCOB NPOBEPHTE, UTO TPEYTOJIBHUK TYHOYTOJIHHBIMH.
Torya quameTp MCKOMON OKPYKHOCTH paBEH HAUOOJIbIIEH CTOPOHE.

ITycrs mpsAMas mepecekaeT OKpy»KHOCTb B TOUKax A m B, nmamerp B
touke C, a menTp okpyxkuoctu — Touka O. OTpasure B 0OTHOCHUTEILHO
nuamerpa B Touky B’ u gokaxkute, uro AOC B’ — suucannbiii. Beipa-
sure cymmy AC? + C'B? gepes pajuyc OKpYKHOCTH.

O6osnausre CL = x, CK = 2z, CB =a, BL =y (na AB Toukm
iyt B nopsiike A, K, L, B), a 3arem 3anummre (pOPMYJIy MeJIUAHBI
CL nna ACKB.

[Tpenmosoxkure, 910 b > @, U MOKAYKUTE, ITO CTOPOHBI ITOrO IPSIMO-

180° —
yroJibHUKa paBHbl (b — a) sin% u (b—a)cos Ta. ITpu b < a mo-

ab BBIPAXKAETCS TOH 2Ke (POPMYJIOI.

ITIycts B Tpeyronbauke ABC memmaner AA1, BBy u CCy nepeceka-
orcsd B Touke G. Orpasum Touky G oTHOcuTesibHO B u 0603HaYMM
MTOJIY IMBIITYIOCs TOUKY depe3 G1. B Tpeyronbanke AGG1 Tpu CTOPOHBI
paBHBI cooTBeTcTBeHHO TPEM MeananamM AABC, ymeHbIeHHbIM B 2/3
paza. OTcroia MOXKHO MOJIYYUTh, YTO IIOMAIL Sy, paBHa 3SAApc /4.
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10.

11.
12.

0, 4YMo U3 MeduaH N1M0020 MPEY20ADHUKA MOHCHO COCTNABUMDB TpPEe-
To, 0 6
Y20NbHUK, NE2KO MPOBEPUIMD TNAKIHCE C NOMOWDIO GEKMOPOE (CyJ\/LJ\/LG

sexmopos AA1, BBy u CCy pasna nyao). Iliowads makorce moorcrio

HATUMU U3 IMUL 21Ce CO0OPAHCEHUTE ¢ NOMOULBIO BEKMOPHO20 NPOU3sede-

HuA. Cm. pasdeavt 3.1 u 3.6 0 eekmopar u 8eKMOPHOM NPOUSEEIEHUU.
3 1

1
dAcuo, uro SApcor = ZSAABC, SAANK = 5 §SAABC- Ocragoch

BBISICHUTH, B KakKoM OTHOIeHun Touka P mepeceuenus AC u M N
nemut AC. Wcnonn3yitTe MOAXOM, TPEIJIOKEHHBI B PEITeHUN 3a/1a-
qu 3 pasgena 1.3 o moxobuu (uau eeomempuio mace, cm. pasdea 5.1),

AP 1 1
9TO0BI HOKEllBa;b, 9TO PO = 3 [Tostomy Saapn = 3" ZSAABC n
Sapmc = 3 ZSAABC

[Tycrs pyist onpenenéuroctu M jgexxut Ha MeHbIeh ayre BC, a oKpyXK-
HocTh uMeeT pajuyc 1/2. O6oznauum o = LM AC. U3 Teopembl cu-
HYCOB CJIEJTyeT, 9TO TpebyeMoe paBHOCUIBLHO BBITOJHEHUIO TOXKIECTBA
sin(60° + o) = sina 4 sin(60° — «).

[Mycrs mys onpenenéunoctu B yexkur Ha orpeske AP, a C' jexxur Ha

upogokennn AQ 3a touky Q. [Iposenure PC u QR || PC (R nexur

Ha AP) u obosnaubre AB = a, BP = b, QC = c. Torna AQ = a + b,
b

AR = LCL, BR = L. Ocraércss TPUMEHUTH TEOPEMY

a+b+c

a+b+c
Memnenast k Tpeyroiibanky ABC u Troukam P, () u M Ha ero cropoHax

I uX IIpOaOJIZKEHUAX.

" _ 2 2
Pannyc Brnmcannoil OKpy?KHOCTH TPEyTOJIbHUKA PaBeH 1 = /7] + T3
(momobue). Mckomasi BbicoTra paBHa 1 + r1 + ro. st jokaszaresnbeTa

™ AC .
BBEAUTE IIapaMeTp @ = — = B—C (CqHTaH JIJIsT OIIPEEJIEHHOCTH, YTO
2
OKPY2KHOCTDb paJuyca 11 KacaeTCda KaTeTa AC , & OKPY2>KHOCTb paauyca
r9 Kacaercs karera BC) u BC' = z. Ucnonb3yiite ¢hopMysibl miomam

S =pr=AC-BC/2=CH - AB/2 u seipasure CH.

285 AB S
ITo Teopeme cunycos XY = AA;sin /BCA = 1B 9R — &'
ITokaxkure, uro nentp okpyzkuoctu O — cepeanna C'D, orkyna C'D =
= 8. llycte LZMDC = «. Torna ZBMC = «. Hamnee mocienoBaTeib-

HO MoxkHO Hajitu C'M (o reopeme cunycos), BM (u3 ABMC' ¢ uz-
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13.

14.

15.

16.

17.

BecTHBIM yriioM), BC' (u3 Toro ke tpeyrossuuka), AB (yasous BM).
IIposenure BhicoTy C'H. Touka H mnonamaer Ha mepecedenune AD c¢
okpyxkuoctbio, CH = AB, a nyuny CH moxwuo naiitn uz ACDH.

[Tycts O1 — nenTp omucannoit okpyxuoctu AABC, Oy — 1eHTp BTO-
POil OKPY?KHOCTH, O KOTOPOil HIAET peub B ycjaoBun. 1 peyroabank ABC
ryrnoyroabubiit. [lycts P — npoekius O #a BC'. Ilpoeknust Oy va BC,|
oueBuHO, coBragaer ¢ D, a rouku O1, A, O2 B cily KacaHusi OKPY K-
HOCTEN JiexKaT Ha ojfHoM nmpsaMoit. [locaemoBarelbHO MOXKHO HAWTH pa-
juyc onmcanHuoi okpyzkuoctu AABC (110 TeopeMe CUHYCOB: U3BECTHBI
BC u Z/BAC), O1P (u3 tpeyroabunka 01 BC' — paBHOOGEIPEHHOTO €
U3BECTHBIME OOKOBBIME CTOpOHaMu 1 ocHoBanueM). [Tycts K — Touka
nepecedennst jiyda Os D ¢ npsimoii, napasiensroit BC' u mpoxomsieit
yepe3 O1. Tpeyroabuuk 0109 K — mpsiMOYTOJBHBIA ¢ TUITOTEHY30H —
cyMMoIit pasmycoB okpyzkHocTeil. C momornbio Teopembl [ludaropa Haii-
JINTE UCKOMBIN PaIUYC OKPYKHOCTH.

[Mycrs K — cepequna CD. Torna KM — cpemusiss smnuss ACBD,

AD
BD = 2K M. U3 nonobus M- 2 Ucnonp3yst TeopeMy 0 OHCCEK-
CA DA m 179
Tpuce, BrruCITe ~om = —o. Ipumennre reopeny 1.7.9.

[poseaure BoicoTbl AM 1 CN no nepeceuenusi B rouke H (M jexur
Ha npogokennn C' B 3a touky B, a N — Ha npono/ikernn AB 3a To4-
Ky B). Berancius cunyc u kocunyc nosiopubt yriia ABC, naiigure AB
U IJIOMIAIb TPEYTOJbHUKA, & 3aTeM U PAIUYC BIIMCAHHON OKPYKHOCTH.
Paccrosiame ot Toukm B 510 neHTpa Brucammoi okpyxuoctu AABC
pasro 2/3 jymubl ero Meauanbl. Ocraérest Boraucants BH.

I[Iycte AC = 10x. Torma AB = 6z, BC = 8z, AM = BM =
= CM = 5x. Onycrum w3 M uepnenaukynspsl M P u M@ na AB

u BC' coorsercrBenno. Tpeyrogpauku EPM u M QD 1omo6HbI, OTKY-
6r+2—-3z 3w

A 4z 4z -1

Touku O1 u O9 nexkar Ha OUCCEKTPUCAX YIVIOB TPEyroJibHUKa. [list

ePBOTO MYHKTa UCTOIL3YIiTe TIo06me TpeyroabunkoB OAK n O1 AK7,

a Takxke TpeyrosbHukoB OBK u Oy BKs. st BTOPOTO MyHKTa OILy-

crure neprenaukyasap O1H wa OK m paccMoTpuTe MPsiIMOYTOJIbHBIM

tpeyronpuuk O1OH. Yron OO1H B ném pasen nonosune ZCADB.
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18.

19.

20.

21.

22.

B cuny cummverpun O1A = O5A. Tlo croiicTtBy cpejneit muann AB =

1 R V3
= 5020 = 2 orkyna O1A = 7R, u torma 0105 = RV3. Jrst
ITOMCKA YIJIa MEXKJy OKPYKHOCTSIMUA BOCIIOJIB3YHTECH TEM, UTO PaIiy-
CBbI IIEPIIEHINKYJIAPHBI COOTBETCTBYIOIMMM KacaTeJIbHBIM B TOYKAX Ka-

CaHUsl, a 3HAYUT, YTOJ MeXKIy OKpyKHOCTsiME paBeH 180° — Z01 B0,
rae 0105 = V3R, a O1B = 03B = R. Vckombrit yroa pasen 60°.

[Tycts O — nenTp 910 OKpyKHOCTH, 8 X — TOUYKA, KACAHUS BIIUCAHHON
B MOJIYKPYTJIBIH TPEyTOIbLHUK OKpYKHOCTH ¢ ayroit BC. Pacemorpum
rpeyronbuuk AOH, tne H — npoeknust O va AB. Tlo Teopeme Iuda-

3
ropa juia rpeyronbauka AOH: AO =2 —- R=+1+ R? R = T

Beeném obosnavenns: LA = a, AB = ¢, AC = b. Torna ACy = ¢/2,
ABy = b/2. Paccrosinus MeXjy OCHOBaHHSIMH BBICOT W CEPE/IHHA-
mu cropoH Ha AB u AC pasubl |b — 2ccosa| u |c — 2bcos af coot-
BercTBeHHO. [l0CKOIBKY 9TH OTpe3kn paBHBI BbicoTam pomba OPH(Q),
|b—2c cos | = |c—2b cos a|. [Tokazkure, 9T0 MOJLY/IM HE MOTYT PACKPbI-
BaTbCsI C OJIHUM 3HAKOM, a 3HA4InT, b — 2ccos a = 2bcos a — ¢, OTKyIa
a = 60°. ITpsavbre OBy u CQ cuMMeTpUIHBI OTHOCUTEIBHO OUCCEKTPU-
CBI yriia A, Mo3TOMy IepecekaroTcs Ha 3TOi buccekTpuce.

[Tycts AABC Buucan B OKpYKHOCTB §2 ¢ TieHTpoM O, a TeHTp ero BITN-
caHHO# OKpyxKHOCTH — TOouKa [. Ilycts mpoekius [ wHa cropony AB
ectb K. CrenaiiTe MOMOJHUTEILHOE MMOCTPOECHUE: MPOBEAUTE OMCCEK-
tpucy Bl no nepecedenusi ¢ () B Touke D, a 3aTeM IPOBEIUTE TUAMETD
DP. Ilposeaure Takxke quamerp XY OKpPy>KHOCTH ), IPOXOASAIINIL Te-
pes touky I. Torna XI-1Y = R? — OI? = BI - ID. Bocnons3yiitech
1o1061eM MIPSIMOYTOJIBHBIX TpeyrobHuKoB AP D n K Bl , a Tak:ke T. H.
JeMMoit o Tpesybrie (3amada 14 pasnena 1.6): AD = CD = ID.

IIycte X u Y — npoeknuu E u F wa BC, Z — BrOpas TOUKa Iie-
pecedenust ommcanHoi okpyxkuHoctu AEDF ¢ npsmoit BC, AB = c,
AC = b, BC = a. Oboznauum BZ = u, CZ = v. Torma XY =

=a— BF cos LB —CF cos ZC'. UcnionbayiiTe TEOpEMY CHHYCOB, 9TOODLI
BD  ccos ZC

CD  bcos/B’
PE3KOB ceKynux, 4Todnt nosyunts BE -c=u-BD u CF -b=CD -v.

[Mokaxkure, uro BE cos /B + CF cos ZC He 3aBUCUT OT U U V.

IIOKa3aTh, 9TO a TaKzKe TeopeMy O IIPOU3BEJACHUU OT-
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23.

24.

25.

26.

Eciin neprieHiuKyJsisipbl iepecekatoTcsi B OJIHON Touke P, To 1o Teopeme
Hn(baropa 01A2 - 0132 = CP2 - BFQ7 AlB2 - AlC2 = BP2 - CP2,
B1C?—B;A? = CP?— AP?. Ocraéres CloKuTh 5TU pasencrsa. O6par-
HO, €CJIN BBITIOJTHEHO PABEHCTBO U3 YCJIOBUSI, TO JIJIsT JOKA3aTETHLCTBA, ITe-
pecedeHust MepPIeH/INKYJISPOB B OJIHON TOYKE JIOCTATOYHO IIPOBECTH JIBa
U3 HUX JI0 TepPecevueHusl, OIyCTUTh U3 [TOJIyIeHHON TOUKU IepecevueHust
[IEPIEH/IUKYJISID HA TPETHIO CTOPOHY M UCIIOJIb30BATH YK€ JOKAZAHHOE
yTBEpXK/JICHUE.

B oboux ciayyasx jeBast yacThb B ipuHIiuie KapHo ¢ mOMOIIBIO0 TeOpeMbI
[Mudaropa comuTcss K CyMMaM U Pa3HOCTSIM KBaJIPATOB JJIUH CTOPOH

TpeyroJbHUuKa MJIN UX IIOJIOBUH.

O6o3HaubTe JJIMHBL  CTO- B

1
POH BCEX IIECTH KBaJpa-

TOB M BBIYUCIUTE KOIDPU- B.2

[UEHTHI MTOI00UA K UCXOJI-

nomy AABC nna obowmx

TPeyroJILHUKOB. Bocmosib- B /

3yiirech Teopemoit Kapuo u [ g, 4

JIOKAzKUTE PABEHCTBO 3THX \ /

K03 DHUINEHTOB 11010014. —~ | *
P

ITycts O — 1eHTp OKpYyXK- !

HOCTH, Kacalomeiicsa o, [ / C A
u CD. Pacemorpure asa C Ay
IPSIMOYTOJIbHBIX TPEYTOJIb- /

Cs A

HuKa. BepmuHbl iepBoro —
touka O, eé mpoekius Ha AB, a Takxke cepemquna AC. Bepruabr BTO-
poro — ta ke Touka O, Ta XKe MpoeKIms 3Toit Touku Ha AB u cepe-
quna AB. O6ognaunm AC = 2R, BC' = 2r, a pajguyc OKpyKHOCTH C
nearpoM O pasen x. [lokakure, 9TO CTOPOHBI IEPBOI'O TPEYTOJBHUKA
paBapl R+, R — x mw 4Rz, a cTOpOHBI BTOpPOro paBHBI R + 1 — z,
R —r —x, 4Rr — 4rx. IlpupaBHgiiTe 1Ba BHIpaXKEHUs U BLIPA3UTE X.

K pasdeay 1.8, c.

Bocrmosb3yiiTech TeopeMoii CHHYCOB U PaBEHCTBOM CHHYCOB CMEXKHBIX
VIJIOB.
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. IIpumennre bopmyiy S = pr u Hafiure IPsAMOYTOIbLHBL TPEYTOIBHUK
C KaTeTaMu 7" U P — a U yIJIoM «/2.

S2=pp—a)p—>0)p—c) = Sp-">b)(p—c)ctg %. Ucnons3oBana
peabLIyIas 3a1a49a.

1 1
. Uckomasi cymma paBha arctgl + arctg B + arctg 3 Tanrenc cymmbl
T T T
IIOCJIEJIHAX JIBYX cJjaraeMbix paseH 1. Bea cymma ectb — + — = —.

4 4 2
Hatidume maxorce 2eomempuneckoe peuwserue, docmpous emopots nps-

MOY2OALHUK, PAGHBIT UCTOOHOMY, NPUMDBIKAGIOWUT K HEMY N0 HAUOOND-
wetl cmopoHe.

. i.  Bocmomnb3yiiTech dhopmyioit

Cosa_b2+62—a2_} b+c aa
N 2bc “2\e¢ b be

U 3aMEHUTE OTHOLIEHUS] CTOPOH Ha OTHOILEHUS] CHUHYCOB.
ii. Konrpmnpumep — paBHOCTOPOHHUIN TPEYTOJbHUK.

. Ilycrs B parObenpennom AABC yrawt /A = /ZC = T72°, /B = 36°,
a CK — 6uccekrpuca. Tpeyrombank AC K nonoben ncxoaunomy. Ecmm
BC =1, a AC = 2z, to AC = 2sin18° = 2z = CK. TpeyroyibHuK
BCK rakxke paBaobGenpennsbiit, mostomy BK = 2z, a AK = 1 — 2z.
N3 tpeyronbauka AC K MOXKHO 3ammcaTh

1-2 1 —2sin18°
2sin1g° = 1 —2¢ _ 1= 2snl8
2z 2sin 18°

. YT0oJI IpaBUJIBHOTO HSITHYTOJbHUKa paBeH 108°. Yroi npu ocHOBaHUU
TpeyrosbHuKa paper 72°. Tpeyrosbauk DHC paBHOOeIpEHHBIH, I10-
nobublii ncxonuomy. C ommoit croponbl, orpe3ok DC paBeH CTOpoHE
nsituyrosbauka . C apyroit croporsr, DC = BC'sin 18° = asin 18°.

5—1
[Hostomy = asin18° = a - \[4 .

) o 8 cos 5

. AB =2Rsiny=r (ctg2 + ctg 2) =r—0 3
sin — sin —

2 2
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10.

11.

12.

13.

14.

15.

[IpeobpasyiiTe cos o+ cos f 4 cosy K Bumy 1+ 4sin % sin é sin 2 ¢ me-

2
a+ g a—pf
noJb30BaHneM popMyJI cos a+ cos f = 2 cos cos U Ccosy =

2 2
ath
=,

= —cos(a+ B) =1 — 2cos?

Yeroipéxyronpunk ACDFE Buucannbiit, orkyma LACD + ¢ = 180°.

[Mostomy ZACB = v+ ¢ — 180°. U3 Teopembr cunycos s AACB
AB

sin /ZACB’
B cuiny dopmyner Ditepa 1?2 = R? — 2Rr, oTKyna % = V2 -1
IIycrs By u C; — cepeaunnt AC u AB. Torna BCB1(C{ — onucasn-
Has Tpamenus, oTKyaa ¢/2 + b/2 = 3a/2 < p —a = a. Iostomy

cienyet, uTo 2R = 9TO U TPEOOBAJIOCH.

r= (p—a)tg% :2Rsinatg%.

3-v2

Omeem: cos o = 5

4
Beenure /BC'D = o u nokaxkure, 910 2 - (2 '3 cos a> cosa = 1. Uz

AC BC
TEOPEMBI CUHYCOB — = — .
sina  sin3a
3 3[
O : =-,CD=-,8=
meem: cos o = -, =0
Beicora, mpoeenénnast u3 pepimmabl O 8 AOM N, pasra /10 sin (g — % )
0 15 . <7r ) 0 < o 3
Ha »Ke paBHa — Sin ( — — « TCIOHA COS — = ——.
P 4 2 s eSS = /1o

Omeem: 3.
BocmosbsyiiTech TeopeMoii 0 buccekTprce, YTOObI JOKa3aTh, 9T0 AB =
= 2BD u BC = 3BE. U3 Teopembi cunycos it ABDC u AABC

T
nostyante ypapaenue sin3a = sina (rjae 3a = ZABC). Torna o = n

atg /ACB = %

1
Omeem: 45° u arctg 3"

IIycte H — Touka mepeceuenusst AC ¢ okpyKHocTbiO, ZBAD =
Torna /ZHDC =20, ZDHC = 90°+«, DH = 4. 13 TeopeMbl CHHYCOB
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16.

17.

18.

5 4
st ADHC cnenyer, 94To = , OTKYyJa COS (x =

Ccos & cos 3a
Omesem: R = 4+/5.

S

4sin asin(60° + «) sin(60° — o) =

. V3 1. V3 1.
:4SIIlOé 7COSO&—|—§SIH(X 7C08a—581na =

= sin a(3 cos® a — sin? a).

B coorBercTBuM ¢ 0603HAYEHUSIMUI HA
pucynke: AC = 2Rsin38, AB; =
_ ACsiny  2Rsin3fsiny
sinfa+7)  sin(a+7)

= 8Rsin §sinysin(60° + f3)

(311€CH HCIIOJIb30BAHA pejibl-
JLymast 3a/1a9a). Amnanornano
AC) = 8Rsin Bsinysin(60° + 7). C
Paccmorpum mekoTopsriit Tpeyroabauk XY Z ¢ yrmamu ZX = o, LY =
= 60° + v, £LZ = 60° + 5. Ou nogoben AAC By, a ero croponsl (ec-
JIM PAJIMyC ero OIMCAHHON OKpY:KHOCTH paseH 1/2) papubl sin(60° +

C
+ ), sin(60° + 3), sin . 113 noiobust ciaeyer cOOTHOIIEHHE: 11

sin a
_ 8Rsin Bsinysin(60° 4 )
N sin(60° + )

JKEeHUEe CUMMETPUIHO OTHOCUTENIBHO v, B U 7.

. Urak, B1C7 = 8 Rsin asin 5 sin «y, Bbipa-

O6o3naunm depes O4 NEHTP TOW OKPYXKHOCTH, KOTOPasi HAXOJUTCS
ommke Bcero K A. Ilentper Op u O¢ onpenenuM aHajorudso. Ilycrs
yribl Tpeyroabunka /A = o, /B = 3, /C = +, a paanyc onucan-
woit okpyzkuoCcTH AO 4OpOc pasen x. ObIast Touka OKpyzKHOCTE M
pasuoynasiena ot O 4, Op u O¢. llockosbky Op u O¢ paBHOYIAJIEHBI
or BC, OgO¢ || BC. Ilosromy AO4O0p0O¢ ~ AABC (anajnorunvso u
JIpyTHe JIBe Tapbl CTOPOH 9TUX TPEYTOIBHUKOB HapaJuiesbabl). CTopo-

Ha OpO¢ paBHa 2z sina, a BC = a = 2R sin a, oTKyIa % = 0gO0¢.

Acuo, uTo a = xctgg —i—wctg% + % = rctgg + rctg%, OTKYJ1a
a a _a
T

r R
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19.

20.
21.

22.

23.

24.

Bocrmosipsyiitech Teopemoii Uesbl B (hopMe MPOU3BEICHUN OTHOIICHUHT
OTPE3KOB, & 3aTeM 3aMEHUTE 3T OTHOIIEHUS C TOMOIILIO 3a/1a4n 1.

Bocnonb3syiiTech npempiayIei 3aadei.

IIyctrb AK = KL = x, /KBL = /KBA = o, AB = y. Torma

KC = zcos2a, LC = zsin2a, x + rcos2a = ysin 2q, oTKyIa y =
1+ cos2a
= ;1:72 JokazarenbcTtBo Tpebyemoro pasencrsa CB + CL =
sin 2«

= AB cBomuTCs K IPOBEPKE TOXK1ecTBa  sin 2a+(z+x cos 2ar) ctg 2a0 =
= Y, KOTOpOE IIPU IIOJICTAHOBKE HAailIEHHOI'O Y BBIPOXK/IAETCS B OYEBH/I-
HOe.

Cayuyaii, korga F' rexxur Ha orpeske C'E, a He Ha IPOJIOJIKEHIHT, HECTIO-
JKEH: BOCIOJIb3YiiTech BrnucaHHoCTbi0o AEF B u paBHOOEIPEHHOCTHIO
AAFB. Tlokaxure, uro AAFB — pasuocroponnuii. CjoxHee ciiy-
qait, korma F' mexut Ha npogomkennn C'E 3a Touky E. B atom ciaydae
pasencreo ZAEB = /AF B BO3MOXKHO JIUIIL ec/in F' IexXuT BHE KBaJI-
pata. [lycts ZECD = ¢, AB = 2. Torma ZCEB = AAEBQZ 45° + ¢,

LAFB 1 ]
= tg ZAF B = tg(45° = 8P °
5 wp o 28 g(45° + ) i

- (tgp—2)?

tg . U3

MOCJIeIHErO ypaBHeHus tg o = V7.

B ycinoBum HEdero e cKa3aHO O TOM, KAKHE CTOPOHBI PABHBI, TIO9TOMY
Tpebyercst paccMOTpeTh TpH ciaydasi. [Ipoepbre, uro AB = BC Benér
K mporuBopeunio, a B ciaydae AC = BC 1ocTaTouHO TPUBHAIBLHOTO
ntosicuéra yriioB. CJI0sKHOCTB IIpeJcTaBisgeT TpeTuii ciay4dait: AB = AC.
[Mycrs ZABC = 2a, AB = AC' = z, BC = y. IIpognure BO 3a TOUKy
O 1o Touku K tak, arodosr umetb OK = OA. Tpeyronpauk ABCK
pasHObeIpennbIit, mockoabky BC' = BO + AO = BO + OK = BK.
Ouepnano, ZKOC = 3a,ay = 2xcos2a, ZBKC = 900—%, Z0OCK =
_ 000 — 5704. Toraa 1 x AB _ AO _ OK _ cos(5a/2).

2 2cos2a¢ 'y BC 0OC OC  cos(a/2)

T

« Sa «
Pemus ypasHenue cos 3 = 2cos 2a cos - YCTaHOBUTE, UTO - = 5

+7n, n € Z, oTKy1a o = g = 20°.
[lycts ZABQ = ZCBQ = «. Torma
sin 30° sin «

BP=AB.— 220 AQ=AB.— 0%
sin(150° — 2a)’ @ sin(120° — )’
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25.

26.

sin 60°
sin(120° — )
Yes10B1Me HECJIOZKHO TIePENNCATh B BUJIE TPHTOHOMETPUIECKOTO yPaBHE-
HUst

BQ = AB -

sin 30° sin o + sin 60°

sin(150° — 2a)  sin(120° — )’

KOTOpOe CBOAUTCH K ypabHenuio cos(3a/2+30°)(2cosa—1) = 0. Bua-
genue cos a = 1/2 ciegyer orbpocurb. Ocraercs o = 40°.

Jlokazkure B KadecTBe jJeMMbI, uTO ecin B AABC 1poBejieH 0Tpe3oK

AA; (A; — rouka na cropone BC) tak, uro ZBAA| = a, ZOAA, = p,

AB =¢, AC =b, AA; =z, 10 sinfa + 5) = SH;a + smﬁ' Ucmnonb-

x c
gyiite sty semmy B AROQ, ASOQ, ABOC, urobbl noay4duts (npu
ZC00Q = a, ZBOQ = p):

i_sinaJrcosa 1 sinf  cosB sin(a + f3) _sinaJrsinB
OC OR 0Q’' OB 0S8 0Q’ oy OB O0C’
Orcrona

sin(ar+ ) sin 3 (OQ sina + ORCOSQ)

oYy OR-0Q
Lsina OQsin 8+ OS cos
0S-0Q ’

Torma n

sin(a + 3) ) OPsina+ OS cosa
— "~ =sinf
0X OP-0OS

Lsina OPsin 3+ ORcosf3
OP -OR ’

Ecyin gyeTbipe TOUKM JiexKaT Ha, OHON OKPYKHOCTH, TO MOXKHO 3aIUCATh
st #Hux reopeMy Itosemest (B dbopme mponsBeieHnit IJIHH OTPE3KOB,
zajgada 35 pasjena 1.2) 1 npuMeHUTb 0OOOIIEHHYIO TEOPEMY CHHYCOB.
O6paTHO: TIYCTD, JJIsT OMPEAETEHHOCTH, Jyd DB JeXKAT MeXIy JTyda-
vu DA u DC. Eciau jjist 9eTbIpEX TOYEK BBIIIOJHEHO PABEHCTBO U3
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27.

28.

29.

30.

YCJIOBUS, HO 3TH TOYKM HE JIeYKAT Ha OJIHOW OKPYKHOCTH, TO MOYKHO
ommcaTh OKpYy»KHOCTh 0K0J10 DAC u npommrs jyd DB 10 nepecede-
HUSA C 3TOM OKpyzKHoCcThIO B Touke B’. [Tockonbky A, B, C' u D nexar
Ha 0J[HOI OKpy»KHOCTH, 11 HuxX DA -sin /ZBDC + DB’ -sin Z/CX A +
+ DC -sin ZAXB = 0. Toukn B u B’ cosnazgaror, nockonbky DB =
= DB’

[Tycrs AE — Boicota Tpeyroambuuka ABC. Torna ABFED(Q) snucan B
OKpyKHOCTb. Obo3Haubre /BAD = a u ZCAD = [ 3anmmure Jijist
APDQ reopemy Iltonemes:: AD-PQ = AP-QD+ AQ - PD. Boipasure
BCE, kpoMe PQ), uepes mapamerpbl AD, o u 3, 9T00BI TOKa3aTh, ITO
PQ = ADsin(a + ) = ADsin ZA.

JlocTaTouHo M0Ka3aTh, 9TO
DH sin /ZFDG + DGsin /ZFDH = DF'sin ZHDG

(B oT0it 3amucu yriasl He opueHTHpoBanubie). Ho DH = DE, DG =
= CE, /ZHDF = /ADB, sin/FDG = sin/DBC, sin/HDG =
= sin ZDFC'. Tpebyemoe ycioBUE MEPENCHIBAETCS B BUJIE

DEsinZ/DBC + CEsin ZADB = DF sin ZDFC.
Ho 1o Teopeme cunycon
DFsin Z/DFC = DCsin ZFCD = DC'sin ZBCD,

CEsin ZADB = CEsin ZECB = EBsin ZEBC.

YciioBue BBIDOZKTa€TCA B

DEsin /DBC + EBsin Z/EBC = DC'sin Z/BCD.

Cremnaiite moBopor Ha 60° orHOCUTEIbHO TOUKKU C' Tak, 4TOOBI TOUYKA
A mepemna B B. Tpeyrombauk C' PP’ pasnocroponnwuii. IIpumennre
TeopeMy CHHYCOB K Tpeyrojubnuky BPP’.

[Tycts wa cropone AB moctpoen kBajpat ¢ nearpom X, Ha BC' — n-
yTOJIBHUK ¢ TieHTpoM Y, a Ha AC — m-yroyibHUK C 1ieHTpoMm Z. By-
JIEM CYUTATH, 9TO paamyc ommcannoit okpyxkuoctu AABC pasen 1,
IEeHTP onucaHHo# okpyxkuocTu — O. st gersipéxyronbauka OCY B
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180°
npsmast OY — ock cummerpun, /BOY = /A, Z/BYO = = o.
m
1 (¢]
Awnajoruuno jyst derbipéxyronbauka AOCZ: /0ZC = 80 = 0.
m
Hoxkaxkure, uro O JieKUT BHYTpH TpeyrojibHuka XY 7| a TakxKe 9To
0y — sin(l.A + oz)7 OX — sin(é.C' + 450)7 07 — sin(é.B + B) ITpi
sin a sin 45° sin 8
MEHUTEe MPEJbIIYIYIO 38J1ady, YTOOBI MOy YU Th
oy oA 00,4

sin(60° + ZA)  sin(60° + ZB)  sin(60° + ZC)°
N3 nostyuennoro panee:

sin(ZA + «) _ sin(£B+ p) B
sin(ZA+60°)sina  sin(/B +60°)sin 3

_ V2sin(£C 4 45°) . V2sin(90° 4 45°) 5

~ sin(Z0460°) T sin(90° +60°)
Xotst 661 onmH U3 yriioB A u B #He npepocxonut 90° u He MpeBBIIaeT
45°. Ilycrs aro yron B. Torma sin(£B +60°) > 0 u ctg ZB < 1. Torga

sin(£B + )

e sin(£B + 60°) sin
+/3 cos /B um, uTo paBHOCHIBHO, ctg f < 1+ (\/g— 1)ctg ZB < V3.
Urak, § > 30°. Ho u3 ycimoBus m > 6 y2Ke 66110 m3BecTHO, uTO 8 < 30°,
modromy m = 6.

Omeem: LC =90°, LA =2/B = 45°.

< 2 mosy4aem sin £ B ctg B+cos LB < sin ZB+

K pasdeay 1.9, c. 63

1.

Hajinyre Ha yeprexke TPEyrojbHUK, IO L KOTOPOro, ¢ OJHOM cTO-
POHBI, paBHA IOJOBHHE ILIOIIAIN OLHOIO IapaJjljieorpaMma, a ¢ ApyTroi
CTOPOHBI — ITOJIOBUHE ILJIOIIAA BTOPOTO.

[Tyctse M — Touka mepecedenust quaronanett AC uw BD tpanenun
ABCD c ocaopanusimu AD u BC. Torna Saap = Saacp, SAcuD =
= SAaAcD —SAAMD; SAAMB = SAABD —Saamp.- Tostomy Saamp =
= SacMD-

VrBepKIAeHNE Cpa3y cjaenayer u3 (opMyJIbl IUIOMAIN TPEeyroJbHUKA,

S = %bcsin LA.
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10.

Cornacuo zagadaMm 2 u 3 umeeM Sapy = SBoym 4 SaBm - Scpym =
= S%DM. Torna mromaas Tpamenun pasHa S = S + Sy + 24/5152 =
= (VS1 +VS2)*.

Ha pucynke mokasamo, 9TO U3 KyCKOB KBaJpaTa
MOXKHO CJIOXKUTL KBaJpaT TaK, UTO IOI IMarOHa-
JBbIO OyIyT HAXOIUTHCA TOJIBKO 3aIITPUXOBAHHBIE
KyCKH, a HaJl JUarOHAJIbIO — HEe3allTPUXOBaHHLIE.

Cymma mnomaieit Tpeyromsaukos AA1D u CC1 B

paBHa nojiopune 1wiomaau ABCD. AnaJlorudHo
cymmMma momagaeit ABB1Au ADD,C pasaa nososune miomaiu ABCD.

3HaYNT, CyMMa, ILTOIIAIeH IeThIPEX YKA3aHHBIX TPEYTOJLHUKOB PABHA
wromagu ABCD, oTKyzma ILIOIIAAL ABaXKAbl IOKPLITOHR STUMH TpPe-
YTOJIbHUKAMHU YaCTU PaBHA IJIONIA/IN JacTHU, HE TTOKPBITOI BOBCE.

CymMa 1ronaieil Bcex YETHBIX II0JIOCOK U ILIOMIAIN TPEYroJbHUKA,
PACIIOJIOZKEHHOTO BBIIIIE J[HArOHaN (COCTABIISIONIErO OJIOBUHY ILIOIA~
JIi KBaJipaTa), paBHa IUIOMAAM KBajpara. [losromy dacTh miomaiam
KBa/JIpaTa, MOKPBITas YETHBIMA MTOJIOCKAMU W TPEYTOJIBHUKOM JTBAKIHI,
paBHA YacTH ILJIOMIAIU, HE TTOKPHITON BOBCE.

Bocrionb3yiiTech Tem, 9TO MeanaHa TPEYTrOJbHUKA ICJIUT €ro ILIOMaIb
TTOTIOJIaM.

BocnonbsyiiTech TeM, 9TO MeIMaHa, JeJIAT IJIOMALL TPEYTrOILHAKA II0-
mostaM. lBe mapwl TpeyrosbHukoB A1 BC u A1B1C, ABC u A1BC
IMEIOT paBHble Iuomanu. Hamummure ermé dernipe aHaJOTMYHBIX Pa-
BEHCTBA W IOJIyIUTe, ITO SA,B,cy = 7.

OTpe}KeM OT IPaBUJIbHOT'O BOCbMUYT'OJIbHUKa TPEYT'OJIbHUKHU U IIEepecTa-
BUM HX TaK, KaK ITOKa3aHO Ha PUCYHKE. CTOpOHbI MOJIYYIE€HHOI'O IIPAMO-
YroJibHUKa pPaBHBI HanOOJIbIIEH U HAMMEHDIIIEH JAaroHaJjadaM BOCBbMU-
yroJbHUuKa.
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11.

12.
13.

14.

15.

Hepswviii cnocob. Ilycrs Touka M JieKUT BHYTPH IapajlieiorpaMMa
ABCD, a toukn P u () — eé npoeknuu Ha npsimble BC' u AD. To-
ra

1 1
Svpc + Samp = §BCMP+ EADMQ =

= %AD (MP+ MQ) = %AD - PQ,

a P(Q) — BbIcoTa HapaJjieorpaMMa.

Bmopoti cnoco6. 1lpsimbre, mpoxojsiiue depe3 TouKy M mapasiieab-
HO CTOpPOHAM TapaJsuiesiorpaMMa, pa3dUBaIOT €ro Ha YeThIPE MEHDLIITUX
mapaJjuiesorpamma, a guaroranu AM, BM, CM u DM paszbusator
KaXKJbIl M3 3TUX YETHLIPEX MMapasiIesIorPaMMOB Ha JIBA PABHBIX Tpe-
YTOJIbHUKA.

Spper _ Sappe _ DB EF _ [Sagrc

2S5aapE  Saape AD  AD SAADE

PaCCMOTpI/ITe HaAUMEHBIITYIO U3 CTOPOH <«YIJVIOBBIX» IIPAMOYTOJIbHUKOB.
Ero Bropas cropona — naubosbiias. OHOBPEMEHHO ¢ 3TUM HAUOOJIb-
11eii sIBJIgeTCsI CTOPOHa coceaHero IpAMOYTOJIbHUKA (ILOHOJIHEHOH.L&H Hau-
MEHBIIYI0 CTOPOHY JI0 CTOPOHBI HCXOJHOTO KBajpara). [lostomy srtm

OPAMOYTOJIbBHUKU PaBHBI, 1 TOT'JIla BCE Y€ThIPE «YIVIOBBIX» ITPAMOYIT'OJIb-
HUKa paBHBI.

ITycts paccrostaust ot Touek A, K u B jio upsimoit C'D pasHbI hy, h u

hi+h
ho. Torma h = % IIycts amuna croporsl C'D paeHa 2a. Torma

1
Scxp = ah, Sapy = §ah1 u Spoym = §ah2. I[Tostromy Scrxp =
= Sapm + Spom. Tpebyemoe coOTHOMIEHHNE MTOTYIUTCSA TIOCJIE BBHIMU-
TaHUd U3 0benx dacreil cyMMmbl Spoy + Sopw-

IIycte Touku M u N nexar Ha cTopoHe AB BBIIYKJIOIO YeThIPEX-
yronwuuka ABCD, rouku K u L — ua cropone DC, npuuém AM =
=MN = NB, DL = LK = KC. Ilposenure muarodasu DM, LN u
K B uerbipéxyronbaukos AMLD, MNKL uw NBCK. Illycts hy, h n
ho — paccrosiiusi oT TodeK coorBercTBerHo D, L, K o npsimoit AB.

1
Torma h = §(h1 + hg). Iosromy

1 1 1
SMLN = §MN -h = EMN(hl + hg) = §(SAMD + SKNB)-
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16.

17.

18.

19.

20.

21.

1 1
Anasoruyno, Sk N = §(SDLM+SCKB)- Torna SNk = §(SAMLD+

+ SNBCK)-

[Tnomans TpeyrosbHUKA pPaBHA TIOJIOBUHE ITPOU3BEIECHUS IBYX CTOPOH
Ha CHUHYC yIVIa MEXKJIy HUMH.

CoeuHATE 3TY TOYKY C BEPIIMHAMH TPEYTOJbLHAKA U 3AIIMIINTE PaBEH-
CTBO IIJIOTIA/IA BCETO PABHOCTOPOHHETO TPEYTOJIbHUKA CyMMe IO e
TPEX 00Pa30BABIINXCA TPEYTOJbHUKOB.

[IponymepyeM CTOPOHBI HMIECTUYTOJbHUKA B IMOPsijike 00XO/a ero rpa-
uutibl. [IpoyiuB cTOPOHBI ¢ OHON U TOM 2Ke YETHOCTDLIO JI0 Mepecetie-
HUsI, ITOJIyYMM IPABUJIBLHBINA TpeyroJbHUK. Crocob0B MOJIYINTh TAKO
TPEYTrOJIbHUK — J1Ba (Jy1si YETHBIX U JIJIsi HEYETHBIX CTOPOH). st 060-
UX TPEeyroJbHUKOB (PABHBIX MeXKiy CO0Oii) IIPUMEHHUTE YTBEPIKJIeHUEe
IpeJIbLIYIIeit 3a/1a4u.

Eciim ObI Takoit TpeyroJbHUK CYIIECTBOBAJ, TO €r0 CTOPOHBI MOXKHO
ObLIO OBl BBIPA3UTH |epe3 IUIOMAb CJEAyouM obpazoM: a = 2585,
b=.S, c=25/3. 1o upoTUBOPEUNT HEPABEHCTBY TPEYIOJIbHUKA.

[Mycrs Ay, B1, C1 — cepemunnt cropon BC, CA u AB Tpeyroyib-
nuka ABC. Ilposenénnbie orpesku — BbicoTbl AAB1C1, AA1BC1 n
AA1B:C. Ilycts P, (Q, R — OpPTOTEHTPBI 9TUX TPEYTOJBHUKOB, H —
opronenTp AA1B1C1. PaccmarpuBaeMblil 1IeCTUYTOJIBHIK COCTOUT U3
AABCy, AB1C1P, AC1A1Q, AA1 B R.

dAcuo, uro AB1C1P = AC1B1H, AA1B1R = AB1A1H. Ilosromy 1110-
IaJIb PACCMATPUBAEMOr0 IECTUYTOJbHIKA PABHA YIBOSHHON IIJIOIIAIN
Saa;B,c;- Ho Saac = 45a4,B,c; -

O0603HAaINM CTOPOHBI TPEYTOJbHIKA Yepe3 a, b U ¢, a COOTBETCTBYIOIIIHE
BBICOTBI 4Yepe3 hg, hy u he, hg = 10, hy = 6. U3 ah, = bhy = ch,

oa a
cJeslyerT, 9To b = ?’ h. = —. VI3 HepaBeHCTBa TPeyroJbHUKA b—a <
c
5% a 3 10a
< ¢ noJy4aeM ? —a < ¢, oTKyga — < 5 Caenosarenbio, h, = — <
c c

3
10 - =15.
< 2
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22.

23.

24.

25.

26.

CocraBbre cucremy u3s
TPEX JIMHEWHBIX ypaBHe-
HUU C TpeMs HEU3BECTHBI-
mu Si, Sy u S3 (cMm. pu-
CYHOK), <«CKJ/IaJbIBasi» W3
9TUX IUIOMAet (DUTrypHI,
IJTOMIA M KOTOPBIX MOXK-
HO JIEI'KO BBIYHC/IATD.

[TpoBeaure wepe3 TOUKY
M upsmyro XY || AB,
rae X JIeKUT Ha MMPSMOM
BC, a 'Y nexur Ha 1ups-
Mot AD. Ilmomans mna-
pasenorpamma ABXY

paBHA yIBOEHHOI ILIOMa N Tpeyrojbauka ABM.

. . a M c
Yeroipéxyronpuuk Ay BC1 M onumcaHHbIN, MO3TOMY 5 + — = -+

Mmgq

+ ——, ero BIMCaHHAasI OKPYXKHOCTH BIIMCaHa U B TpeyrogbHuku AA; B
u CC1 B, a ux njomaau paBHbl. [loaToOMy paBHBI UX TEPUMETPHIL: € +
—Hna—i-g :a—l—mc—i-g.

2 2
I[Iyctb M u N — cepemunbl cropor BC u AD 4erhIpéxyrojibHIKA
ABCD. Orpesok M N — menunana ABNC', nosromy SAABN = SACDN,
a cropoubl AN u N D 3Tux TpeyrojbHUKOB PaBHBI U JIeXKAT HA OJHON
npsimoii. IToaromy Beicorel BH1 u C' Hs B 9TUX TPEyroJibHUKAX PaBHBI.

[Mycrs M, N, K, L — cepenunbl coorBerctBenno AB, BC, CD u DA,
a @ = NLN MK. Yersipéxyroapauk M N KL — mapaJiiesorpaM.
Ero aunaronanu MK u N L pensarcs Todkoi () mormosaM. AHaJIOTTIHO
KaXKJbIil U3 OTPE3KOB, COEIUHSIONINX COOTBETCTBYIOIINE TOYKU JE€JIe-
HUsl HA IIPOTHBOIIOJIOYXKHBIX CTOPOHAX HCXOJHOIO YeThIPEXYTOJILHUKA,
JIeJINTCST Ha 8 PaBHBIX YacTeil. 3a/iada CBOIUTCS K CJIYIal0 BBIILYKJIOTO
YeTBIPEXYTOJBHUKA, BCE CTOPOHBI KOTOPOI'O pasjiesieHbl mnomnoJiam. s
9TOr0 JOCTATOYHO COCIMHUTH TOUKY IepecedeHus TuaroHaseil ¢ cepe-
JIMTHAMU CTOPOH U BOCIIOJIB30BATLCH TEM, UTO MEJIMAaHa JICJIAT ILJIOIIAb
TPEYTOJHHUKA ITOMOJIaM.
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27.

28.

29.

30.

31.

Ilyctre  ABC  — B

JIAHHBIA TPEYTOJIb- \

Huk.  ObGo3HauUM c /.Al

TOYKU JIeJIEHUS], °\./ \

KakK IIOKa3aHo Ha G M\N. A2

PUCYHKE. Torna 1 °< P K\./ \
i LY .

Sampicer = 35 \—/>'/'/F

[Tycrs F = CoAsN A—/-é2 By

NCA, a MNKLP(@Q) — 1mecTuyroibHUK, YKa3aHHLIH B ycaosuu. U3
paserctBa AFAyC = ACyA3A, crenyer, uto CF = CoA; = AC/3.
N3 nopobust AATNCy u AB1NF cnenyer, uro A1N : NB; = CyAq :
: B1F =1:2. Ananornuno A1 M : M,C = 1: 2. [Tostomy Saa, MN =
= Saa,B0,/9 = S/27. Ananornuno, SAap kL = SacipQ = S/27.
Crenoarensno, Sy nkrpg = S/3 — 35/27 = 25/9.

[Mycts M N = x, a E — Touka nepecedenust mpsaMbix AB u CD. Tpe-
yroinbunkn EBC, EMN n EAD nonobubl, mosroMy Sggc : SEMN :
: Spap = a* : 2% 1 b%. U3 Spmn — Sepc = SuBeN = SmaADpN =
2

—a? = v —2?, orkyna 22 = = (a®+b?).

= SgAp—SEMN CHenyer, 4To 5

fcno, uro Spop = Spoc, NO3TOMY JIOCTATOYHO JIOKA3ATh, 9T0 SA0K =
= §SACD- IIycts P u Q — cepenunabt BC u AD. Ipsamas PQ npoxo-
mut gepes O, CQ — mennmana AACD, u snaunt, Sacp = 2Scop =
= 2Scqk + 2Sckp- Hockomsky CK || OQ, Scox = Scok, nosToMy
Scor + Sckp = Scokx + Sckp = Socpk-

[pstmete BP u CP — memnanst AABC n ABCD cooTBeTCTBEHHO.
[Tostomy Touku A u C' pasroynasensl or BP, a B u D — or CP.
9t10 3Ha4uT, 9T0 Spap = Sppc = Spcop. C Apyroit CTOPOHBI, BBICO-
1 APAB u APCD, onyiersbie u3 TOUkd P, paBHBI, TOCKOJBbKY P
JIeXKUT Ha buccekTpuce. [loaToMy paBHBI U MX OCHOBAHUSI, UTO U Tpe-
60BaJIOCh.

IIycte ABC — pmammbiit Tpeyrosibauk, AB > AC > BC, CH — ero
BeicoTa, A’ cummerpuuna A orHocurensno H, B’ cummerpuuna B oT-
HocureabHo Guccekrpuckl yria A. Tpeyronbnuku ACA' u ABB' pas-
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32.

33.

Hobeipennbie, HakpbiBatole AABC, npuuém
SACA’ o AA/ _ 2AH SABB’ o AB, o Aj
Sipc AB  AB’ Sipc AC  ACT
2AH
AC

[Tpouseeserne STUX OTHOIIEHUN €CTh < 2, mo3TOMY KaKOe-TO U3

OTHOIIEHWUH MeHbIe v/ 2.

Yepes yKazaHHYIO TOYKY BHYTPHU TPEYTOJbHUKA ITPOBEINTE MPSIMBIE,
rmapaJijieJibHble CTOPOHAM 3TOr0 TpeyrojibHuka. OHM pa3duBalT Tpe-
YTOJIbHUK Ha TPH MapaJijesjorpaMMa U TP PABHOCTOPOHHUX TPEYTOJIb-
nuka. OTpesku, coeauHdgonye P ¢ BeplInHaAMK, pa3bUBaIOT KayKIbIi
rmapaJjiieJiorpaMM Ha JIB€ PaBHBIE YaCTU, a HMEPIeHIUKY/IIpbl n3 P K
CTOpPOHAM Pa30bMBAIOT KarKJblil TPEYroJbHUK Ha JIBe PABHbIE YaCTH.

ITocsieioBaTeIbHBIE CTOPOHBI KBAJIPATOB 10- B G E ¢
JIyYaloTCs JPYT U3 JIpyra moBoporoM Ha 90°, 4 r
TOTOMY YTJIBI MexK1y npsmbivu AB u PQ), K Qq "l
BC u QR, CD u RS, DA u SP paBHbl.

[Mostomy u mpoekiuu HK, GE, LM, FN H P S

na cropons!l kKBajpata ABCD pasubpl. O60- p S M
smaamm HK = GE = LM = FN = d, p s
Saunp = Sanp =D, SBxg = SBag = ¢, A N F D

Secr = Stre =1, Svsp = Srsp = s. Bamerum, uro HP + M S =
=K@+ RL=1-—d. Torna

SapoB+Scrsp = (Sanp+SBrQ+SruKQ)+(SDMS+HSLRC+HSMSRL) =

1
:p+q+r+s+§(PH+SM+QK+RL)d:p—i-q—i—r—i-s—i-(l—d)d.

AHaJIOTUYIHO U CyMMa TJIOMa el YeTbIpéxyrosbHukoB APSD u BQRC
paBHa 9TOM »Ke BeJUYUHE.

Jltst 15060r0 IPYTOro PacIoIOXKEeHUsT YKA3aHHBIX TOUeK depe3 d 00o-
3HAYUM BeJIMIUHY npoexyuu sexmopa P() Ha HaIPaBJIEHHYIO MPSIMYIO
AB. Takumu ke 6y/1yT BeJTUIUHBI TpoekIuii Bekropos QR wa BC, R
na CD, SP na DA. Ytob6bl TOIYyYNATH TIOMATL IeThIPEXYTOTLHIKA
APQB, ayxH0 cymmy p + g miomaeit tpeyroasankos APH u KQB
yBermauth (npu d > 0) mwim ymensnmts (npu d < 0) Ha momanb
rpanernuu K PQH. OcrajibHoe aHaJIOrHIHO.
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34.

35.

KourpunpumepoMm ciIy?KUT MHOTOYTOJIBHHUK, CO-
crosimuii U3 TPEX OJMHAKOBBIX KBaJIpaTOB (3a-
JIOB), COEJIMHEHHBIX TOHKUME U30THY THIMU KOPH-
Jopamu (CM. puCyHOK). Ecin mioma/is Kazk0ro
3aJia cocrapiisier 0,3, a IO b KOPUJIOPOB CO-
crasiigger qumb 0,1 obmieit momaam, To Xopaa,
[IEPeCeKAIoIAs TOJLKO KOPUIOP, 110 OJIHY CTOPO-

HY CONEP:KUT JIBa IeJIBbIX 3a/1a. AHaJorunIHoe
BEPHO U €CJIM OHA TePECeKaeT OJIMH U3 3aJI0B: OHA HE IIEPEeCEKaeT «IIe-

PEKpPECTKa», U JIBa 3ajla OCTAIOTCS 1O OJIHY CTOPOHY OT HEE.

IlycTts nasbl nBa IPsIMO- Dy =Dy

YIOJIbHIKA PABHON ILIOIIA- L

mu A1 B1C1 Dy co cropona- Cy C

M a1 U by u AsBoCoDo B §
co cropoHamu az u by h | /p by h
(a1by = agby). Bes orpa-
HudeHus obmuocTu Oymem  Aj E, Ey Ay

2

cuanTaTh, YTOo a1 < by m ar az

as < by (ecm a; = be, TO By By
yTBEpK/IeHne 04eBIIHO). [IpsIMOYrOIbHUKY PACIIOIOKIM TaK, KaK I0-
Ka3aHO Ha PUCYHKE, W JIOKAXKEM, UTO 9TO PACIOJIOXKEHUE — HCKOMOE.
[Mokaxkem, uro A1 Ay || C1Cy. eiicTBUTENBHO, U3 TOI00US TPEYTOJIb-

1 bi—ax hy by—a
HUKOB TIOJIy9aeM, 910 — = ——— u — = ————. [lockosbKy 110~
h as h al
by —ax ba—ay
a1 PABHBI, = , OTKyJZa h1 = hg, 910 U TPEOOBAIOCH.
a2 a

Yerwipéxyromnbuuku Ay F1C1Co u Ay E5CyC') — napasiiesiorpaMMbl (3Ha-
aur, A1 Ey = AyFE»), v Iwiolaim ux paBHbL. B cuily paBeHCTBa IIOMIA-
Jielt IPsSIMOYTOJIBHUKOB paBHbI 1 mwtomaan AA1B1F1 u AAsBsFs. Tlo-
cKOJIbKY A1 E1 = AsEs, paBHBI U BLICOTBI 3THX TPEYLroJIbLHUKOB. 11osTo-
My BiBj || A1 Ay. Yerbipéxyronbuuk Aj EoBs By — napaJiienorpamm,
Tpeyronbauku A1 B1FE1 u EoBoAs paBHBL 10 KaTeTy M IUIOTEHY3€.
N3 sroro ciemyer, 4To JIH0Oass TOPU3OHTAJIbHAS NIPAMAasi, IIePeceKaro-
Iast 9TH TPEYIrOJIbLHUKH, IEPECEKAET UX 10 PABHBIM OTpe3KaM. Hcin ke
POPU30HTAJIbHASI IpsIMas IepecekaeT mapaJuenorpammbl A F1C1Cy n
Ao E5C5Cy mim copnamarornue tpeyroyabauku CyDoCo u C1D1Cs, TO
COOTBETCTBYIOIIHE OTPE3KH PABHDI.
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36.

37.

Bepuo. Ilycrs Tpeyroinbauku A1 B1C1 u Ay BoCoy pasHoBesnku. Ecian
Ha cropoHax A1 Bj u As By cooTBeTcTBEeHHO HaiimyTcst Touku My u Mo
takue, aro C1 M7 n CoMy paBHbI, TPUYEM ILIOMAIN TPEYTOJLHUKOB
C1A1 M1 nu CyAsMsy Toxke paBHBI, TO JOCTATOYHO PACIOJIOKUATH TPE-
YTOJIBHUKH TakK, 9To0bl Touku C7, My, Co, My nexkamn Ha OFTHOMN Ipsi-
Moii (JrokazkuTe 910). OcTaérest I0Ka3aTh CyIECTBOBAHNE TAKUX TOUEK
My n Ms. BoJiee TOTO, HE BaXKHO, HAa KAKIX CTOPOHAX JIEXKAT STU TOUKHU:
00603HAYEHNS BEPIIUH BCErAa MOYKHO U3MEHHUTD.

[TocMmoTpuM, KaK U3MEHUTCSI JJINHA, | OTpe3Ka, COeIMHSIIONIEr0 TOYKY Ha
CTOPOHE TPEeyroJIbHUKaA C IPOTUBOIIOJIOXKHONU €0 BEePIINHONI, B 3aBUCHU-
MOCTH OT ILIOMAIA S TPEyroJbHUKA, 3aMETAEMONI STUM OTPE3KOM IIPHU
JBU2KEHUM TOUKH 110 cTopone. [Iycts M cHadasia IBMKETCS 10 CTOPOHE
AB TpeyrojbHUKa eJUHIYIHON momasy. [Ipu sToM mwiomais n3MeHs-
ercst ot 0 710 1, a gauna [ — ot b 1o a. ITycTs matee Touka M aBuzkeTcst
o cropore AC or Touku C K Touke A. BymeMm cuurarh, 9TO IPHU 9TOM
ILIOIIAIL U3MeHsieTcst oT 1 1o 2, T. e. MbI mpoxoauM miaomais AABC
emé pa3. Hakonen, mycts mastee M neukercs or B k C 1o cropone
B, a wiomab Mensiercst or 2 10 3 (JuinHa | MEHsSIeTCsl IPU 9TOM OT €
1o a). Hoxyunmm dbyuknuio [(s), onpenenénnyio Ha s € [0, 3], npuuém

min [(s) - max [(s) = 2, HOCKOJIbKY 9TO NPOU3BEJEHUE PABHO IIPOU3-
s€[0,3] s€[0,3]

BEJIEHHIO JJIMHLI HAMOOJIbIIell CTOPOHBI Ha HAUMEHBIIYIO BBICOTY TPe-
YTOJIbHUKA — Y/BOEHHON ILJIOMA M TPEYTOJbHUKA. Keu Takne (PyHK-
1w U1 (s) u la(s) mocTpouTs uisi IBYyX JaHHBIX TpeyroiabuukoB Ay B Ch
u Ay BoCy paBHON (JJ1s1 ONIPEIEIEHHOCTH — €JIMHUYHOI) IJIOIIAH, TO
rpadukn 3Tux QYHKINNH MIePeceKyTcs: 3TO HellPepbIBHbIE (DYHKINH, Y
KOTOPBIX PaBHBI IIPOU3BEIEHUsS] MUHIMAJBHOTO M MAaKCUMAJIHLHOIO 3Ha-
qennii. B camowm jeste, ecytu Ob1 00ITIell TOUYKH y rpadUKOB He HAIILIOCH,
TO ojiHa n3 (PYHKIMI Oblia Obl BCIOILY OOJIBINE JAPYTOil, OTKYIa U HPO-
U3BeJIeHe MUHUMAJBHOIO 3HAUEHUsI Ha MAKCHUMAJIBHOE JIIsT OOJIbIIeit
dyukIuu 66110 OB HOJIBIIIE.

Ocrajioch 3aMeTUTh, YTO TOYKA [TEPECEUEeHNs YKA3aHHBIX I'PAUKOB U
onpeJiesisier Heobxoaumoe noJioxerne orpeskoB C1 M7 u CoMs.

I[ycte P — mepumerp AABC, I u v — HEHTp U paJuyc BIUCAHHON
okpyxkHocTH, M 1 N — Ttouku Ha croporax AB u AC, M N — upsimasi,
JIEJISIIas IUI0MA b U TIepUMeTp B paBHBIX oTHomeHuax: AM + AN =
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38.

39.

40.

= kP, Samyn = kSapc. Torna
1 1
SamIN = Samr + Sanr = §T’(AM +AN) = 57’kP = kSaBc.

[Hosromy Sarrny = 0, To ectb npsimast M N npoxogut 4depe3 TOUKy 1.
ObpaTHoe yTBEepKICHNE TOKA3BIBACTCI AHATOTUTHO.

Kaxxias n3 paccmarpuBaeMbix BEJIMYUH PaBHA, ILIOMIAIA MHOTOYTOJIb-
wuka M. [IpoBepum 3T0 fjist CyMMBI JIJINH TOPU30HTAJBHBIX OTPE3KOB.
[Tpoeném stu orpesku. Torma M pa3oObéTcs Ha JBAa TPEYTOJHHUKA
U HECKOJIBKO TPAIIENNii, IPUIEM BBICOTBI 3TUX DUryp OyayT paBHbI 1.
Ocraoch BBIPA3UTh IJIOMAJN 3TUX (DUTYP depe3 OCHOBAHUSI U BBICOTHI
10 M3BECTHOM (GOPMYJIe U CJIOKUTH. BUHO, UTO KaXK/IbIil TOPUBOHTAJIb-
HBIII OTPE30K BOMIET B CyMMY [ZIBa pa3a, T. €. B uTore — ¢ ko3hduiu-
€HTOM eJIMHUIA, YTO U TPeOOBAIOCH.

[Tpu ykazaHHOM OTpaKEHUU COXPAHSAIOTCH JJIMHBI JIMATOHAJIENH YeThbI-
péxyronpuuka. [IycTb oCcTpBIi yron Mexiy JguaroHajsMu ObLI paBeH
a. Torga mocse oTpakeHusT OWH U3 YIVIOB MEXKJIY NUATOHAJIAMU CTa-
HOBUTCSI PABHBIM JIn00 3¢, OO 3 — 7, & IOITOMY OTHOIIIEHHE ILIOIIA~

. sin 3o .
el paBHO | — . C momorpo (popMyJIbl JIJTst CHHYCA TPOWHOTO yIJia
sin «
MOKHO TIOJIYIUTH
S’ 9
5 = |3—4sm a| < 3.

O603Ha9NM TOYKH TIepecedennsi CTOPOH KBAIPATOB U MPOJJIUM UX CTO-
ponbl (cM. pucyHok). Yerwbipéxyromapauku ABCD u A1 B1C1 Dy — na-
pasutenorpaMMbl. COOTBETCTBYIOIIHE CTOPOHBI ITUX MAPATICTIOTPaM-
MOB ITePIIEH UK YJIAPHBI, 3HATUT, YIJIbI TapaJIIeorpaMMOB paBHbI. Kpo-
M€ TOT'O, COOTBETCTBYIOIINE BBHICOTHI IMAPAJIIEIOTPAMMOB PABHBI CTOPO-
HaM KBaJIPATOB, TO €CTh TaKYKe COOTBETCTBEHHO PAaBHBI.

[TapasuresiorpaMMbl paBHBI U COBMEIAIOTCsT KOMITIO3UIUEH TTIOBOPOTA HA
90° u mapaJIIeIbHOrO MEePeHoca, a COOTBETCTBYIONIMe auaronan BD
u B1 D1 nmapaJuiesiorpaMMOB PaBHBI U IEPIIEHIUKYISPHBL. AHAJIOTTIHO
JOKA3bIBACTCS PABEHCTBO U MEPIIEHINKY/IAPHOCTE oTpe3koB M P u LK.

3HaunT, [ruaroHam 9eToipéxyroabunkoB K DL B u By M D1 P coorset-
CTBEHHO PaBHBI M II€PECEKAIOTCsSI 101, OJHUM U TEM YK€ YIJIOM, OTKYIa
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(MOCKOJIBKY IJIONIA b YeThIPEXYTOJbHIKA PABHA [OJIOBIUHE IPOU3BEIEe-
HUSI IMArOHaJIell Ha CHHYC yIia MeXK/ly HUMU) U CJIeJyeT YTBepKIeHIe

3a1a41.
i
Cr.. P \D
. Bl
D““.
: BlVM ........ A 1
A

K pasdeay 1.10, c.

1. BospeauTe B CKaJIAPHBI KBaJIpaT BEKTOPHOE PABEHCTBO AD — AD +
4+ BC +CD.

2. Tlocrpoiite Ha ctoporax AB u AD gersipéxyronpauka A BC D Bo BHeI-
HoI0 cropony Tpeyrojbpiuku ABF u ADE tak, uroost AADE ~
~ ACAB u AABF ~ ACAD. Tlocye dero nokaxkure, uro BDEF —
apaJIeIorpaMM U BOCIOJIB3yHTeCh TeOpeMOoil KOCHHYCOB B TPEYTOIh-
nuke AEF nist cropoust EF.

3. Cuyuail 4eThIpEX TOYEK Ha OJHON IPSIMOI OCTaBJISETCs duTaTe 0. K-
JIM Ke OHM He JIeyKaT Ha OJHOI IpPsIMOil, TO MOYKHO BOCIIOJIb30BaTh-
cst cooTHOIeHneM BperiHedijiepa (JJisi IPOCTOTO YeTHIPEXYTOJIbHUKA
ABCD) u tem, 94T0 KOCHHYC IO MO0 He npesocxoaut 1. Ilpu sTom
cos(£LA + ZC) = —1 Torya u TOJBKO TOrJa, KOTJA YeThIPEXYTOJIbHIK
ABCD BuucaHublii.

Cm. maxoice 3adawy 35 pazdena 1.2. Hpyeoe dokasameabcmeo ModcHo
NOAYUUMD C NOMOUDBIO UHBEPCUU, cM. 3adavy 20 pasdesa 6.8.

4. Pa3zbeiiTe 9eTLIPEXYTONBHUK JUATOHAIBIO HA JIBA TPEYTOJHHUKA U CJIO-

. abc
JKATE UX IJIOMIAJIM, BOCIIOJIb30BABIINCE GopMysioil S = ——. 3arem

4R

¢/iestaiiTe TO 2Ke caMoe, pa30uB YeThIPEXYTOJIbHUK JPYTOil TUATOHAJIBIO.
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10.
11.

12.

13.

14.

Ocranoch MOUIEeHHO pPa3ge/iuTh APYT Ha JApyra IOJIYIUBIIMECHA PaBEH-
CTBa.

Bocmonb3syiitech coorHolenneM bpermineiigepa Jjisi BbIPOXKIEHHOIO
gerbipéxyroiabanka ABC D, B KoTopoM Touka D momnaJia Ha TUaroHAIb

AC.

[MomyunTe dpopMysTy I KOCHHYCA yIJIa MEXKIY JMATOHAIAMHA YEThI-
la? + ¢ — b? — d?|

2ef

COB JIJIE YE€THIPEX TPEYTOJIbHUKOB, Ha KOTOPBIE JIMArOHAJIN Pa3bUBAIOT

PEXYTOJIBHUKA COS (© = , IPUMEHUB TEOPEMY KOCUHY-

JeTBIPEXYTONBHUK. [IpoBephTe, 9TO UMCIUTEND JJI JaHHBIX B 3a/atde
napamMeTpoB paBeH HYJIIO.

PaccmoTpuTe citydan BBITYKJIOIO U HEBBITYKJIOTO YETHIPEXYTOJIBHIKOB
110 OTIEJIBHOCTH. B 000uX ciiyvastX TOCTATOTHO PA30UTh YETHIPEXYTOThb-
HUK Ha TPEYIrOJBHUKU U BOCIIOJB30BATHCS (DOPMYJION ILIOIMIAIN Tpe-
YTOJIbHUKA Yepe3 JIJINHBI IBYX CTOPOH W yIOJ MEXKJy HAMH.
Bocrnionb3yiiTech mpenbiayieit 3agatieii 1 BbIpaykKeHUEM i KOCUHYCA
yIJIa, MEXKJIy TUaroHa MU, BBIMUCAHHOM B YKa3aHUU K 3aj1ade 6.

W 1 -
IToxaxkure, uro M N = 5(@ —DA— [ﬁ ), 3aTeM BO3BEJUTE ITO BEK-

TOPHOE PABEHCTBO B CKAJISIPHBIN KBa/IpaT M BOCIOJIB3YUTECHh HECKOJIBKO
pa3 TeopeMoit KOCUHYCOB I TPEYTOJIbHUKA.

BocrionbsyiiTech npempiayineit 3aateit.

1 1
Bamernm oueBnnble HepaseHcTBa S < —(ab+cd) u S < ¢ f. Ucnomb-
3ysl UX M HEPABEHCTBO O CPEJHEM, IOJIYIaeM:

m = (a®+b%) + (? +d?) + (2 + f?) > 2ab+2cd +2ef > 45+45 = 88S.

1
Bossejure B kBajipar S = 3 (besin ZC'+dasin ZA). YMHOXKbBTE Pe3yJlb-

tat Ha 16 u cioxkure ¢ paserctsoM (b2 +c? —a? —d?)? = (2bccos LC —
—2da cos ZA)?, KoTopoe MOy duTCs, eC/H IO TeopeMe KOCUHYCOB JIBYMsI
Pa3IMIHBIME CIIOCODAMU 3alucaTh KBajapar JauHbl guaronaan AC.

Bocmonbayiitech Teopemoii 1.10.4 u Tem, ato a + ¢ = b+ d. [lokaxkure,
9TO P — @ = ¢, & TAKXKe eI€ TPU aHAJOTMIHBIX PABEHCTBA JIJIsl APYTUX
CTOPOH.

Bocnonb3syiiTech peaplyInein 3aadei.
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15.

16.

17.

18.

19.

20.

IIyctn E = Z, E = 7, B? = Z. Torja ucxojiHOe COOTHOIICHUE

9KBUBAJICHTHO
|7+ 27 +17—g1” = 2P + |7+ 2= g+ 20712 & (7,2) = [71lA] & 7 | 2.

HOHHTHO, 9TO JOCTATOYHO PacCMOTPETHb Cﬂyqaﬁ BBIITYKJIOT'O ‘{ETpréX—
yrojabHUuKa (I/IHaHe MOZKHO YBE€JIMYIUTD €TI0 IJIoIa/db, COXPaHUB IIPU 3TOM

1
JutHbL cTopoH). lasee, Sapcp = Sapc+Sacp < 5 (ab + cd). Tenepn

paccmoTpuM deTbipéxyroabauk A'BCD, tne A” — Touka, cuMMeTpuy-
Hast TOYKe A OTHOCHTENHHO CEPEIMHHOTO MEPIEHINKYIApa K OTPe3-
Ky BD. llpumensas aHaJOTUYHBIE PACCYKICHUS IJIsT YETHIPEXYTOJIb-

nuka A’BCD, nonyuum Sapep = Sapop < 5 (ac 4 bd), nockoIbKY

A'B=d, DA = a.

[Tpumenure cooTHoteHre Bperiaeitiepa K derbipéxyroibauky ABDC.

1

Hasee ncnionbsyiite Tox1ecTBo cos(£LA+60°) = 5 (cos LA—+/3sin LA),

TeopeMy KOCUHYCOB Jyist Tpeyroibauka ABC (upu yrie A) u dopmyity
1

S = §bc sin Z A.

[Tycrs pumaronanu derbipéxyrosbinka ABCD nepecekaioTcst B TOYKE

P, a yron mexmay mumu paper . Ob6osnauum PA = a, PB = b,

PC = ¢, PD = d. Ilo reopeme kocunycos |AB? — BC?+CD? - CA?| =

= 2cost(ab + bc+ ed + da) = 2AC - BD - cost. Ho 1o nHepasencrBy

[Mronemes: (cm. 3amaay 3) AC - BD < AB-CD + BC - AD, npuuém

PaBEHCTBO JIOCTUTAETCS TOJIHLKO HAa BIIMCAHHOM YeThIpEXyroJibHuKe. [1o-
3TOMY

|AB? — BC? + CD? — AD?|

cosy = = COS .

V> " 4B-CD1BC AD 4
IIycte D — Touka mepecedeHust OUCCeKTpHUCHl yria A ¢ ommcaHHOI
OKpyKHOCTBIO Tpeyronbanka ABC. Jlokaxkure, uro DB = DC = DI,
rjge I — meHTp BHHMCcaHHOIH OKpyKHOCTH Tpeyrosbhuka ABC (sror

dbakr HasbBaeTCs AemMmol 0 mpesybue, cM. 3ajgady 14 pasmgena 1.6).
Hamee mpumennte Teopemy lltonemes k dersipéxyrompuuky ABDC u
nosryuntre, uro DA = 2DB.

i. Ilo meopeme cuHycoB, mpuMeHEHHOU K TpeyrojbHuKamM ADB u

e ef
C, 2R sin ZA 2k sin ZB’ Toe. 4R sin ZA - sin /B
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Teneps BoctoB3yiiTeCh Teopemoit IlTosemest u dpopmyiamu

/A /B /B A
a=r|ctg—Fctg— |, b=r ctg—+tg7 ,

2 2 2
LA /B ZB LA
c=r tg7+tg7 y d=r tg7+ctg7 .

OcraBiasicss 9acTh 33190 — yIPaXKHEHNE 110 TPUTOHOMETPHUH.
ii. Cienyer n3 popMyIibl B IpeAbLAYINeM IyHKTe. JIpyroe Joka3are b
CTBO MOYKHO IIOJIYIUTDH C IOMOIIBIO NHBEPCHUH.

K pasdeay 1.11, c.

1.

B mepBoMm ciydae m0CTATOYHO TPOBECTH JUAMETD 4Yepe3 TOuky P u
3aITUCATh PABEHCTBO MIPOU3BEJICHNI OTPE3KOB XOP/I, 8 BO BTOPOM — HC-
oJIb30BaTh paBeHCTBO AP - PB KBajipaTy oTpe3Ka KacaTeJbHON U Teo-
pemy Iludaropa.

AP-PB =FEP-PF =GP - PH, orkyna caenyer nogobue AEGP un
AFHP.

st Toro 9ToObl HEe pas3dbuparhb OOJIBIIOIO KOJMYECTBA CIYUAEB, IPO-
1€ UCIHOJIb30BaTh METOJ[ KOOPJAUHAT: it Touku M (x,y) cremeHu oT-
HOCHTeIbHO OKpyzkHOCTeil ¢ nenTpamu O1(a,0) u O2(—a,0) moyKHbI
6BITH PABHBI, YTO NPUBOMUT K coornomennio (r — a)? + y? — R? =
= (a: + a)2 + y2 — R%. Orcrona paguKaabHast OChb 3aJ1a6TCsl YpaBHEHIEM
R-®

 da
Touku A u B UMeOT OIMHAKOBYIO CTEIIEHb OTHOCUTEIHLHO 00X OKPY K-
HOCTEH, a paJnKaabHas OCh — BCerya MpsMast. B cyuae Kacanust OKpy K-
HOCTEN IIpoBepbTE, 9TO UX O6H_La§[ KacaTeJIbHad ABJIdeTCA paﬂHKaﬂbHOﬁ
OCBIO: OTPE3KN KACATETLHBIX U3 JII00O0H €€ TOUKY K 00EHM OKPYKHOCTSIM
PaBHBI.

DTO IPAMOE CJIEICTBUE TPEIbIIAYINEN 3a1a9N.

Touka nepecevuenuss AB u C'D jeXXuT Ha paJuKaIbHON OCH, OTPE3KHU
KaCaTeIbLHBIX M3 9TOH TOUKU PABHLL.

B sToM TpeyrosibHIKE MeamaHa paBHa MOJOBUHE CTOPOHBI, K KOTOPOI
3Ta MeJuaHa IIPOBE/IEHA.
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8.

10.

11.

12.

13.

14.

15.

16.

CrerteHb TOYKHU IEpecedYeHUsl ABYX PaJMKAJLHBIX OCEHl OTHOCHTEIBHO
BCEX TPEX OKPY2KHOCTE! OAMHAKOBA.

[Ipsimble, comepxKarme obIue XOP/Ibl — IOMapHbIE PAJIUKAJIbHBIE OCH,
OHU IIePEeCEKalOTCd B PAJUKAIbHOM IEHTPE WU IIapaJljlesbHbl.

[IpoBenuTe BCIOMOTATENBHYIO OKPYKHOCTD S, IIEPECEKAIOITYI0 06€ TaH-
HbIC OKPYZKHOCTH, & 3aTeM IIPOBEJANUTE IONapHble PaJUKaJIbHbIC OCU JJI
Su Sy u s S u Sy Vx Touka nepecevenusi (pajiMKaJbHBINA [EHTD)
JIEXKUT Ha PaIuKaIbHOl ocu S1 u So. BriOpas emé oHy OKpyKHOCTD
S’ aHasIOruIHBIM 06Pa30M, HOJIYIHUTE €IIE OHY TOUYKY Ha MCKOMOIT pa-
JUKAJBHOM ocu. JIjist mOCTpOoeHusT MPSIMOT TOCTATOTHO JIBYX €€ pas3/ind-
HBIX TOYEK.

Drta ToUKa — paJMKaIbHBI IEHTP TPEX BepHINH (OKPYKHOCTEH HyJTe-
Boro pajuyca). CepeMHHbBIE TIEPIEHIUKYIISIPBl — PaJMKaJbHbIE OCH.

X, Y, a Takxke cepeJIJUHBI BCEX OCTAJBLHBIX OTPE3KOB JIEXKAT HA PaJIu-
KaJIbHOM OCH.

[Iycre M — cepepuna C'H. [Ipsimasg XY — pajukajibHast OCh, IOITOMY
JIOCTATOYHO HPOBEPUTD, 4TO powg M = powg M. Crenenn Touku M
BBIMHCIIAIOTCS Hanpamyio (1o dopmyite d? — R?).

IIycte AD BTOpuM4YHO mepecekaeT w B Touke X # A, a §) BrOpudY-
Ho B Touke Y # D. Bes orpanwdenust oBITHOCTH CIUTAEM TEHTP W
pAacCIOJIoKeHHBIM K BepIiuHe yria Ojmke, dem 1eHTp ). Tpebyemoe
cienyer m3 (AX + XY) - (AX + XY + YD) = AC? = BD? =
=YD+ XY) (YD+ XY + AX).

[Tycts B’ m C' — Toukm nepecevenns npsmbix A’M n A’N ¢ ups-
Moit, npoxoisameit yepes A n napasiensnoit BC. ITockoabky AA'NC
u A’M B pasno6enpennnie, AABC = AA'B'C'. A wz3 AM - BM =
= A'M - B'M wmeem powg M = powg M, tae S u S’ — onucanubie
okpyxuoctu AABC u AA'B'C’. Ananornuano u niust rouku N, OTKy1a
M N — pajukajibHas OCh JIBYX paBHBIX OKpyzKHocTeit S u S’ — 310 nx
0Cb cuMmMeTpun. [109TOMy pU CUMMETPHN OTHOCHTETHHO 3TON TPSIMOT
A’ € S’ nepexomut B TOUKY Ha S.

IIycts Sp u Sp — okpyzxkuoctu ¢ nenrpamu D u F' u pagnycamu DC
un FF coorBercrBenno. Torma BA m BC — kacarejbHble K HUM, a
E € SpNn Sy, nostomy BE — pajukaibHas och Sp u Sp, OHA MepIeH-
JUKYJISPHA JIUHAYM [IEHTPOB.
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17.

18.

19.

20.

21.

22.

O6o3naunm mepecedenne npojoskennii AB u C'D uepes O, a depe3
S — onmcannyo okpyRkH0ocTh ABC D. Torma O — paauKaJbHBIA IEHTP
S, S1 u Sy, orkyna X JIeXKAT HA OKPYXKHOCTHU ¢ TIeHTpoM B O pajmyca

VOA - OB.

Iycte M, N u K — cepeqiunabt AB, C'D u XY coorBercrBerno. [Ipsi-
magd XY — paJiuKajibHasi OCb, IIOTOMY JIOCTATOYHO IIPOBEPUTH, UTO
powg, K = powg, K, T. e. KM? — AM? = KN? — DM?. Jlns storo
HCIosb3ytoTes npaMble yriab: BD? = BC? + OD? = AB? + AD?.

[Tokaxkure, uro CO — KacarejabHast K OKPY>KHOCTH, OIIUCAHHON! OKOJIO
AOPQ. Torma TpebyemMoe cieyeT U3 TeOpPeMbl O KBaJpare KacaTejlb-
HOIA.

w1 U wy nepecekatorcsa Ha BC B ocuopauuu A Boicorsl AA;. Be npy-
'€ BBLICOTBI IPOXOJST depe3 OpPTOLEeHTD, Jexanmil Ha AAq. 3amgaua
cBeslach K 3ajade 2.

Ecu 651 11eHTPBI OKPY2KHOCTEH HE JIeKa/ii Ha OJIHOM IIPSIMOIi, TO perre-
Hue 6buI0 ObI oueBumHBIM: XY, PQ u RS — monapuble pajuKabHBIE
ocu, a B Tpeyrosbauke 010203, tae O; — HEeHTp w; (w3 — OmHCcaH-
Hast OKpykHOCTb PQRS), onu e — BoicoTbl. Coyuait O1, Oz, Os,
JIEXKAIMUX Ha OIHON TPsIMOM, MOIKEH OBITh pa300paH OTIETbHO, IS
9TOIl KOH(MUI'YpaIUU JTOCTATOYHO HECKOJILKO Pa3 IPUMEHUTH TEOPEMY
[Tudaropa.

PanukaibHble OCH ITO3BOJIAIOT [IOCTPOUTDL PEIeHNe, He 3aBHUCAIIEe OT
KOH(Urypamuu: Tpedbyercst mokas3arsb, 9ro (O3 JEXKUT HA pauKabHON
ocn w1 1 wo: pow,, O3 = pow,, O3. A mssectno npm sToMm, uro O
JIEXKUT Ha PAJUKAJILHON OCH Wwo U w3, a Og JIEXKUT Ha PaJIUKAILHON OCH
w1 1 w3z: pow,, O1 = pow,, O1 u pow,, Oz = pow,, Oz. Borunras u3
0102 — 73 = 0103 — r2 pasenctso 0103 — r? = 020% — 13, oy UM
Tpebyemoe.

ITycts O — Touka mepeceveHust puaronaseit rpamernuu, a M u N jexar
na orpeskax DO u CO coorsercTBenHo. Yernipexyroabuuk APQB
BucaHHbIA, oTkyna LDPQ = ZABC = 180° — ZDCQ, u nosromy
DPQC roxe srucanubiit. Anamornano u3 srucannoctu AMN B cre-
ayer Brucanaocts DM NC. Ijist onucaHHbIX OKpy:kHOCTEH APQB,
DPQC, DM NC nonapubie obmue xopabl PQ), M N, CD — pajguka/ib-

HbI€ OCH, OHHU II€pECEKalOTCs B O,HHOfI TOYKE — pPaJUKaJIbHOM IIEeHTDPe.
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23.

24.

25.
26.

27.

28.

st npyroro pacrnonozkenus Touek M u N 1okKa3aTeIbCcTBO aHAJIOT Y-
HO.

Iponomxkum AX u AY 3a Touku X u Y coorBercTBEeHHO 110 TOUeK U
u V rmak, uro AU = AV = 2 = p. Torna U u V — TouKku Kacanus
BHeBnucannoil okpyxkunoctu AABC ¢ nponozkenusymu cropod AB u
AC, a XY — pajukajbHasi OCb 9TOHl BHEBIUCAHHON OKDY’KHOCTH U
rToukn A (Kak OKpyzKHOCTH HyJsieBoro pajuyca). [lycrs BHeBHUCAHHAS
okpyxkHOCTb Kacaercs BC' B touke T'. Torma AM = MT. Ocraércs
BBIOPATH U3 JBYX TPEYTOJBHUKOB MOAXOSIIII (B 3aBHCHMOCTH OT B3a-
umHoro pactiosioxkerust M u T Ha orpeske BC') u cBecTH ero nepumMerp

K jumnae AU = AV.

B nepsom cityuae HCy, HBy u HA| — pajiukaJibHbIe OCH, & BO BTOPOM
cayaae CCy, BBy, AA] — paauKaJbHbIE OCH.

DTO HpsIMOe CJIeJICTBUE TIPebIAYINeil 3a1adn.

[Mycrs S, P — ocHOBaHUsI MEPIEHUKYIAPOB, ONYIIEHHBIX U3 TOYKH A
na BC' u u3 toukn C na AD coorBercrBenno. Toukn S u P jnexar Ha
okpyxkHoctu ¢ guamerpom AC, S u M — Ha OKpYKHOCTH C JHaMeT-
pom AB, M u P — na okpyx)Hoctu ¢ guamerpoM CD. IIpsimere AS u
PC — nomnapsblie paJuKajbHbIE OCH JJIsd OIHMCAHHBIX OKPY>KHOCTEN 1e-
TRIPEXYTOJMbHUKOB ASBM, ASCP u MCDP, ux To4Ka IepecedeHust
H — pajukanabHbIi 11eHTDP, nodToMy H M — pajukajabHas OCh OTUCAH-
HBIX OKpyxKHOCTelt ASBM u MCDP, oHa nepueHIuKy/IspHa JTUHIT
neaTpoB K L.

Cornacmo 3aade 2 qersipexyroabuuk M BC'N srnucanustit. Ecan moka-
3aTh, ur0 AM N D — BriucanHblii, To 3a1ada Oyaer penieHa (HCKOMast
TOYKa IE€PECEYEHUs MPAMBIX — PAJHMKAJIBHBIN IIEHTP TPEX OKPYKHO-

creit). Ho ZMAB = 90° — ZACM = 90°— ZBNM = 180° - ZDNM.

st moxkazarenbcTBa TOro, 4ro B1Bo(C1Cy — BHUCAHHBINA YeTbIPEX-
YIOJIbHUK, PACCMOTPUTE OIMMCAHHYIO OKpyKHOCTL w AC1C5B1 u mo-
Kaxkure, 9yro By jexur Ha Heil xxe: AH — panukajibHast och I'g u
T'c, a C1Cy — pamukanbHas ock I'c u w. Ilosromy A — pagukaib-
HBIT 1eHTp, n upsiMasi ABy (Kak pajiKaJbHasi OCb) COJIEPKUT TOUKY
nepecedenns B okpyxuocreit ['g m w. Ocraérea moka3aTb, ITO s
A1A9B1By u C1C5A1 Ay onmncanHasi OKPY?>KHOCTb — Ta YK€ caMasl.
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29.

30.

31.

1 pewenue. Illycrs P’ u Q" — BTOpbIe TOUKHN nepecedenus wy ¢ AB 1 wo
¢ AC. Torna ZMP'A=/MFP = /MCB, orkyna ciaexayer, uro P’
JIEXKUT Ha onucanuoi okpyxkuoctu ! ABMC. AHamorndHo u ToYka
Q' nexxur na . 3uaunt, AP’ : AQ' = AC : AB = AQ : AP, orkyna
pow,, A = pow,, A, Touka A nexknT Ha pamuKaabHO#t ocum MN aTHX
OKPYZKHOCTEI].

2 pewenue. Ilycre AM nepecekaer PQ B Touke K, a BC' — B Touke L.
Torma FK : FK = BL : CL = PK : QK. Cnenosaresibno, PK-FK =
= QK - EK. OkpyKHOCTH w1 U wo nepecekator AM B ojHOI 1 TOil yKe

TOYKE.
IIycrn BBIITYKJIBIT MIECTUYTOJIbHUK *\5117*‘5\/ ]! -
ABCDEF  kacaercssi  OKPY:KHOCTH B \‘I,x_,:' RN S 3
roukax R, Q, T, S, P, U (rouka R neskur @ \\A E\_‘/,.jr’;

P

na AB, Q — wa BC u 1. n.). Beibepem N
IPOU3BOJILHOE YUCJI0 @ > () ¥ MOCTPOUM Ha By
npambix BC u EF Toukn Q' u i;raK,q_T? ¥ )
QQ' = PP’ = a, a Bektopsl QQ' u PP’ R}‘ C +5
conanpasyienbl ¢ Bekropamu CB n EF. ',' . A
Amnanornuno crpoum touku R, 8", T, U’ !
(em. pucynok, RR' = 85" =TT’ = UU’ = a). Tloctpoum OKpyKHOCTD
S1, xacatomtytocs npsiMbix BC' u EF B toukax Q' u P’. Ananoruu-
HO MOCTPOUM OKpyzkHOCTH So m S3. lokaxkem, aro B m E nexar Ha
paJuKaabHOR ocu S1 u So:

BQ' = QQ' — BQ = RR' — BR = BR'
(ecn QQ' < BQ, 10 BQ' = BQ —QQ' =BR— RR'=BR)u
EP =EP+ PP =ES+SS' =ES'.

Ananornuno F'C'u AD — pajukaJibHbIe OCH ITap OKPY>KHOCTEH S u
S3, a TakxKe So u S3.

ITokaxkem, 9To st (PUKCUPOBAHHON TOUYKM A Ha CTOpOHE yIJia CyIle-
CTBYyeT POBHO OJHA IIpsMasi, yJIOBJeTBopsiomas ycjaopuio. CepeauHa
K orpeska CD paBHOyHaJIeHa OT IPOEKIINIL IIEHTPOB OKPY>KHOCTE Ha
HMCKOMYIO MPSMYIO, TO3TOMY OHA COBIIQIAeT C IMpOoeKImeil cepeauun L
oTpe3ka Mexkay nearpamu. Touka K ecTb TOYKa IepecedeHns OKPY K-
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32.

HocTu ¢ guaMerpoM AL u paIuKaibHOR ocu w U ), OTIUYHAsS OT cepe-
quebl X1Y7 (X1 Y] —Touku KacaHust OKpyKHOCTeIl cO CTOPOHOI yTIIa,
cozepKaiteil Touky A, npuuaém X sexur mexiay A u Yq). C apyroit
CTOPOHBI, ey B3sTh ToUKy F' Tak, uro AX; = YoF (Y2 cummerpud-
Ha Y] oTHOCHTEIBHO OmcceKTpuchl yria), o AB - AC = FE - FD u
AD - AFE = FC - FB, orkyaa cjejayert, 9To npsiMast AF — ucKoMmasi.

PaccMoTpruM OKPYXKHOCTH Wi U Wo, IMOCTPOEHHLIE KAK Ha JHaMeTpax
va megauanax AMp u BMs tpeyronsauka ABC. Ilycte C; u Co —
TOYKHU I[EepecevdeHnsl 3TUX OKpyzKHocTell, a Hi u Hy — BTOpbBIE TOUKHU
repecedeHnst TUX OKpy»KHocTelr co croponamu BC u AC Tpeyrojib-
nuka. Torma ZAH\M; = ZBHyMy = 90° (oHM ommpaioTcs Ha Ja-
metpsl). Urak, AHy; u BHy — Bbicorsl Tpeyrosbunka ABC. ACAB u
ACH Hs nonobusr, orkyna CHy : CHy = AC : BC = CM, : CMy,
to ectb CMy-CHy = CMs - CHs. 910 3Ha4uT, 9170 TO4YKa C' JIEKUT HA
PaIuKaJbHON OCH YKa3aHHBIX OKPYKHOCTel, To ecTh Ha upsmoit C'CY.
Ananornuno u AA; u BBy — paaukaJbHble OCH APYTHX IIap OKPYK-
HOCTE, OHU TIepeCeKarTCsl B PAIUKAJIBHOM IEHTPE.

K pasdeay 2.1, c.

1.

(e}
IIpu moBopoTe R1020 OTHOCHUTEJILHO IIEHTpa OKpPY:KHOCTH () BCsl KOH-
CTPYKIUS IEPEXOIUT B cedsl, a 3HAUNUT, TPEYTOJAbHUK AsBs(Cy mepexo-
JUT B ceOsl.

[Tpu mosopote Ha /ABA, OTHOCUTETLHO TOYKN B B TaKOM HaIlpaBe-
Hun, 9to A nepexonut B A1, Touka F' nepexomur B E, a B ocraércst Ha
MecTe.

Ucnonp3yiite moBopot na 90° Bokpyr Touku I, 4TOOBI OKA3aTh, 9TO
9TH HPAMBIE [T€PIEH UK YJISPHBIL.

JlocTpoiiTe cMMMeTPUYIHBIN PABHOOEIPEHHBIN TPEYTOJIBHUAK 10 KBAIPa-
Ta, a 3aTeM cjesaiiTe TOBOPOT OTHOCUTEIbHO CePEeINHBI TUITOTEHY3bI Ha,
90°. Menuana mepeiiieT B MEPIEHANKY/ISAD K 9TON MequaHe, KOTOPbIii
IIPOMJIET Yepe3 CepeJIMHy CTOPOHBI JIOCTPOEHHOTI'O KBaJjipaTa.

Lpyeoe pewenue daro 6 3adave 11 pasdena 3.5 06 ypasreruu npamod.

Ucnonp3yiiTe mpu3HaK BIMCAHHOTO YE€THLIPEXYTOILHUKA.

O6osnauum nepecevenus AB N C10 = Cy, AC N B10O = By, BC N
N A10 = As. DTu TOYKH — CepeJIMHBI CTOPOH Tpeyrojbauka ABC
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10.

11.

12.

13.

14.

u cepeaunbl orpe3koB A10, B1O, C10. Tlo cBoiicTBy cpejiHeil JTuHIEN
BC By

CQBQ || BC H C]_B]_ n CQBQ == 7 == 9 .

[Tycts nearp ABC'D — Touka O. CriesiaeM MEHTPAJIBHYIO CUMMETPHUIO

OTHOCHTENLHO 3TOf Toukn. Torma npsamas NP uepeiiner 8 N'P ||

| NP || MQ. Touka B mepexomur B D, nexamgyio u Ha MQ, n Ha

N'P’. 9tu napaJienbHbie IpsgMble UMEIOT OOIIYI0 TOYKY M HO3TOMY

cosnagaroT. [lapastenorpavmm M N P(Q) ipu yKa3aHHOW CUMMETPUN T1e-

pexoauT B ceds.

Paccmorpute j1Ba IPsAMOYTOJIbHUKA, BO3HUKAIONIUE IIPU IIPOBEJICHUU
nepreHuKyJsipoB. COrJIAaCHO HpEeIbIAYINell 3a1ade UX IMEHTPBI COBIA-
JAIOT € IEHTPOM HCXOMHOrO mapaJsuiesorpamma. Ilpu cummerpun oT-
HOCHTEJILHO IEHTPa MCXOJHOTO IapaJljiesiorpaMMa UCKOMBIN YeThIpex-
VTOJIBHUK IEepexXonuT B cebsi, a 3HAYUT, 9TO mHapaJsuiesorpamm. B mem
PaBHBI JIMArOHAJIN, IIO3TOMY 3TO NPAMOYTOJIbHUK.

JlocTpoiiTe emé Tpu IPAMOYTOJLHBIX TPEYTOJIbHIKA, PABHBIX JTAHHOMY,
TaKUM 00pa30M, ITOOBI OJIYIUICST KBAIPAT CO CTOPOHOM @, B KOTOPBIH
BIIMCAH UCXOJHBIN KBAJIPAT, IIOCTPOCHHBI HA TUIIOTEHY3€. 3aTeM HC-
oJIb3yliTe COBIa/IeHNE IIEHTPOB 3TUX KBa/IPaTOB.

ITosopor Ha 90° oTHOCUTEJNHLHO IEHTPA KBaJpaTa IePEBOJUT IIPOBEIEH-
HbIE TIEePIEeHINKYIIphl B ipsimbie AP, BP, CP u DP.

[Mosepuém keajgpar ABC D orHocuTebHo Touku A Ha 90° Tax, 9T00bI
cropona AD cosmectunach co croponoii AB. O6pa3bl TOYeK UCXOTHOM
KOHCTPYKIMK OyIeM 0603HAYATE IMITPUXaMu. Hec/ToKHO 3aMEeTUTh, ITO
XZW'Y" — mapamnenorpamm, n nosromy W'Y’ || XZ. Ho W'Y’ —
obpaz WY npu nosopore na 90°.

[Tnomaau yerbipexyronpaukos K BC'D u LC D E paBHbBI, 3TH YeThIPeX-
YTOJIBHUKHU COBMEIAIOTCS TIOBOPOTOM.

Pacemorpum ocrpoyromnbubstit AABC. Ecm H' — o6pas H npu cuM-
merpun orHocuresbino BC, to /CBH' = /CBH = /CAH', nosromy
H' nexxur wa onmcannoit okpyxkuoctu AABC. Ciy4ail TyIIoyroasHoro
TPEYTOJILHUKA, MTOJIYIAeTCsT IePeobO3HAYEHIEM TOUYEK Ha depTerKe.

IIycrs G — Touka mepecedenust karera AC u upsimoit [. IIpoBemem
qepe3 B npamyto, napasienbayio CE. Ilycts ona mepeceder mpsMyto
AC B rouke H. Torna no reopeme Qasieca uz FE = EB cienyer, 910
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15.

16.

17.

18.

19.

GC = CH. Kpowme Toro, CD = CH, nockosibky Tpeyrojbauk BC'H
nepexomuT B AC'D npu osopore Ha 90°.

[Tycts C' u D' — pesyabTaThl NapasiebHOrO NepeHoca Toukun F Ha
BekTopbl BC' u AD. Torpa CC' DD’ — napasiesorpaMm ¢ ieHTpoM
— ==

nockonbKy CC’ = BE = EA = DLZZ) ITycts G — pesysbrar mapag-
nenbHoro nepenoca D' na sekrop EC’. Torna EC'GD’ — taxxke ma-
paJiesiorpaMm ¢ TeM Ke rneHTpoM, npudem FG = 2EF = AD + BC =
= ED' + EC' = ED'+ D'G, nostomy tpeyronbnuk ED'G BbIpOKI€eH.
[ToBopor Ha 90° B COOTBETCTBYIOIIYIO CTOPOHY C IEHTPOM B TOUYKe P
coXpaHsieT KBaJparT ¢ meHTpoM P, a KBagpar ¢ meHTpoM () mepeBosuT
B KBaJIpaT C IEHTPOM B S.

[Tockonbky uerbipéxyronbank AEBC Brnucanubiii, a AFE — BHeNIHsIsI
ouccekTpuca yria A, orpesku BE u EC pasubl. Toraa moBopot RfJCE B
B HY>KHOM HAIIPABJIEHUU IEPEBOIUT TOUYKY A B TOUKy D, JiesKalryto
na orpeske AB, nockonbky /EAB = /ECB. Tlostomy AAED —
paBHOOEIPEHHBI. DTOT Ke MOBOPOT mepeBoauT Tpeyrojibiauk AEC B
tpeyronbuuk DEB. 3uaunt, 2AF = AD = AB— BD = AB — AC.

i. Cremaiire moBopoT R6BOO. Torma orpesok C'CY nepexomur B Aj A.
ii. Touka mepeceuenust aByx npsiMmbix AA; u CCy MoxkeT OBITH K-
BUBAJICHTHO OIpeJe/ieHa KaK TOYKa mepecedennst AA, W OMMCAHHOM
okpyxkuoctn ABCA;. DT0 cecTBUE TIEPBOrO MYHKTA: YTOT MEKIY
AA; u CCq pasen 60°. Anajormdao depes TOUKy nepecedenuss AA; u
omcanHoit okpyxkHOocT ABC A1 npoxonut u upsimast BBi. Ilosromy
npamble AA;, BB u C'C] mpoxomsT depe3 OHy TOUKY, JEXKAIYI0 Ha
onucanHoit okpy:kHocTH ABCA71. DTa TOYKa JIEKUT U HA OINUCAHHBIX
okpyxkHOCTIX AABC| 1 ACAB;.

iii. Cum. npeabIymuii myHKT.

iv. Yerwbipéxyrospauk 1T'BA;C Buucannsbrit. 3uaqut, /BT C = 180° —
— /BAC =120°.

v. Pemenne nano B ykazanuax K 3afade 15 pasmena 4.2 o reoMerpu-
YECKUX HKCTPEMYMAX.

Eciiz 910 He Tak, TO JI0OBIE TPU TOYKH, SIBJISIONINECS BEPITUHAME TpE-
yroJsibauKa ¢ yriaamu 30°, 60°, 90°, comepaKkaT XoTsi ObI OTHY TOYKY 000-
uX 1BeTOB. 3aduKcupyeM JIBe TOUKH IepBoro npeta A u B u moctpoum
YeThIpe MPSIMOYTOJIbHBIX TPeyrojibHuKa ¢ yryiom 30°, Kak IMoKa3aHO Ha
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20.

pucynke. ITo npemnomnoxenunio Touku Cf,
Csy, C3, Cy4 omuoro usera. Ho AC1C3Cy

umeet yribl 30°, 60°, 90°, mporuBopeUne.

CrenaiiTe TEHTPAJIBHYIO CUMMETPHUIO OT-
HOCHTEJIbHO IIEHTpa IapaJsiieJiorpamMmmMa
Bapunbona FEFGH 4erTblpéxyrojbHUKA

ABCD.

K pasdeay 2.2, c.

1.

CrenaiiTe rOMOTETHIO, IIEPEBOISIILYIO TpeyroabHuK ADO B Tpeyroib-
nuk C'BO.

Caenaiite romorernio ¢ Koaddunuenrom 1/2 ¢ eHTPOM B IaHHO# TOU-
Ke.

[Mocrpoiite kBagpaT BC' D E B0 BHENHIO CTOPOHY Tpeyroabanka ABC.
BareM c/iesiaiiTe TOMOTETHIO C IIEHTPOM B A, 1epeBojdinyo Touku D u
FE B Toukn Ha upstmoit BC.

CrenaifTe TOMOTETHIO OTHOCHTEIBHO TOYKH KACAHHUS TAKyiO, UTO OJI-
Ha OKPY?KHOCTb E€PEBOAUTCA 3TOI TOMOTETHEN B JIPYI'YIO OKPYZKHOCTb.
[Tpu romoTeTHH OKPY2KHOCTD U KacaTeIbHas K Hell IePEXOTUT B OKPY K-
HOCTb ¥ KaCaTeJbHYIO K Hell, IapaJlleJIbHyI0 UCXOAHON KacaTeaIbHOMN.

CresaiiTe TOMOTETHIO OTHOCUTEIBHO TOUYKH KACAHUS OKPY2KHOCTEI, T1e-
PEBOJISATITYIO MEHBINYIO OKPY2KHOCTE B 00JibIyi0. Xopaa M N nepeiinét
B KacaTeJbHYIO K OOJIbIIEH OKPY?KHOCTH.

MomudunupoBanHoe yTBepKIeHUE Caeayiomnee. JIBe OKpyKHOCTH w U
Q kacarorcs BHenHIM 06pasoMm B Touke A. [Ipogomkenne xopast M N
oKpykHOCTH {) KacaeTcs OKpykHOcTH w B Touke P. Torma mya AP
et ayry M N okpykHOCTH {2, HE COJEPIKAILYIO TOUKY A, IOII0JIaM.
JlokazaTeabCTBO MOYKHO ITPOBECTH TI0 TOM 2Ke CXeMe, ITO U JIJIsT PEIbl-
nymieit 3agaan (KoabUIIEHT TOMOTETHH OTPUIATE/IBHBII ).

PaccmaTpuBaeMblilt 4eTHIpEXYTOIBHUK TOMOTETUYEH MTaPAJIIEIOTPAMMY
BapunboHa HCXOIHONO YeTHIPEXYTOJbHIKA ([apaJjuiesiorpaMMy ¢ Bep-
[IMHAME B CEPeJIHAX CTOPOH 9TOr0 YeThIpEXyroabHuKa). Haiijure mio-
Ia1b 3TOr0 ITapaJlesIorpaMMa.
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10.

11.

12.

13.

14.

[Mycrs A1 u Cp — Toukn Ha croporax AB u C' B coOTBETCTBEHHO, B KO-
TOPBIX KacaTeJibHasi KO BIHCAHHOW OKpYKHOCTH Tpeyrojbanka ABC,
[IPOXOJdIas Yepe3 TOUKy M, mepecekaeT 9TU CTOPOHBI. 1 peyrojbHu-
ku ABC u A1 BC roMoreTn4Hbl ¢ IIEHTPOM B TOYKe B, a BIHMCaHHas
OKPY2KHOCTb Tpeyroybaunka ABC sBisiercs BHEBIUCAHHON IJIs Tpe-
yrosibauka A1 BCy. Ilosromy Touka L — Touka Kacanusi croporbl AC
€O BHEBIIMCAHHOI OKPY>KHOCTBIO Tpeyroybauka ABC.

Jokaxkure, 9TO TpeyrojabHuK ¢ BepmmHaMu B Ienrpax O1, Oz, Oz
TPEX YKA3aHHBIX OKPYXKHOCTEH MOMOTETHYEH MCXOIHOMY TPEyTOJIbHU-
Ky, IPUYEM IIEHTP FOMOTETHH — TOYKA IepecedeHus OMCCEKTPUC HC-
XOJHOTO TpEYrobHuKa. Touka X — HEHTD ONMCAHHON OKPYXKHOCTH
Tpeyrosbanka O10203.

Yepes Touku By u C'{ MOKHO IPOBECTH JIBE OKPYKHOCTH, KACAIOIITHECS]
okpyxkuoctn §2. OjiHa U3 HEUX TPOXOAUT Uepe3 A: romorerusi ¢ IeH-

TpoM B Touke A u kosddumumenrom repeBoauT {2 B OIHUCAHHYIO

OKpy>KHOCTH Tpeyroabanka AB1Cy. Urak, Toukn A n K cuMMeTpUdIHbI
orHocuTebHO TpsaAMoit B1C1. VICKOMBII yTo/I MpsiMOii.

CrienaiiTe TOMOTETHIO C IIEHTPOM B cepejiuie ctopoubl AC 1 koaddu-
menToM 1/3. Toukn B u By nepeiiiyT B TOYKH [EPECEICHIsT ME/HAH
AABC n AAB{C coorsercrsenno. CrhenaiiTe aHaJIOrMYHbIE TOMOTE-
THH OTHOCUTEIBHO CEpeJINH JIBYX JIPYTUX CTOPOH TpeyroyibHuka ABC,
a TakKe BOCHOJIB3YHTeCh pe3yabraTaMu 3amadn 18 pazmerna 2.1.

CrenaiiTe TOMOTETHIO C IEHTPOM B TOUKe A, TEPEBOJISIINYI0 OKPYK-
HOCTb, KaCaloILyIOCs JBYX CTOPOH U OIIMCAHHOII OKPY2KHOCTU TPEYTOJIb-
HUKA&, B €I0 BIUCAHHYIO OKPYZKHOCTb.

IIycts f — romorerust ¢ meHTpoM B Touke mepecevdenuss AC u BD,
nepesodmas upamyo BA B upamyio DE, a g — roMoTeTust ¢ TeM ¥Ke
[EHTPOM, TtepeBosmas npsimyio DC' B npsmyto EA. Torma kommosu-
must g u f coBnagaer ¢ kommosunueir f u g (B 0OpaTHOM TOpsiJIKe).
IIpoBepbre, uro Kommosunust f u g nepepogur BB K, a C B F.

PacecMoTprTe TOMOTETHIO € TOOXKUTENHHBIM KOIMDMUITUEHTOM, TIEPEBO-
JIANYI0 YKA3aHHYI0 OKPY’KHOCTb W B OMUCAHHYIO OKPY>KHOCTH {) Tpe-
yroibauka ABC. Xopaa UV okpyxkHocTn w nepeitaér B xopay U'V/ ||
|| AC B okpyxuocru Q. Touka B — cepenuna jgyru U'V’ 8 Q. TIpooGpas
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15.

16.

17.
18.

19.

Touku B npu ykasaHHOIl romorerun ecthb cepepuna jayru UV (orimd-
HOIl OT TOii, cepe/inHa KOTOPOii ecTh TOYKa Z) B w. Takum ob6paszom,
npoobpa3 tpeyronbauka ABC — 3TO TpeyTrOJbHUK, MOJTYIaIONUicsT
u3 Tpeyrojbauka XY Z ¢ IOMOIIBIO IIEHTPAJILHON CUMMETPUH OTHOCHU-
TEJBHO TEHTPa OKPYKHOCTH W.

IIycrs nas onpenenéanocru ayun Po Py n (Q2()1 mepecekaiorcs B TOUKE
O, a OA nepecekaer wi; B Touke C' # A. l'omorerusi ¢ 1meHTpOM B
O, nepepozsinas wy B wsy, Hepepogur takxke Touky C B A. Orcrooma
caenyer, aro LOsAMy = Z01CMy. Tlokaxkure, aro Q01 - OM; =
= 0A-0OC, orkyna Touku A, C, M7, O1 j1exkaT Ha 0JHOI OKPYKHOCTH.
Ocraércst TpOBECTH MOACYET BIUCAHHBIX YIJIOB.

ITycTs nepsast romoreTust nmepesoguT Toukn A u B B Touku Ay u By, a
BTOpas romoreTus nepesogut A u By B As u By coorBercTBento. [lo-
Kaxkure, 910 A9 By = k1ks AB. Jlokaxkute, uro Touka O lepecedeHus
npsiMbix AAo u BBy HENoJBIXKHA [TPU KOMIIO3UIUN YKA3AHHBIX JIBYX
romoreruii. 3areM nposepbTe, 9T0 BeKTOphl 001 1 OOy KOJITNHEAPHBI.

DTO IPSAMOE CJIEJICTBAE TEOPEMbI O KOMIIO3UIIUNA TOMOTETHIA.

Ocy1ecTBUM TPU FOMOTETHH: Hj{‘l“'—w, Hgf'_w, Hglcww. ITpu aToM Ka-
caTeJibHBIE K TIapaM OKpy2KHOCTel (w4, wp), (Wp,we), (W, w4 ) nepeii-
JIyT B IapaJjuiesibHble UM mpsiMble Ao Bo, BoCy, Cs Ao, Kacarommecs w
(manpumep, KacaresbHast AB K OKPY>KHOCTSIM WA U wp TEPEHIET B ma-
pajuIeIbHYIO IpsiMyto Ao By Ipu roMoTeTnsx HZ:‘HW u HpP %), Tpe-
yrosibHUK AgBoCo romorernder TpeyroibHuky ABC, npudém meHTp
970l ToMoTeTHn ecTh TouKa O nepecedenust IpssMbix AAs, BBy u CCl.
Ho Ttouku Ay, By, C jexkaT COOTBETCTBEHHO HA 9TUX MPSIMBIX, TaK KaK
Ay = H347%(A), By = HgP7¥(B), Ca = HEE7(C). Creosaress-
Ho, npsimbie AA1, BBy u CC; nepecekarorcst B Touke O.

[Tycts B Tpeyrosbunke ABC okpyxuoctu wq(O1,71), wp(O2,72) 1
we (O3, r3) nomapHO KacaloTcsl BHEIIHUM obpas3oM B Toukax Ap, Bi,
C1, a Takzxke kacaiorcs cropon AB u CA, AB u BC, BC u C A coor-
BeTCTBEHHO (cM. pucyHOK ). [To Teopeme Jlesapra 1ocTaToqHO OKA3ATH,
uro Touky nepecevenust AB ¢ AyBy, BC ¢ B1C1 u CA ¢ C1 Ay nexar
Ha onHOIl mpsMoil. ITokKarkeM, 9TO 9TH TOYKHM — IIEHTPbI I'OMOTETHIA,
[EePeBOJIAIINX W4 B WR, WB B WC U WC B WA COOTBETCTBEHHO (C MO-
JIOXKUTEJIbHBIMU KO dunuentamu jijist Becex Tpéx romoreruii). Torma
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yYTBEpPXKJACHNUE 3a/la4l IIOC/TIeAYyEeT U3 TEOPEMbI O KOMIIO3UIIUU T'OMOTE-
r3/ri

Trit. Tomoretus H ;1

T2/T, T
12/ ® nepeBoauT wWe B wp. KOMIO3UIMS 3TUX TOMOTETHl eCTh

FOMOTETHSsI, KOTOpasi MePEBOJIAT w4 B wp. COryiacHO NmpeablyInei 3a-
nade KodhMUIMEHT 9TOIl TOMOTETHN PaBEH r2/71, a €€ IEHTD JIEKUT
Ha npsmoit A1 By. Ho 1meHTp romoreTnun ¢ mOJIOXKUTETBHBIM KO3 hu-
IIUEHTOM, KOTOpasd IePEBOJUT OJHY OKPYXKHOCTb B JAPYryl0o — TOYKa
repeceveHnsl BHEITHUX KACATEJbHBIX K 3TUM OKPYKHOCTAM. [loaTomy

IepeBoaAUT OKPY2KHOCTb WA B W, a roMoTe-

g H ,

[EHTP IOJIYUYEHHOW MOMOTETHH JIEYKUT TaKxKe Ha MpsiMoit AB: 310 To4-
ka K nmepeceuenuss A1B1 u AB. Ocraércs npoueaTb aHaJIOrHIHbIE
meficrBust u ¢ Toukamu Ko, K3 — IleHTpaMu TOMOTETHI, TePEBOISIINX
WB BWC U Wo BWj.

20. Haiimure mapy romorernii ¢ ko3bpHUIMEHTOM /2 TAKIX, 9TO OIHA U3
HUAX B KOMIIO3UIIUU C TIOBOPOTOM Ha 45°, a apyras B KOMIIO3UIIUA C I10-
BopoTOM Ha 45°, HO B PYTroOM HallpaBjieHuu, mepeBosT orpeskn AQO 4 u
OpO¢ B ojiuH 1 TOT X)e 0Tpe30K. llepecedenne nMpsiMbIxX B OJ[HON TOYKE
CJIEJIyeT U3 TOTO, YTO ITU HPIMbIE SIBJISIOTCS BLICOTAMU B TPEYTOJIbHUKE

040B0¢.
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K pasdeay 3.1, c. |98

1. Hokaxkure, aro A # —1. 3aTeM npoBepbTE, UTO 8 — Z =\ (? — 8)

JlJist moKa3aTesIbCTBA BTOPOTO IIYHKTA IIPO/Ie/IaiiTe BLIKJIAIKN U3 Pelle-
HUs TIEPBOTO IIYHKTA B 0OPATHOM IOPSIJIKE.

2. Mo»KHO BOCIIOJIb30BAThCS yKe M3BECTHBIM (akToM (3a1ada 18 pasme-
na 2.1): Bce Tpu orpeska AA;, BBy u CC} pasHBI MexX1y co0oii, a
yroJi MexK iy JiioObiMu JiByMst 3 HuX pasen 60°. [lostomy, mcrosb3ys
apaJiebHbIH IePEHOC ITUX OTPE3KOB, MOYXKHO COCTABUTH U3 HUX PaB-
HOCTOPOHHUI TpeyrosbHUK. CyMMa COOTBETCTBYIOIINX BEKTOPOB PaB-
na myno. Jaaum BTOpOE JIOKa3aTeNbCTEO, He UCTIONL3YIONee yKasaH-
myio samady. dcmo, uro AA; = CA; — CA, Eg = 1@1 — /ﬁ,
CC1 = BCq1 — BC. Ocraérca Boraucynth cymmy CAp + /@1 + BC;.
Kaxkip1it BeKTOp 13 3TOH CyMMBI [TOJIy9aeTCs U3 OJHOTO M3 BEKTOPOB-
CTOPOH TPEYTOoJbHUKA MOBOPpOTOM Ha 60° B OJTHOM M TOM 2Ke HAIIPaBJIe-
auu. [losTomy ux cymma paBHa HYJIIO.

3. Ilpuusas touky P 3a moJioc, MOKHO CUUTATD, UTO B = az, 8 = Bﬁ
Bocrmosb3yiiTech KOIMHEAPHOCTBIO BEKTOPOB ]\—/[> u N (coepuHsomux
noJiioc ¢ cepeuaamu C'D u AB) U e IMHCTBEHHOCTBIO PAa3JIOZKEHUsT 110
HEKOJIJINHEAPHBIM BEKTOPAM Z u § Ecm N = )\]\_/[> ,Toa ==\

4. Paszpenure menuany AA, Toukoil ()1 B orHOmeHuu 2 : 1, cumras OT
1

touku A. [dokazkure, 9T0 61 =3 <X + ﬁ + 8), ITOJIb3YSICh Teope-

Moit 3.1.3. AHaJIoruvIHbIE pABEHCTBA UMEIOT MECTO JIJIst ToUeK Qo u Q3

na meananax BBi u CCY, gensimmx uxX B oTHomeHnu 2 : 1, caurast oT

BepiuH. [[09TOMy Tpu MOCTPOEHHBIE TOYUKNA COBIIAIAOT.

5. CﬂO}KHTe_g u ﬁ, a 3aTeM npubaBbTe 8 JlokaxkuTe, 9TO €CJIN 3Ta CYyM-
Ma ectb Hy, 1o npsimast C'Hy — BbICOTA. 3aT€M aHAJOIUIHO BHITUCIIATE

<§+3) +Au (Z+3) +B.
Bocrnonb3ayiiTech paBencTBaMu u3 3amad 4 u 5.
7. Bocnonb3yiitech Teopemoit 3.1.3, a Takke Teopemamu 3.1.1 u 3.1.2.

910 nenrpoun G tpeyrojbauka ABC. Ilpenmnoo:kus, 94TO €CTh TOY-
xKa M, OTIHHAA OT G, soruture u3 yeaosuss MA + MB + MC = 0
paserctBo GA + GB + GC = 0 u npujure K IpOTHBOPEHHIO.
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10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

IIpuMenuTe NpaBUIoO JIOMAHON CJIOXKEHHS BEKTOPOB.
— 1 f— = 1l /(=— ==

00, = B <AA1 + CC’1> =5 (331 + DDl), COIJIACHO IPEIbLLIY e
zagade. CIoKUTe 3TH PaBEHCTBA.

Eciu M u My — cepequnbt orpeskos AA; u BB (IIpoxojuMbIx mep-

BbBIM W BTOPBIM IICIIEXOJO0M COOTBETCTBEHHO 3a OJHO M TO 2Ke Bpelﬂﬂ),
— 1/ ==

ro MM; = 5 (AA1 + BBl).

Omeem: IPAMYIO JIHHUIO.

Eciim OAy, OBy u OC] — 1OCTpOeHHBIE BEKTOPBI, TO TPEYTOJbHIK
A1 B1Cy octpoyrombubiit. OprorienTp H 9TOro TpeyTroJIbHUKA JIEKUT
BHYTPH OIUCAHHOTO OKOJIO Hero kpyra, moaromy OH < 1. Ocrajiock
BOCIIOJIB30BATHCH PE3YILTATOM 3aJIa9H 5.

i. Eciau npu mosopore orHocuTeabHO ToUkr O Ha yroj, He KpaTHbI
360°, BekTOp TepexoauT B cebsi, TO OH HyseBoil. [loBepHUTE TpPaBUIDL-
o

HBII MHOTI'OYTOJIbHUK Ha YI'OJI

. XA+t XA, = (X0 OR) ...+ (XO-+ 04 Tenepn

BOCIIOJIb3YUTECH PEIYJIHTATOM IEPBOTO ITyHKTA.

BOKPYT IIEHTPA.

[ToBepHUTE KaXK/IBIIl U3 paccMaTPUBAEMBIX BEKTOPOB Ha 90°.

17151 TpOU3BOIBLHOTO TIOJTIOCA 3AIIUIIATE PABEHCTBA BUIA A§ = § - Z
U CJIOKUTE UX.

U3 maHHBIX BEKTOPOB MOXKHO CJIOXKUTH pomb. [laper ero mpormsormo-
JIOXKHBIX CTOPOH JaloT TpebyeMoe pazbueHwue.

Eciiu O — 1neHTp onmcanHoit OKPYKHOCTH Y€TBHIPEXYTOJIbHUKA, TO BEK-
s 1 /—
Top OM, paBen 3 (OA + O? + (ﬁ + O?) . 71s mokazaTennscTBa BOC-
——
nosib3yf#iTech pesynbraroM 3aga4dn 5: OH, = O? + O? + 5ﬁ

Yepes Touky M mpoBemuTe IpsiMble, MapaJsjiebHble CTOPOHAM HUCXOJI-
Horo tpeyrosibHuka. OH pa3zodbércst Ha 3 mapaJuiesiorpaMMa U 3 pas-

HOCTOPOHHUX Tpeyroibuuka. Jokaxwure, uro MKy + MKy + M K3 =

1
=35 (M A+ MB+M C'), U BOCITOJIb3YUTECH PE3yJIbTATOM 3a1a49u 4.

oo FA w OF
Paznoxure CO o CA n CB nBymst criocobaMu W BOCIOTB3YHTECH
€JINHCTBEHHOCTHIO PA3JIOYKEHUSI.
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20.

Omeem: AO : OK =3:4, BO:0OL =6:1.
K 3adave maxoice umeem cMmulea GEPHYMBCA TOCAE USYUEHUA 2EOMEM-
PUU MaACC — cm. pasden 5.1.

Wcnonp3yiiTe Teopemsr 3.1.1 u 3.1.2.
1
Omeem: —.

V3

Cm. maxoice 3adawy 21 6 pasdene 3.5

K pasdeay 3.2, c.

1.

B nepBom myHKTe mpu IPUMEHEHUHU TEOpEMbl UeBbI UCIOIL3YHTE pa-
BEHCTBO COOTBETCTBYIOIIUX OTPE3KOB. BO BTOPOM IIyHKTE BhIpa3UTE BCE
JJIMHBL OTPE3KOB, COAEPKAIIUXCS B TeopeMe UeBbl, uepe3 IJIUHBI CTO-
POH M KOCHHYCHI yIJIOB TPEYTOJIbHUKA.

UcnionwpayiiTe 1m0/10061Me TPEYTrOJBHUKOB U T€OpeMy UeBbI.

[Tpumenure Teopemy HeBbl U UCHOJIB3YHTE TOT (DAKT, ITO OTPE3KH Ka-
caTeJIbHBIX, IPOBEJICHHBIX K OKPY?KHOCTU U3 OJHOI TOYKU, COBIIaIAIOT.

UcnionwayiiTe Teopemy o buccekrpuce u teopemy UeBbl, 4TOOBI MOJIY-

quth cos LBAC = ———.
2c+b

[Tpumenure Teopemy Yeswr st Tpeyrosibauka ABC u touek A, B
PBA

n C1. Hajee ucnonb3yiiTe paBeHCTBO OTHOIIEHW ILIOMIAIEI: S
PBC

_ SpiBA

SpiBc’
OrmeruMm Touku Ao, By, Cs KacaHUsi CTOPOH TPEYroJIbHUKA C €0 BIIU-
caHHON OKpyskHOCTBIO. Touku A1, By, C1 cuMMeTpu9IHbl ToUkaM Ao,
By, (5 kacaHUsT CTOPOH TPEYTOJIBHUKA C €10 BIIMCAHHON OKPYKHOCTHIO
oTHOCUTETHHO cepemun ctopon BC, AC, AB coorsercrBenno. Ho s
rouek Ag, By, Co BbINOHEHA TeopeMa UeBbl (COOTBETCTBYIOIIEE MPO-
U3BeJICHUE TpeX OTHOIICHHi paBHO 1), Tak Kak AAg, BBy, CCy nepe-
CEKAaIOTCsI B OJ1HOI Touke (Touke zKeprouna).

Bripasure oTHOIIEHNST CUHYCOB Y€pPe3 COOTBETCTBYIOIIUE JIJIMHBI OTPE3-
KOB M3 TeopeMbl UeBbl B cTaHIAPTHON (opme.

[Tpumenure Teopemy HeBbI B TPUTOHOMETPUIECKON (hOpME.
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10.

11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

[Ipumenure Teopemy YUeBbI B TPUIOHOMETPUUIECKON (opme Jjisi Tpe-
yrosibanka ACE.

[Tpumenure Tpu pasa Teopemy YeBbI B TPUTOHOMETPUUIECKON (opme
st tpeyrosibiauka ABC u Tpex Touek Ao, By u Co BHyTpH: Hero. Jla-
Jlee UCIoJib3yiiTe paBeHCTBO TpeyroabHukoB AB1 By 1 AC|Co, a Takke
AHAJIOTUIHBIE €MY.

UcnionpayiiTe 1071061€ TPEYrOJBHUKOB U T€OpEeMY UeBbI.

Ucnonb3yiiTe Teopemy YeBbl B TPUTOHOMETPUIECKOH hopMe, BHIpa3UB
JUTMHBI BBICOT, OMYIIEHHBIX n3 ToYeK A1, Ao n D Ha COOTBETCTBYIOININE
IpsIMbIE, COAEPKAIIUE CTOPOHBI TPEYTOJLHUKA, Uepe3 JJIMHBI U YIJIbI
tpeyronbanka ABC.

Broipasure oTHOIIEHUST IIUH OTPE3KOB Yepe3 COOTBETCTBYIOIIHE JIJIMHbI
BBICOT, OIyIeHHbIX u3 Touek A1, B; u (1 #a upsmele AB, BC u CA.

[Tpumenure Teopemy Menesast n1Ba pasa. B nmepBom ciryuae paccMoTpu-
te Tpeyroapuuk AA; B u npamyio C'Ci. Bo BTopom ciydae Bo3bMHTE
tpeyronbauk AA1C u npsmyio BBj.

[Tpumenure Teopemy Menenast st Tpeyroibauka Q0102 u mpsiMoit
AjAs.

[Tpumenure Teopemy Menenast jjst Tpeyrosibauka BB1C u mpsimoit
AAq, a Takxke 151 Tpeyroabanka ABBy u npsavoit CCh. Tem cambim
MOJIyIUTE OTHOIIEHUsI, B KOTOPOM OTpe30K BB paszbuBaercs oTpe3Ka-

vu AA n CCh.

[Tpumenure Teopemy Menenas jiyist rpeyroabaukos ABC, ABM w nipsi-
Mmoit PQ, rne M — cepenuna BC.

Pacemorpure Tpeyrosbuuk, obpasoBanubiii npsmbivu A1Co, AsB1 n
By(C', u npuMennTe K HEMY TeopeMy MeHesast JIIst IPSIMBIX, COJlepIKa-
mux #Habopsl Touek {Ay, By, C1}, {Aa, Ba, Co}, {41, Bs, X}, {Ao,
Cy, Y}, {B1, Co, Z}.

OTO YacTHBII ciydail Teopembl [lamma, MOCKOIBKY IEHTD HapaJLIesio-
rpamMMa — 9TO TO4Ka repecedenus npsimbix AC u BD.

[Tpumenure Teopemy Menenast qst Tpeyronbanka ABC 1 ipsiMoii, co-
eMHSIONE Toukn KacaHust orpeskoB AB u BC' co cdepoii. Hasee
AHAJIOTUYHO TOCTynuTe ¢ TpeyroabunkoM ADC u mpsMoit, coeTmHsIIo-
meit Touku Kacanus orpeskos C'D u DA.
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K pasdeay 3.3, c.

1.

Jlitst coydast, KOrjga BEPIIMHBI KBaAPATOB 00XOMSITCS B PA3JIUIHBIX Ha-
nmpaBJjeHusix, Boipaxkennss DM = DC + lﬁ n xﬁ =DFE— D—Xl JoCTa-
TOYHO TIEPEMHOXKUTH CKaJIsipHO. Perienne j1j1st BTOPOro ciiydast aHaJio-
TUYHO.

HyCTba_B?b—zﬁ ﬂcf-?TomaQﬁ-@—%g
9HM — &+ d, ocraérest nposeputs, uto (@ + b)(+ d) = 0. TTockombKy
BD — cepenunnptii nepnenaukyniap k AC, M € BD, Ilostomy Bek:
toput @ — b = BM + MC + DM + MA = BM+DMHd—c_ﬁ
nepnenukymsapus: (@ — b)(d — &) = 0. Ilo yenosmo aé = bd = 0.
OcradTes pacKpbITh CKOOKE B (@ + b)(¢+ d).

[Iycts BF — MegHaHa AABC. Tlokaxmure, 9T0 37 (BA + B?)

BA
u Eﬁ B? —BA YMHOXKBTE 3TH BEKTOPBI CKAJISIPHO.

I/ICHOJH)SyI/ITe peByJIbTaT zagaun 3.1.1 u BRIYMCINTE CKAJISPHBIN KBaJ-

par BekTopa Al.
be(p —a a+b+c
Omeem: AI? = M, tep=——
p
— N
Paszyioxkure Bce BeKTOPHI 10 BekTOopam @ = BA n b = % Samada
aHaJIorm4Ha 3amade 3.3.1.

VT VT

0 1
meem: ——, ——, arccos —.
37 27 7

B kavecTBe mostoca BeIOEpUTE IIEHTD ONMUCAHHON OKpy2KHOCTH. Torma

4R2:AB2+CD2:(ﬁ—X)QJF(ﬁ_ﬁ)z:
:432—2<Z-§+8.3>,

ITosromy Kocunycor yrimos AOB u C'OD paBHBI 110 MOJLYJIIO U IIPOTHBO-
MOJIOXKHBI 110 3HaKy. Ho Torma LAOB + Z/COD = ZAOD + ZCOB =
= 180°. Borurure u3 E 84—3 Z = (0 paBeHCTBO Z ?—1—8 B =0,
ITOOBI TIOJIYIUTh ﬁ : Eﬁ =0.

[Tycrs pymmHA cTOpOHBI KBajpaTa paBHa 1, d = Egl, b = B?, ﬁ =
= ad, BQ = ag, BH = xd + yl_; W3 ycnmoBus ciemyer, 94ro y = o,

T = 5- 1Iposepbre, 1To ﬁé . ﬁﬁ =0.

1+«
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10.

11.

12.

13.

14.

15.

Bocrnonb3yiiTech TeM, UTO BEKTOP MeIMAaHbI paBEH MOJIYCYMME BEKTO-
POB 3aKJIIOYAIOIUX €€ CTOPOH, M CBOWCTBOM 3 CKAJISIDHOTO IIPOU3BeE-
JICHUSI, TIPEJIBAPUTEIBHO PA3JIO2KUB BCE BEKTOPBI 110 BEKTOPAM JIBYX
CTOPOH TpeyroyibHUKA. 1losyunTe coorHomenue a’ 4 b? = 5c2.

[Ipunsie 3a nostoc eaTp O ONMUCAHHON OKPYXKHOCTH, HAlJUTE CKAJIsAP-
HBI KBajpar BekTopa I (cM. 3amady 3.1.1, perénnyio B pasmese 3.1).

C 1OMOIIBI0 TEOPEMBI KOCHHYCOB HAIUTE - B, : 8 u 8 . X
R*(a+b+c)? —abc(a+b+c
n ybeauTecs, qToOI2:72: (at+b+ )42 (atb+ )71“,116
P
a+b+c abc
p = % [Ipusenure 510 pasencrso K Buay OI? = R? — o u
P
. abc
BOCIIOJIB3YHTECH TEM, 9TO SAABC = R pr.

st moKazaTeabCTBa II. 1 BRIOEpUTE IPOM3BOJILHBIN MOIIOC U PACKPOHTe
CKOOKU B BBbIPasKE€HUN

(B-4)-(B-0)+(¢-B)(B-4)+(3-7).(-B).

B nepmost nymne scwt s pasnn A5+ (T8 76" A -
(A€ AB)' =230 7B 27D 6 = 24 (A8 D)
a+b|=|a-1 (a+6)2:(a’—5)2 & a-b=0.

Mycrs @ = AB, b= BC, ¢ = CD. Torna AD — i+ b+ AC — @+ b,
BD =b+cu 52+52+59+(6+3+5)2—<6+5>2—<B+82:

L2 L "
= (@ + ¢)° > 0. PaBencrso BO3MOXKHO TOJIBKO IIPU @ = —C.

ITycTs okpyskHOCTD, BrimcarHast B AABC, uMmeeT pajuyc r 1 Kacaercs
cropou BC, CA, AB coorBercrBenno B Toukax Ay, By u Cq. Boc-

— = —\2
nostb3yiireck HepaperncTBoMm | [Ay + I By + IC’1> > 0, cme I — menTp
BrmcanHoit okpyxuocTu AABC.

a c e
PaccmoTpuTe BEKTOPBI ¢ KOOPIAUHATHBIMEU CTOJIOIIAMU < b>’ ( d>7 ( f>7

Y
h

CTBYIOIIIEE CKaJIdpHOE ITPOU3BEJECHUE HEOTPUIaTE/IbLHO.

. OauH u3 yrjaoe MexXay HuMu He Oojibire 90°, mo3TOMYy COOTBET-
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16.

17.

18.

19.

20.

. e t ~
Paccmorpure BeKTOpBI @ = (;) ub= <z> [To ycioosuio |d| = 2,

P o = 7 s T oo T r\  [2cosp
|b| =3,d-b=06=|d|-|b|, orkyna @ T b. Ilonoxkure (y) = <2$in4p>’

t 3 cos
< = ¥ . Bocmonib3yiitech MeTOIOM BBEJIEHUST BCIIOMOTATE b

z 3sin ¢
HOT'O YIJIa, YTOOBI HAWTH HANOOJIbINIee 3HAYEHNE CyMMBI 2 cos 0+ 3 sin .
0 4 6 9 ; 6
meem: x = , Y = , 2= ,t= .
V13 Y V13 V13 V13
O6o3HaUbTE JIAHHBIE BEKTOPHI €1, . . ., €19 U PACCMOTPHUTE BEKTOD 1@ =

=€+ ...+ €9. DTOT BEKTOP — UCKOMBII, TIOTOMY {UTO

E-a:1<ﬁ2+é?—(,@—€i)2> > 0.

2

Bosbmure ock OX Tak, 9T0OBI IPOEKIMK JAHHBIX BEKTOPOB Ha HeE
ObLIM pa3udHbl. Torma cymMma JBYX BEKTOPOB C MaKCUMAJbHBIMHA KO-
OpJMHATAMHU HE MOYXKET OBITH paBHA CyMMe JIBYX JIPYTUX BEKTOPOB.
Omeem: He CYIIECTBYET.

Iycrs €1 = zﬁ, €y = zﬁ, @ = xé1 + yés. Torma pry @ = x - prg, €1 +
+ Y - prg €2 U Prg,d = T - Prg, €1 + Y - Pre, €2. g € = € — éq:
Pry@ = T pry€1+y pryes. CaoxKnuTre TPHU MOy IEHHBIX PABEHCTBA 1 yOe-
JINTECH, UTO 3a/a9a CBEJIACh K HAXOXKJIEHUIO CyMMBI § IPOEKIUii Ha Bce
CTOPOHBI JIJIsl BEKTOPOB €] 1 €9: §(@) = x5(€1)+y5(€2). Cumrast cropony
AL S

TPEyroJIbHUKa eJMHUYHOl, IIPOBEPbTe, UTO DIy, €1 = (€2 - €1)€ = 562,

L Lo o 3. o S
przé; = 3 (e1 — é2), §(e1) = 561. Ananorununo §(é€y) = 562.
[Tepenuiiem ycioBue 3a/1a49u ¢ MOMOIIBIO PAIUYCOB-BEKTOPOB B TOUKN
A, B, C, H, Ay, By, Cy (0603Ha4MM 3T BEKTOPBI COOTBETCTBEHHO
—>_,?—»?_,—£>]—»%_,—>—»—>_,

OA=ad,0OB=b,0C=¢ OH=h, 0A; =d;, OB; = b, OC) = ¢y).

ITo ycnosuio jmano, 4To

@~ )G —b1) =0,
(b~ )@ — @) =0,
(= h)(by — @) = 0.
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[IpennosoykuM Tak2Ke, 4TO HAILJIACH Takasd Touka Hj ¢ paamycom-
BEKTOpPOM hp, ITO

(@ — k1) (b -3 =0,
(B — (@) =0
Tpebyercst nokasars, ato (7, — hi)(b — @) = 0, 9TO SKBUBAIEHTHO

oproronasibHocT H1Ch 1 AB. JlokaxkeMm 3T0: HEOOXOIUMO TOJIYIUTh
6'15 —c1d — i_ilg + ﬁlﬁ = 0. PackpoeM Bce CKOOKH B MMEIOIIUXCS IISITH
paBeHCTBax:
_'1 — 651 — 551 + Egl = 0,
bé — bay — he) + hay = 0,

_»1—5’61—ﬁl_)‘1+ﬁc_il =0,
@b — @@ — hb + @ =0,

Ly

B nepBLIX ABYX U MOCIAEOHUX ABYX YPaBHEHUAX BBLIPA3UTE BCTPEYAIO-
[IECS B BbIPAYKEHUU Elg —Cc1ad— ﬁl b+ i_ilc_i cJlaraeMple. 3aTeM CIIOZKUTE
TCPBBIE JBa U HOCJICHIC JIBa Y PABHCHIS. JIeBaﬂ YACTD OKAKETCsl PABHA
clb — cla — hlb + hla a npasast ab1 + h01 — hb1 + ba1 + hq — ha1 +
+a1b—alc+hlc—|—b1a—blc—l—hlc = E'bl — ¢y — hb1 —i—hal =0, rme B
MOCJIETHEM PABEHCTBE MCIIOJB30BAHO TPETHhE YPABHEHUE CHCTEMBI.

K pasdeay 3.4, c.

1.

YcoBue paBHOCUIBHO Ag = D(% Bropoii moaxon — maiiTu abcruccnb
U OPJAWHATHI CEPEUH AUaroHajeil 1 CpaBHUTH UX.

[TomecTure Havag 0 KOOpAMHAT B TOUKy A, 3a/aiiTe KOODIMHATHBIMU
1B a 1D c
cTosibiaMu BeKTOpul AB = <b> u AD = ( d>' BozbmuTe TOUKY

X (x,y) v BBIYHCIUTE PACCMATPUBAEMYIO BEJININHY.

—
Ucnonwayiite Teopemy 3.1.3 pasnena 3.1: O? - OA+ b O?,
a+p a+p

o 3 o B
1 [IO3TOMY (xC7yC> = a+/8$1 + a+/8$27 a+/8y1 + a—i—ﬂy? .

Bocnonb3yiiTech TeM, 9TO paanyc-BEKTOP B TOUKY IIepeCedeHn s MeTNaH

1 /—
O? paBeH 3 <OA + O? + 07), a paJuyCc-BeKTOP B TOUKY Iepeceve-
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10.

nus buccektTpuc I paBen O_[} = <a0—1>4 + bO? + CO?), rIie a,

at+b+ec

b, ¢ — JUIUHBI CTOPOH.
[TycTs abcmucca Touku B 1o MOyIio paBHa x. Beipasure pajanyc omnu-

. abc  a(z)b(z)c(x)
caHHOI OKpy2KHOCTH 10 dhopmyse R(x) = — = —————=.

45 45(x)
Jumamenu, 3HAKOMBLE C NOHANUEM KPUBUIHBL, MOZYM 3AMEMUMD CEA3D
NOAYUEHHO20 PESYALINAMA C IMUM NOHAMUEM.

Brenure cucremy KoopamHAT Tak, 9T00BI TOUKH A n C' ©MeH KOOPIH-
Hatsl (0,0) u (1,0) coorBercrBenno, a B umesa koopausuarst (t,0). To-
t t 14+t 1t
ria rouku O1 u Oy uMmeror koopaunarsl O <2, 2) u Oy (2, 2) .
Cepenuna 0109 npoberaer oTpe3okK, napaJuieabubiii ocu OX.

BekTop Aﬁ MTOJTy IaeTCs U3 AE moBopoToM Ha 90° 110 9acoBoil cTpeske.

Herpyano ybeanTbest, 9TO U3 JIByX BEKTOPOB € KOODJMHATAMY <_$y> u

< y ) UMEHHO BTOPO#l BeKTOp nckoMbiit. Koopaunatsl Touku C' MOXKHO
HalTH, HAIIPUMED, BOCIIOJIB30BaBIINCH II€PBOI 3ajladeil pasJeJia.

[Tycrs Touku A u B nmetor koopaunaret (0,0) u (1,0), a C(x,y) mens-
ercst. enonb3yst npeabIynyio 3a1ady, HECJI0KHO HAWTH KOOPJIUHATHI
E(—y,x) n G(y,1 —x). OgeBusno, nojoxenune cepegunbl EG He 3aBu-
CHT OT X 1 ¥.

Beemure cucremy KoopaumHaT ¢ Hadajgom B Touke A, ocbio OX, co-
HampajieHHoil ¢ AB, u ocbio OY, nmeprenaukyssipaoit OX, Takoii,
4T0 TOYKa M3 A JBUKETCS B CTOPOHY YBEJIUYEHUs CBOEH OpIMHATHI.
MI/IHI/IMI/I3I/IpOBa,Tb MO2KHO KBa/JIpaT PaCCTOAHHA MEXKAY TOYKaMMU, paB-
uetit p2 = (a — vot — vitcosa)? + (vt sin a)?. Paccrosnme MuHIMATL-
HO B MOMEHT BPEMEHH, OTBedalolmii Beprmuue mapabomst p’(t), T. e.

; a(vy + v1 cos @)
v3 + 2vjvg cosa + vf

Jlu1st HaXOXKIeHNsT PACCTOSTHAS OT MTPOM3BOJILHOI TOUKH (U, V) 70 Mpsi-

MO Y = T A0CTATOYHO B34ATb IIPOEKINIO BEKTOPa C KOOPpANHATaAMA

1
HA BEKTOD < 1> : 910 paccrosiaue pi(u,v) = —=|u—v|. Paccrosinue 10

V2



316

11.

12.

13.

14.

15.

16.

17.

1
—|u+1-0v|.
2

V2

OctaéTest B3aTH TOUKy Ha mapabose (u,u?) m HAHTH MHHEMYM IO U
byuxmun f(u) = p2(u, u?).

upsiMoii y = = — 1 BBIUUC/ISIETCST AHAJIOTUIHO: po (U, v) =

ITycrs B 3Ty 061acTh Bumcan npaMoyroabank ABC D, npuuém Touku A

u B nexxar Ha napabosie y = 2 1 A uMeeT MeHbIIYI0 abCIICCy T, YeM

1 y Toukn B. Torma, HOCKOIbKY TOYKH (xg,:c%) u (z1,7?) coemuHEHDI

IIPAMOii, TApA/UIeNIbHOIl Y = T, UMeeM To — T1 = T3 — X3, OTKy/Ia

21 = 1—x. YTOOBI 3TOT IPAMOYTOJBHAK OKA3aJICA KBAJIPATOM, Hy KHO,

4TOOLI paccTosHue MexKI1y A m B ObLIo paBHO IIOJIOBUHE PACCTOSHHS
2

|20 — g

7\/5 = V2(x1 —x0) = V2(1 —2x0),

3—5

2

oT A 10 upsIMOii y = x, T. €. 2+

xo—x%:1—2x0,nx0:
V10 — 2v/2.

Has A(0,0), B(1,0) w M (z,y) paBeHCTBO U3 YCJIOBHsI HPUBOIUTCS K
Buay 2x — 1 = k, IO3TOMY HCKOMOE MHOXKECTBO 3aJaéTCsl ypPaBHEHUEM

. Jyimaa cTOpOHBI KBaJIpaTa paBHA

r= ——".

2
Beequre j1eKapTOBY CHCTEMY KOODJMHAT TaK, YTOObI TOYKU UMEJIH KO-
opaunarsl A(—a, —b), B(a, —b), C(a,b), D(—a,b). Ecam Touka M nmve-
eT KOOpJIUHATHI (Z,y), TO yCJIOBUE 1 BBIIOJIHSIETCs IIPU BCEX T U Y, &
ycqoBue ii — nupu z = 0 wim y = 0.

Bamuimure ypaBHeHHe TpsSMOR B Buje y = k(r — x3) W OpPUMEHHTE

Teopemy Buera K ypasnennio k(x — x3) = az?.

[Tycrs koopaunarel Touek B u C pasubl (0,0) u (1,0) coorBeTcTBEHHO,
a D umeer xkoopaunarsr (t,0). Beeaure Touky A ¢ koopaunaramu (x,y)
I IpOBEphLTE CIpaBemBocTs coorHomenns AC? - DB 4+ AB? - CD —
— AD?.CB =CB -CD - DB, u3 koroporo AD JIerKo BBIPasKaeTCsl.

R x - 0
V1106HO PAcCMOTPETH O OTJEIBHOCTU MIOBOPOT @ = o) & b= y)

CyMMa JIBYX TaKUX BEKTOPOB, K KOTOPBIM ITPUMEHUIA TIOBOPOT Ha YTOJI
©, PaBHA Pe3yJIbTaTy IMPUMEHEHUsT IOBOPOTa K CyMMe.

Ilycs a, b, ¢, d, €, f — pamuycol-BekTopsl Touek A, B, C, D, E, F.
Cepemunnt A1, By, Cq croporn BC, CA, AB uMeioT pauychi-BEKTOPHI
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18.

b+¢& é+d a+b o

5 g g Bynem o6oznagars R(h) nosopor Ha 90° nporus
yacoBoii crpesiku BekTopa h. Torma (ecom Beputuabt A, B, C obxomsiTest
10 9aCOBOM CTPEJIKE) CJIEIYIONNe BEKTOPbI MOKHO BBIPDA3UTh Uepes d,

b, & u ouepanuio R: Clﬁ =t-R(b—a), Blg =t-R(@— o), Alg =

=,

=t-R(€—Db), rue KoHCTaHTA ¢ OJ{HA U Ta ¥Ke B cuiLy 110706usi. [losromy
1(6+5+E) = 1(J+€+f).

3 3

VpasHenue KacaTe/bHoil K Kybutieckoii napabosie B Touke (g, T3) MOK-
1o sanmcarh B opme y = k(r—z0)+23. Ypasuenne 23 = k(z—x¢)3+x3
UMeeT JBa COBIAJAIONINX KOPHs, PaBHBIX T, U HEKOTOPLIHA TpeTHii
KOpeHb x1. JJIsT HaXOXKJIeHUs T HCIHOJB3yiiTe 0OOOIIEHHYIO TEOpEMY
Buera: cymma KopHeil KBaApaTHOrO TPéxdieHa paBHa KO3 pUIMeHTy
nepes 2, momHOXNKenHOMy Ha (—1). OTcroma MoxKHO HaiiTn abermccy
BTOpOIl TOUKM mnepecedenusd. [lanee Tpebyemoe OTHOIIEHHE OTPE3KOB

MIOJTy IaeTCsI U3 [TOA00Us TPEYTOJIbHUKOB.

K pasdeay 3.5, c.

1.

i. BeibepeM 1npousBoJibHYIO TOUKY Ha npsimoii: K npumepy (0,7/3).
Bribepem BekTOp, HapaJsuie/bHbIA 9TOH HPAMOM: HalpUMED BEKTOD

2
ypaBHeHueM 7(t) = (7(/)3> + (‘23) t.

ii. BexTopHOe ypaBHEeHHe 3alUIlIeM KaK CUCTEMY U3 JIBYX CKAJISIPHBIX
ypaBuenuit: x = 2+4t u y = 3+ 5t. Uckiouus ¢, nosiyuaem ypaBHeHue
r—2 y-—3

4 5
i. Ilpu casure aprymenra u3 xg Ha Ax 3Hadenue bynkiuuu f(r) =
= kx 4 b npupacraer Ha kAx.

C KOOpJMHATaMU < > Torma paccmaTpuBaeMasi IpsiMast 3aIaETCs

ii. Ilo dopmyse TanreHca pa3sHOCTH TAHTEHC YTJIa MEXKJIy HPSMBIMHU

k1 — ko
MO2KeT 6bIT]) BBIYUCJIEH KaK tga = |\, @ KOTaHFeHC, COOTBET-
14 k1ko
CTBEHHO, Ctga = el IMocyienuuii paBeH HyJIIO, €CJIU U TOJILKO
1— ko

ecan 1+ k1ks = 0.
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Tr — T Yy—uy . ..
VYpasHenne = (eC.HI/I HyJIell B 3HaMeHaTeie HeT) 3aJ1aeT
T2 — 1 Y2 — Y1
MPSMYIO, TIOCKOJILKY oHO nMeeT Bua Ax + By + C = 0. fcho, uro obe

Toukn (x1,y1) U (x2,y2) HA Hell JiexKar.

B kauecrse HaIIPpaBJIAIOIINX BEKTOPOB IIPAMBIX, COACPXKaIlluX CTOPO-

7
HBI TpEyTOJbHUKA, MOXKHO Oparb A1By, B1C1 u C1 A1, a B Kadecrse
HavaJbLHBIX ToueK — camu Touku Aq, By, Cq.

JlocTaToIHO IPUPABHATD HYJIIO CKAJISIPHOE ITPOM3BEICHNE HAIIPABJISIIO-

4 a
MUX BEKTOPOB < u . Ho nue cnemyer cremurh, Bkiaodas a = 0
a a

B OTBeET.

Brrauciaure KOCHHYC yTIVla MEXK/1y HallpaBJIAIOIIUMNI BEKTOPpaMMt < 9 >

n <79> 9TUX IIPAMBIX.

O6osuatnm toukn A(3, —2) u O(4,—3). Torna Bepmuna C' kBajgpara
ABCD c nenrpom O nonyuantcs, ecau or O oTnoKATH BeKTop AQ =

7 ? ..
= n D nosydarcs, ecau oT TJIOZKUTD HOBEPHY THIHA
5,aB D monyuarcs, eciim ot O 0110 AQ, osé

ma £90°, T. e. BekTOp * . Homyuaem Bepumunbr (—3, —2), (9,4),

5
7
(11,-8), (—1,—10). YpaBHeHUsI IPSIMBIX MOKHO COCTABUTH C IOMOIIIBIO
dopmyibl u3 33191 3.

i. Ilomyuennoe ypapuenue Bcerga umeer sun Ax + By + C, rae xors
OBl 01HO 13 uncesl A u B He paBHO HYJIO.

ii. Hampapasromuit BeKTOp Tako#l IpsIMOit eCTh TMHEHAsT KOMOUHAIINS
HaIpaBJIAIOIINX BEKTOPOB IEPBOil K BTOPOIl IPSIMBIX ¢ KO3 duiimenTa-
M o 1 3. ITocKo/IBKY 9TH HaIPaBJISIOIIAE BEKTOPhl HEKOJIMHEAPHBI,
10 HUM MOXKHO Pa3JjIoyKHTb JIFOOOI BEKTOP.

/

. . 2 T
Hopmanbabiit BekTop npsmoti n = | 5): [Tpoexnust iy HA, IPAMYIO

. o
IIJId IIPOU3BOJIHOU TOYKH UINETCsT TOAO0POM ¢ TaKOro, ITOOBI
Yo

() +e(2) ”
+t Jle¥kaJia Ha, IPsSIMOi.
Yo -3
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9.

10.

11.

12.

HampagJstroruit BeKTOp 1epBOil IPsSIMOit €CTh @] = < ) , & JJIsk BTOPOit

3

MIPSIMO# HAIIPABJISIIONUM OyJ1eT BEKTOP 4 = < . Hocrarouno naiitu

1
HAIIPABJIAIONINIT BEKTOP HCKOMOI IPSIMOit @ 13 ycosust (dz + @1) || @ u
|@1| = |d2|. Hauanbhast Touka MCKOMOI IPSIMOil — TOYKA MepecevdeHust

JBYX JTaHHBIX.

BBe,ﬂéM CUCTEMY KOOpJAWHAT, OCHU KOTOpOfI HallpaBJIECHBI II0 KaTeTaM
TPEYTOJIbHUKA, a Hav9aJIO JIE2KUT B BEPHINHE IIPAMOTO yTIJIa. HyCTb JJI-
Ha CTOPOHBI TPEYT'OJIbHUKa paBHa 2. Tor,ua BEKTOD MeJruaHbl UMEET KO-

1
OP/JIUHATHI < 2>. st koopauuaT (;y) TOYKHU MepecevdeHus mepreH-

JIIKYJISIpa ¢ PUIOTEHY30ii (COrIacHo 3a/atde 3 HPEIBLIYIIEro pas3iesia)
MozkHO 3atucath (2;y) = A-(0;2)+(1—X)-(2;0), rae A — nckomoe 0THO-

menue. VI3 opTOroHaabHOCTH BEKTOPY cienyet, uro x — 2y = 0.

2

Temnepb HecIOXKHO HAUTH Yy = 2, & MO3ITOMY A = —.

3
Lpyeoe pewenue darno 6 3adave 4 pasdena 2.1 0 deusceHuAx.

[Tycteb npsivast z+y = 3 comepxut meguany CCh, a 2x+3y = 1 conep-
xKuT Meguany BBj. YkaxkeMm crrocob IOCTPOEHHST HAITPABJISIIONIEr0 BEK-

. a
Topad = | * | ma cropornt AC: Ipu HEKOTOPOM HapaMeTpe ty TOUKa
a
Y

1
(1) +dto momagaer B Touky By, n mosromy 2(1+4a,to)+3(1+ayty) = 1.

[Tpu BaBOE OOsIBIIIEM TTApaAMETPE TOUKA + 24ty OKa3bIBAETCS yIKe

1
1
Ha npsMoit BBy, nosromy (1 + 2a,tg) + (1 + 2ayty) = 3. Vckmouus
13 IOJIyYMBIIECsT CUCTEMBI o, MOXXHO HalTH OTHOIIEHUE Gy @ Gy U
TOJIYIUTh HampasJstionuit BekTop npstmoit AC. Iporece mocTpoennst

ypaBHeHUsI IpsiMoit AB aHaoruveH.
3amnuinure ypaBHEHNE HOPMAJIH K [IPSIMOil £, ITPOXOJIAIIEll depe3 TOUKY

N a o .

P, B Buge 7(t) = (b) t+ (y > U HalIuTe KOOP/IMHATHI TOYKHU Iepe-
Y

cedeHwus, MoJICTaBuB & = at + xg u y = bt + yg B ypaBHeHUe NpPAMOii £.

Haiinure paccrosinue mexiy (Zo,yo) U OCHOBAHUEM IE€PIIEHIUKYIISIPA.
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13.

14.

15.

16.

17.

18.

19.

JlocTaToIHO ITPOBEPUTD, ITO PACCTOSIHUSI OT 9TUX TOYEK JI0 y = k& paB-
HBI, & YIVIOBOW KO3 DUIMEHT IPIMOi, IPOXOAAIIell depe3 HIX, PaBeH

-1
(k' OtrnenbHO caenayer paszobparh ciaydaii, korma k = 0.

Bocmonb3yiiTech opmysioit paccTosiHuSI OT TOYKHU 0 IPSIMOIl U mpo-
BEpbTE, UTO BCE TPU PACCTOSHUS OT TOUKH (2,3) 110 MPSMBIX DABHBL.

YpasHenue npsimoii 3amceiBaercs B uje 3(z+5/3)+a(y+2) = 0, ona
HPOXOIUT Yepe3 TouKy (—5/3, —2). AnbrepHATUBHBIN C1I0COO: BO3bMHE-
Te JIBa PA3/IMYHBIX 3HAYEHUsS (v, Hall/ATE TOUKY IIePECEeUeHHsl TaKHX
IPSIMBIX ¥ IIPOBEPBTE, YTO OHA YIOBJIETBODSET YPABHEHHIO C [IPOU3-
BOJIBHBIM (V.

. r Yy .
Samnuiure ypaBHEHHE IPSIMOM B OTpe3Kax — + 3 1 u ncnoss3yiiTe
a

1 1
COOTHOIIIEHNE — — 7= k, aTobbl ipuiiT K ypaBHeHuio x + bkx +y = b.
a

Bssis nBa pasnnuanbix b u Hailjs Touky nepecedenus (1/k,1/k) rakux
IPSIMBIX, [POBEPBTE, YTO OHA YJOBJIETBOPSET HCXOJHOMY YDABHEHHIO
IPU JIAHHBIX YCJIOBHUSIX.

VpaBHenue KacaTelbHO# K mapabone y = x2 B TOUKe T €CTh y =

= 2xo(x — x0) + x3. Hanpasistonuit BekTop 3T0it mpsiMoii (IMeronit

R 1
upu xo > 0 HOJIOXKUTEIbHBIE KOOPIUHATBI) €CTh 4 = <2 . Ocra-
Zo

éTCa CPAaBHUTHL yTOJ @ C BEKTOPOM ( > ¢ ywioM (—@) ¢ BEKTOPOM

1

<1/;$0x2> (1/13 TOYKU (ﬂfo,x%) B TOYKY (O, 1/4))'
-0

Ty
5 5) 3armucas ypas-
nenus upambix CCT u BB7, HaiiguTe KOOpAUHATH TOYKH X HUX Iepe-
rT+r oy 5 5
,—— |, rme r = \/x? + y?2. Ilockonbky npsmas AX
R L _|_2>, pit Y y 1p
neprenaukyasipaa ocu OX, abcruccesl Touek A m X paBHBI, OTKyda

x+r
T = 12, 3HAUUT, 7 = \/ 22 + 12 =
r
_xV2x — a2

Omeem: f(x) = .

Ecsn mpsimble He mepecekaioTcst (mapaJiiesibHbL), TO BO3bMUTE TOUKY
P Mexy sTuMM HPsIMBIMU Ha PABHOM PacCTOsiHUM OT Hux. Torma A =

[Tycts A nmeer koopauuats! (z,y). Torma C = (

ceyeHudg: (

1—2a
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20.

21.

22.

= —1 — eaUHCTBEHHOE 3HAYEHNE A, IIPH KOTOPOM PABEHCTBO BO3ZMOXKHO.
Jlajee, BoibepuTe CHCTEMY KOOPIUHAT TaK, ITOOBI Yepe3 HAIaI0 KOOp-
nuaaT npoxoauia £1, HO He {9, Banaiite {1 ypasuenuem 7 (t) = t - U7,
a lo ypaBHeHUEM T5(s) = s - Us + U, ryie U He mapaJjulesieH U u Us.
Eciiz npsiMble 1 IepecekaroTcst, TO He B Hadyajle KOOPAMHAT. BekTopol,
BXO/ISIIIIE B MCKOMOE COOTHOIIEHNE, B YKA3aHHBIX 0003HAUEHHSIX:

= ——
PAy =s- -t +U—p, )\PAlz)\(tQ_}'l—ﬁ).

Orciona (—At)v) + sty = (1—\)p+u. Tpebyercst BLIACHUTH, IPU KAKOM
YCJIOBUH 9TO YPaBHEHUE PA3PEIIuMO IIph BeiKuxX A % 0 u p. DTo Tak To-
I/la ¥ TOJILKO TOTJA, KOTJIa U] U Uy HEKOJUIMHEAPHBI, ITO U 3HATUT, 9TO
IpsIMbIe [IEPECEeKAIOTCs (apaJlieJIbHbe UM BEKTOPBI HEKOJIJIMHEAPHBI ).

B cooTBercTByIOmIECi crcTeMe KOOPAMHAT MOXKHO 3aJaTh KOOPIAUHATHI
touex A(0,v/3), B(1,v3), C(3/2,v/3/2), D(1,0). Iycrs upsmas M N
nepecekaer ED B rouke (t,0). Torma obmuii Buji KOOPIMHATHI TOUKHI HA
a0l IpsIMoit ecTh (a4 (1—a)z, aV/3), Tie o — HepeMeHHbIi mapaMeTp.

ITokazkure, 4TO IJIs TAKOR TOUYKH, Jexkaleil Ha npsmoit AC, uz AM =
2

4—1
27_;. [IpupaBHUBAast 9TH 3HAYEHUS T, & TAK¥KE YIUTHIBASI,
1
yro t < 1, Haxopmum t =4 — V12 u r = %
Beemure cucremy koopamHaT ¢ HadajgoM B Touke A u ockio OX, ma-
pasnenbHoit EF'. BBenuTe mapaMeTpbl — KOOpAuHATH ToueK F, F', D
(ux OopAMHATBHI HEHyJIeBble U PaBHbIE MeXK Iy coboit). Hepes sru napa-
MeTphl BhIpa3uTe yIrjIoBble KoddduimenTsl npsaMbix KA, FA, DA, a
u3 yeqouit nepnenaukyaspaocty EB 1 FA, FC 1 FAu DB 1 DA
zanuinuTe ypaHenuss npsaMmbeix EB, BC, CF. Orcoga MOXKHO Haii-
™ KoopjauHaThl Touek B u C, oTkyja n kKoopauHatsl Touek N u M.

=rAC CJaenyeT, 4To r = , & JJIgd TOYKH Ha CFE 13 aHaJOrm4Horo

YCJIOBHUA T" =

Ocraérest 3anmmcaThb ypaBHEHHSI COOTBETCTBYIOIMINX IPSIMBIX U BBIUUC-
JINTh TPOU3BE/IEHNE UX YIJIOBBIX KO3 MUIMEHTOB.

Bresure cucremy koopgunar ¢ Hadasiom B Touke N u ocbio OX, co-
nepxkareit mpsamyo AO. Ilycte AB u BC 3amaHbl ypaBHEHUSIMA Y =
= kx + b u y = mz coorBercTBenno. Torma AC 3amaérest ypaBHeHneM
y = —ax + b, a PO — ypasuenuem y = —x/a + b. Janee nociesno-
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BaTeJbHO MOXKHO HaiTh KoopauHarbl Touek B, C, M, A, P, ), O n
BBIYHCJIATE YTJI0OBOM KoaddurmeHt npsmoit OQ).

K pasdeay 3.6, c.

1.

JlocTaTodHo J10Ka3aTh 3T0 st OKpyzkHOocTH 22 + y? = 1 1 KBajpara c
BepIMHAME B TOYKax ¢ Koopaunaramu (1,1), (1,—1), (=1,1), (=1, —-1).

i. KoopauHaTh! neHTpa OKpyKHOCTH MOXKHO HAWTH KaK KOOPIUHATHI
TOYKHU IepeCeYeHnsl CEPEJIMHHOIO TEPIEHINKYIIAPa K OTPE3KY MEXK Ly
3aTAHHBIMI TOYKAMMY C 3aJIaHHol mpstmoit. [Tocte 9Toro pagnyc Beranc-
JISTIeTCSI KaK PACCTOsTHUE OT IeHTpa J0 OJHOM u3 Touek. lleHTp Haxo-
qurcest B Touke (5/7,18/7).

ii. 3ammcaB ypaBHEHEE CePEINHHOIO MIEPIIEHIUKY/ISIPA K OTPE3KY MEK-
Jly 3aJ]aHHBIME TouKaMmu B (hopme 7(t) = 7o + at, vaiiyure t u3 ycaosus
PaBHOY/IAJIEHHOCTU TOYKHU T(t) OT OJHOMN U3 JBYX TOUEK U OT 3a/aHHOI
npsimoii. IleHTp Takoii OKpyzKHOCTH JieXKUT B Touke (5, 4).

B zagate 3.5.2, pazobpaHHOil BO BBEJIEHUN K PA3IEILY, MOIYICHO YPaB-
nenue KacaresabHoi. [osoxxum B ném xg = yg = 0 1 ucnosib3yem paBen-
ctBo 2 +7? = 1. Toryia ypaBHeHNs KaCATeTbHBIX MOYKHO HEpeIucaTh B
BUJe 21X + Y1y = 1 1 xox + yoy = 1. Perrag sty cucremy, HaxXoauM Ko-

Y1 — Y2
OPIUHATHI (x,y) TOYKHU IepecevdeHus KacaTeJbHbIX: L = —————,
Y12 — Y221
Tr9 — T1
Y12 — Y221

i. DTu geTbIpe TOYKM MOYKHO Pa30bUTh Ha JIBE MAPBI TAK, ITO JIBa Cepe-
JIMHHBIX TEPIeHINKY/IIpa K OTPEe3KaM MEXKJY STUMHU TOUYKAMU [I€Pece-
Kaforcst. Touky mx repecedennst BOSbMUTE B KAIECTBE IEHTPA, & PAIAYC
BBIOEpHTE PABHBIM IIOJIYCYMME PACCTOAHMI 70 IIEPBOii Mapbl TOYEK U 110
BTOPOii Iaphbl ([0 IIapaMy TOUeK M0JPa3yMeBAIOTCsl KOHIIbI OTPE3KOB,
K KOTOPBIM BBIODAHBI CepeJIMHHbIE TEePIeHIUKYIIsIpbl). OTMeTnM, 9TO0
pellierre 5Toi 3aa9u B 0OIIEM CJIydae He eJIMHCTBEHHO.

ii. BozbMméM Tpu TOUKH, HE JeXKAalllue Ha OJHOU MPIMOil, U IPOBEIEM
qepe3 HUX OKPYKHOCTh. JI10O6ble KOHIIEHTPUIECKUE ¢ JAHHOM OKPYZKHO-
CTU TaKXKe PABHOYJAJIEHBI OT 3THX TPEX Touek. llepemerenne oKpy K-
HOCTH BJIOJIb HEPIEHINKY/IsIpa K IJIOCKOCTH BBIOPAHHBIX TPEX TOUYEK
TaKXKe COXPAHSIET PABHOY/IAJEHHOCTH OT HUX.

Tereps ocTaérest BLIOPATDH MOJIOXKEHNE OKPYKHOCTH TaK, ITOOBI PACCTO-
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10.

sIHUE JI0 YE€TBEPTOI TOYKH OBLIO TAKUM Ke. [[Jisi 3TOro MOYKHO UCIIOJIb-
30BaTh UJIEI0 HENIPEPBIBHOCTH, M3MEHSS PAINyC OKPY2KHOCTH U JIBUTAS
TakuM 00pa30M K YETBEPTOU TOYKE UCXOJHYIO OKPYKHOCTH. OTMeTHM,
YTO COODPaXKEHUs HENPEPBIBHOCTA MOYXKHO HCIIOJIL30BATDL U IIPU PEIlie-
HUU IPEABbIIYIIEro IIyHKTa 3a/a9u.

Bamena z = a2, Yy = b? IPUBOAUT MCXOIHOE COOTHOIIEHHE K BUTY

(\a|—§)2+(|b|—§)2=;.

Mg rouex A(0,0), B(1,0) u M(x,y) ycioBue MOYXKHO IIEPENUCATh B
pe 22 + 2+ (r - 12+’ =k & (z—1/2)2+y% = (2k — 1)/4,
oTkyna npu 2k < 1 HE OJHA TOYKA HE YIOBJETBOPSIET YCJIOBUIO, IIPU
2k = 1 muO)kecTBO coctoutT Jmmb u3 Toukn (1/2,0), a mpu 2k > 1
HCKOMOE MHOYKECTBO TOYEK — OKPYKHOCTD.

MOKHO B3STb IOJIOKEHHE TOYKH A 3a HA4aJ0 KOOPIUHAT, TOYKY B
Ha ocu OX ¢ kooppunaramu (2,0), a Touky C' ¢ koopaunaramu (3,0).
3areM B3sTh TPOU3BOJIBHYIO TOUKY M (z,y), NTPUHAJJIEKAILYIO MHO-
2KECTBY, U 3alCATh PACCMATPUBAEMOE BhIPayKEHNE Yepe3 KOOPIUHATHI,
[I0CJIe 9€ro PACKPBITh CKOOKH M BBIJCIUTD IIOJIHBIE KBAJIPATHL.

Cwm. perrenne 3aa9u 3 paszesia O CTEIEHN TOYKU.

fcHo, aro tpm g060M « # —1 3TO ypaBHEHHE 3aJaéT HEKOTOPYIO
OKPY2KHOCTDb, IPUYIEM OYEBU/HO, YTO KOOPJMHATHI 00EUX TOYEK Iepe-
CEYEHUs IIEPBBLIX ABYX OKPYXKHOCTEH YJIOBJIETBOPAIOT U 3TOMY ypaBHe-
auio. [Ipn o« = —1 MBI nIOJIyYaeM IPAMYIO, IEPIIEHINKYIAPHYIO JTUHUU
IIEHTPOB U ITPOXOJISIIYIO Yepe3 TOUKH MePecetueHns] OKPYKHOCTEH — UX
PAIUKAIBHYIO OCh. DTOT CIydail MOKHO paCcCMATPUBATH KaK MPEIeTh-
HBIl: CIUTATH IPSAMYIO OKPY?KHOCTBIO OECKOHEUHOTO PaJInyca.

[oncrasbre y = ka B ypaBHeHus oKpyskHocreil (x + r)% 4 y? = r?
u (z — R)? + y? = R? u nokaxure, 9T0 KOOp/MHATHI cepeiuibl BC

ectsb ( ) R-r kR-r) O OBJIETBOPSIIOT YPABHEHUIO
b (2 = . Onn BJIETBOPAIOT BHEHU
0, Y0 1+k27 1+k’2 YA % yp
R— R —r)? R —r)?
y% + x% —2xp - 5 ! + ( 1 r) = ( 1 ) . Uckowmprit pagunyc paBen

|R — 7|
—
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11.

12.

13.

14.

15.

O6o3naubre kKoopauuarsl B n C' coorBercTBenHoO Yepes (—a,b) u (a,b),
a xoopmuHaThl Toukn A 3a (a, ), o + 3% = R?. 3arem BbrUmECIHTE
KoOpAMHATB ToYKn M u BBeuTe KOOpAuHATHI (,y) Touku K mepece-
yernst BN u CM. C nomorpio 110106ust, reomerpun Macc (cm. pasden
5.1) nan 106bIM ApyruM criocobom mokazkute, uro CK : KM =4 : 3,
OTKYy/Ia

3 4 /1 3 3 1
==. iy S(= =2(0,2b) + = .
@ =2-@n+ 1 (jn+3an) = 2o+ 1)
2 2 2 2 2
Urak, z2 = Z—g, (y — gb) = %, nosromy 2 + <y — $b> = %

[Iycts menTpot okpyxkuOCcTet — Toukn O1 u O, a P — ofHa u3 ux To-
ek repecederns. Torja opToroHaJbHOCTb OKPY2KHOCTEH PABHOCUIBHA
tomy, uro 0103 = 01 P? + OP?. Tokaxure, uro 0105 = (A — A1)* +
+ (BQ — 31)2, 01P2 = A% + B% — (1, 02P2 = A% + B% — (.

Hampagewre ock x Biosib DA, a ock y Biosib DC. YpaBHeHe OKPYKHO-
CTHU MMeeT BH/I (m — gR +(y—2R)? = R?, a xacaTe/bHBIE 331a10TCS
ypaBuenusiMu y = kix u y = kox, rme k1 u ko MOXKHO HAfTU U3 paBeH-

6 9
cTBa HYJIO TUCKPUMUHAHTA B ypasHemu 2 — —xR + — R? + k?2? —

5 25
— 4kxR + 4R? = R?. Ocraerca HailTH yroa MeXKIy JBYMs IIPSMBIMU
¢ tga| = |22
o dopmyie [tgal = [———|.
priyre 1te 1+ kiks

PaccmoTpuTe okpy»kHocTh 22 + 4% = 1 1 Touxy ¢ Koopaunatamu (a, 0)

(ipu yesioBun 0 < a < 1). [Ipsimast y = k(x—a) nepecekaercst ¢ OKPy K-

ak? £ /1 +k2(1 — a?)
14 k2 ’

HOCTBIO B TOUKaX (21, Y1) U (X2, y2), T T12 =

+ak3 +ky/1+ k%2(1 — a?)
1+ k2

JAWHATBI TOYKU TI€PECeUeHns] KacaTeJbHBIX K €IUHUIHON OKPY2KHOCTHU
(3amaga 3) U MpOBEpHTE, YTO OPJUHATA TOUKH IIEPECCUCHUST KACATEIb-

Y12 = —ak . ITpumenure dpopmyty a1 KOop-

1
HBIX K OKPYKHOCTH B TOYKax (x1,y1) u (T2,y2) paBHA —.
a

i. [z rouex A(0,0), B(1,0) u P(x,y) ycioBue MOXKHO HEPEIICATH
B Buge 2 + y? = k% ((z — 1)? + y?). D10 ypasHeHHe IPH 3aJ1aHHBIX B
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16.

YCJIOBUU OTPAHUYCHUSIX Ha k 3aa8T OKPYZKHOCTD C IIEHTPOM Ha, IPSIMOii
AB.

ii. VYmobuo BeiGparh Toukn A u B ¢ koopaunaramu (—1,0) u (1,0)
cooTBeTcTBeHHO. Torma ypaBHeHHe MCKOMON KPHMBOIl 3allUIIeTCS B BH-
ae ((z+1)?+9%) ((z—1)* +y?) = k* Moxuo ybeaurbesi, 4T0 1pH
k > 2 MHOXKeCTBO TOYEK IMpPeICTABIIsIeT CO00i BBITYKIIYIO I 3aMKHYTYIO
muHuIo, ipu 1 < k < 2 3TO 3aMKHyTas HEBBIIYKJad JIMHAS C JIBYMS
«BIIAIMHAMEI», KOTOPBIE IpU k = 1 COeIUHAIOTCS B Hadase KOOPIUHAT.
IIpu 0 < k < 1 ypaBHeHHe 3a0aéT JBe He COCAMHEHHBIE MEXKIy cOOOit

burypsi.

[TomecTuTe Hava0 KOOpAWHAT B TOYKY Z, a ocb OX 3amaiiTe BIOJD
upsimoit AD. ITycrs Touka P umeer koopaunatse (0, ¢), a IEHTPBI OIU-
CaHHBIX OKpyzKHOCTel TpeyroabHukos AMC u BN D umeroT Koopau-
Harel (a,0) u (b,0), npuuém ux pajuychl paBHbl R 1 r COOTBETCTBEH-
no. Torma Toukm A m C uMeroT cooTBeTCTBeHHO abcmucchl @ — R u
a+ R. Tlockomsky AM 1 C'P, a yrnosoit koadduruent C' P u3BecreH,
ypasnenue npsmoit AM ects (a + R)r — cy = a? — R2. Tlepecede-
e AM ¢ XY nmeer opmunary (R? — a?)/c. Amanormano Beramciis-
ercs opinHaTa TOUKM mepecedenus npambix DN un XY, oHa pasHa
(r? — b?)/c. ]l cpaBHEHMs 3THX OPJUHAT JOCTATOYHO 3aMETHTh, UTO
ZX?=R*—a®>=r* -1

Cm. maxoice 3adavwy 27 6 pasdese 1.11 o cmenenu movwku.

K pasdeay 3.7, c.

1.

[TapasmenbHBIN TepeHOC TPEYTOAbHIKA TaKUM 00pa30M, ITOObI ITepBast
BEpIINHA IIepellia B HAYaJI0 KOOPJAWHAT, CBOIUT 3aJ1a4dy K pPasodpaH-
HOW, B KOTOPO#l ABe ApyTrue TOYKU NUMEIT KOOPINHATHI (:Ul —Z0, Y1 —yo)
u (x2 — 2o, Y2 — Yo)-
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Touka ¢ pajiyCcoOM-BEKTOPOM (1) JICKUT Ha MPSIMON TOLJA M TOJIBKO
torga, korga (7(t) — p) || @, T. e. (7(t) — p) x @ = 0. B nmpocrpancrse
YPaBHEHHE TO XKe CaMoe.

r1To + y1y2>

3aHI/IHlI/ITe KOOpAUMHATBI YKa3aHHOI'O BEKTOpPa B CbOpMe
T1Y2 — X2Y1

o 1
1 BBIYHUCJ/INTE KOCUHYC yIVIa 3TOI'O BEKTOPa C BEKTOPOM €1 = 0/ CpaB—

T Z2
HUTE C KOCUHYCOM yIJjla MEXKJIy BEKTOpaMu (y ) u (y )
1 2

Bribepem 10 HAIIpaBISIONIEMY BEKTOPY HA ITHUX NPIMbBIX, 0003HAYTUM

- T 7 T2
ux a = ub= . IlycTb mpsiMble UMEIOT yIJIOBBIE KO3(-
Y1 Y2

dumnuentsl k1 u kg cooTBeTCTBEHHO, Ipu4ueM ko = 6k1, y1 = kiz1 n
Yo = kowa. IOCKOIBKY yToJl MeXKJIy BEKTOpPAMU 4 U b pasen 45°, Mo-
JIyJTA BEKTOPHOTO U CKAJISIPHOTO TTPOU3BEICHUN THX BEKTOPOB PaBHBI,
T e. |d- l;| =|a x 5\7 OTKYJIa JIJIsI KOOPJMHAT 3TUX BEKTOPOB BBLIIOJTHEHO
COOTHOTIIEHNE T1XL2+Y1Y2 = T1Yo —Toy1. [locie nemenus Ha £1x9 U TOM-
CTAHOBKHM COOTHOITEHMH BhIITe, TPUXOMM K ypasHenuio k2 —5k;+1 = 0,
orkyna (ki, k2) = (1/3, 2) wmm (1/2, 3).

DT0 npousseenne pasuo U X U. Jokaxknre, uro @ = (((4 x U) x ¥) x
X U) X 1.

Samnuinure ypaBHeHUsS 00enX MPsIMbIX B (DOpMe, PACCMOTPEHHON B 3a-
nade 2: 7(t) X @y = Py X dyp u 7(t) X da = Pa X d2. HecmoxkHO IpOBEPUTD,
UTO yKA3aHHAs TOYKA JICXKUT Ha 06enx mpsaMbix. [IpoBepnM, HAaTpuMep,
MIPUHAJIEYKHOCTD TIEPBOil U3 HUX:
C1d2

— e X ] = — =~ X {d] = —C]
m3(d1 X d2) m3(d1 X d2)

c1dy — c201

—

J1J1s1 cpaBHEHMUS ITOJTY YUBIIIETOCS BHIPAYKEHUsI C ITPABOI YaCThIO YpaBHe-
HUSI IPSIMOIA P X d1 JOCTATOYHO 3aIMCATh BhIPaXKeHUe JJIsI ¢ U IepeiTn
K allllJINKaTaM BO3HUKIINUX BEKTOPOB.

DopMysly MOXKHO JOKa3aTh METOJIOM MaTeMaTHYeCKOl MHIyKIIUH, 3a-
MeTHUB, 4TO 6a3a MHJYKIUU yKe pa3odpaHa B clydae TPeyrobHHKA,
a MHJIYKIMOHHBIN IIepexo]] MOXKeT OLITh IIPOBEJSH Ha OCHOBE paBeH-
CTBA S Ag. ApApis = SA1Ag..An + SAnAnrA, (IIIOIAIM OPUEHTHPO-
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10.

11.

12.

13.

BanHbIe). [Ipu 9TUX paccyKJIeHUsX MOJYJIb OT Pe3yJbrara yI0OHO Bbl-
YHCIATDL TOJBKO B CAMOM KOHIIC.

|AB - CE| |AB x AD|

A alWX = — a5
Ilycts d, [_)" c, CZ: €n f — PaJuyChl-BEKTOPHI BEPIIUH IIECTUYTOJbHUKA.
ITo ycnoBwuto:

Hoxkaxkute, aro WZ =

—. —. — —

@0 x (d—&) = (@B x (@~ ) = (@) x (F— ) =0,
1 1o o
a Tpebyercsl II0Ka3aTh, ITO 5‘(5— a) X (é’—c_i)‘ = §|(d—b) x (f— )‘
Jocrarodno pacKpbITh CKOOKH B TPOHHOM PABEHCTBE BBIIIE U CJIOKUTH
BCE TPU IOJIYyYUBIIMXCS PDABHBIX HYJIIO BBIPAYKEHUSL.

ITycrn cepemuma orpeska mexay Toukamu A(6,0) u B(0,4) — rouka C
(eé koopuHaTh! (3,2)), a D(13,4) cummerpuuna E(z, y) oTHOCHTEIBHO
2
CepeIMHHOTO TepeH uKyasipa K AB ¢ koopmunatamu | 3 |. Torma
0

CD x x CE

S W N
I
o w N

u \@\2 = ]C@\Q Pemus s1y cucremy ypaBHeHuii, Haxogum r = 1,
y =12

Banada aHasorndHa pa3obpaHHON B 9TOM pasmere. IIpoxesnas anaso-
IUYHBIE BBIKJIAJIKH, MOYKHO HOJIy9UThb, YTO IUIOIIA/Ib TPEYrOIbHIKA U3
P +Ek+1
k2 + 2k +1

orpeskoB AA1, BBy u CC; pasna . Ona MmakcumaJIbHa, IpU

k = 0 u muanmasbua pu k = 1.

Obo3HaubTe ﬁ = d_; ﬁ = 5, @ = acz @ = ab. ITosycymma, yaso-
+ a?

€HHBIX IJIOMa/Iell M3 yCJIOBUS paBHA |b x d|. Beipasure muromaib

SpEM Yepe3 BEKTOPLI m, J\ﬁ 7 OIEPaIio BEKTOPHOI'O IIPOU3BEIEC-
HUA.

IIycTb TPeyroIbHUK BIKMCAH B OKPY?KHOCTH €IMHUIHOIO PAINYCa C LIeH-
TpoM B Hauaje KoopauHat, a = OA, b=0 , ¢ = 0C. Torna OH =
= G+b+e. ViaBoeHHbIE IIOMAIA SoHC, SOHB 1 SOH A YMCIEHHO PABHBI
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14.

15.

16.

17.

18.

19.

MOJLYJISIM BEKTOPOB <5+ b+ 5) X a, (d’—l— b+ 5) X b, <c_i—|— b+ 5) X C,
HANPABJIEHHBIX TEPIEeHUKYISPHO IOCKOCTH PUCYHKA, & CyMMa 3THUX
BEKTOPOB PaBHA HYJIIO.

Tpe6yeTCH ITPOBEPUTH, UTO P—é X ]?N} ]@ X ﬁ ITycTb ﬁ =

PD = d. O6oznauum qepe3 R(h) pe3yIbTaT TTOBOPOTa BEKTOPA h ua

90° mporus yacoBoit crpeniku. Torma, ecu keagpar ABC D napucoBan

Tak, 4TO €ro BepiuHbI oT A 10 DD 00XOIdATCs 110 9aCOBOH CTPEJIKE,
= R(d) n PN = —R(a@). Berauciasiem PB = i+R(d—a)uP

= d+R(d— @). Ocraércst yMHOXKHUTH BEKTOPHO PC x PN u ]@ « PB

1 YIOCTOBEPUTHCA B pPaBEHCTBE ITOJIYyIYEHHBIX BEKTOPOB.

e
SajaauM Hava 10 koopaunar B Touke A u Bekropel ACT = b, AB1 = C,

CTNl> =1, Bi1My, =m, A1 P, = p. Torna PaJIyChl-BEKTOPbI TOUCK P,
Py, My, M5, N1, No paBHBI COOTBETCTBEHHO p1 = b+c+p, Py = b+c— D,
miy =C+m, Mg =C—m, 7] = b—|—n, Ny = b — ii. Ocraéres IPOBEPUTH
paBeHCTBO Mogyiedt (p1 — 1) X (fi1 — 1) u (Pa — mia) X (fiz — Miz) ¢

—

YUETOM KOJITMHEAPHOCTH (KOTopasi BJIEYET paBeHCcTBa: CX M = b X 7l =
=((b—-270) xp=0).
Mo2KHO MOBTOPUTHL BCE BBLIKJIAJAKN IIPEALIAYINeil 3a/1a4du, a MOXKHO U

BOCTIOJTE30BATHCSI €€ PE3YILTATOM: ILIOMAJIb Tpeyrobauka A1 B1Cy pas-
Ha HYJIIO, TOTJA U IJIOMa b TpeyrojabanKa As BoCy Tak:ke paBHA HYJIIO.

O6o3HaunM paguychl-eekTopbl Touek A, B, C, D, P, Q u K depes a,
Lo . 1 L L LT .
b, ¢, d, p, q, k. Torna Sapcp = 5}(6—@ X (d—k)—(b—k)x (c—k)

2 @-F+@E-F\ (C-R+d-F 1(@’ P
PQK = =—|(a—

@Q 2 9 4

x (d—Fk)— (= k) x (b—FK)|.

HepBbeI HyHKT C.J'Ie,ZLyeT nu3 O,ZLHH&KOBOIZ OpI/IeHTI/IpOBaHHOCTH COOTBET-
CTByIOIlH/IX TpeyFOJIbHI/IKOB, HOCTpoeHHbIX Ha BeKTOan-COMHO}KI/ITG.HHX7
a BTOpOIU/I HyHKT — U3 HpOTI/IBOHOJIO}KHOﬁ OpI/IeHTI/IpOBaHHOCTI/I Tpe—
YTOJIbHUKA IO TIePEMEHDI ITapbl apI'yMEHTOB MecTaMmu u rocye meé. Tpe-
TI/II';I HyHKT TaKzKe Cpa3y CJIe,H,yeT N3 CBA3U OpHeHTaHI/H/I TpeyFOJH)HI/IKa
n Ha.HpaBJIeHI/IH BeKTOpHOFO HpOI/I3BeILeHI/IH.

, a

— -

VYkazannoe ycjioBruE€ O3HAYAET, 9TO BCE YIJIbI ME2KJIy COCECITHUMU CTOPO-
HaMMU MHOI'OYT'OJIbHUKa O/IHOBPEMEHHO HE€ IIPEBOCXOILAT 180°.
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20.

21.

7= %(m(m b) - @ — m3(F X @) - b).
s 3(6 X b)

Tpu KOOpIUHATEL BEKTOPA Z(agbg —agby) —|—f(a3b1 —ayb3) —i—E(al by —asgby)
110 MO,ZLyJIHM PaBHDBI IIJIOIIAIsIM COOTBeTCTByIOH_H/IX IIapaJijiejJorpaMmMoOB
Ha KOOPJMHATHBIX IIOCKOCTSIX, 8 PACCMATPUBAEMBIN MapaJLIeIOrPAMM
HAa BEKTOpax @ M b IOCIe OPTOrOHAJIBHOTO MPOEKTHPOBAHUS HA ITH
KOOPJMHATHLIE IJIOCKOCTH KAaK Pa3 MEPEeXOIUT B YKa3aHHBLIC MapaJlie-
JiorpaMMbl. TeM caMbIM 3aJ1ava CBOJIUTCS K CJEIYIONIEN: TOKa3aTh, 9TO
ecsn mockas (pUrypa B IPOCTPAHCTBE MMEET ILIOMAAb S, a IPOEKIUN
3T0i#1 PUrypEI HA KOOpAMHATHLIE ILJIOCKOCTH MMEIOT Iomaan S, So u
Ss, To S? = S? + 53 + S2. Dro nosMyUUTCS, €U UCIOB30BATH CJle-
nytomee coobpazkenue. IIycTh yroa Mexk 1y AByMs IJIOCKOCTSIME PaBeH
«. Torma ecim Ha TEpBO IJIOCKOCTH 3a/aHa (bUrypa Iomaau S, To
IJIOMIAIb €€ OPTOrOHAJILHOI IIPOEKIMKM Ha BTOPYIO ILIOCKOCTL PaBHA
S cos? a.

K pasdeay 4.1, c. 141

1.

IIycTb @, b u ¢ — LeJble JIMHBI CTOPOH TPEYTOJIbLHUKA U a > b > c.
ITockonbky ¢ > a — b u a m b — pasaudHble HATypaJbHBIE UHCIA,
cIipaBeIMBO HepaBeHCTBO ¢ > 2. Torma b > 3 u a > 4. CiaexoBaTebHO,
a+b+c > 9. PaBencrso mocturaercs jjis TpEyroJbHIKA CO CTOPOHAMHU

2,3 u4.

Ecim AB = AC, To yrBepxkjenue odeuino. KEcou AB > AC, To
na aygue AC ornoxute orpe3ok ABj, pasubiit AB, a na nyue AB —
orpesok ACY, pasubiit AC. Torna AB + AC = BB + CC1 < BC +
+ B1Cy; = 2BC.

HyCTb JJIMHBI CTOPOH MHOI'OYT'OJIbHUKa YIIOPAJIOYEHBI IIO HEBO3pacCTa-

HUIO: Q] 2 Q2 2 ... = Gn. ECJIU ycloBUE 3aJladu HE BBIIIOJIHEHO, TO
< ﬂ < % < ﬂ < On—1 < < & O
a2 9 as 5 TR (029 - o1 TCIOJIA CJICIY-
ap a1 ai
eT, UTO a2 +az+ ... +ap < §+Z+...+2nj < a1, IPOTUBOpEYNE

¢ Teopemoit 4.1.1.

IIycrs M — Touka nepecedenust guaronajieiit AC' u BD 4eTbIpéxyroiib-
nuka ABCD. Torna AC < AB + BC, AC < DA+ DC, BD <
< AB+ AD, BD < CB + CD. Cyio:kuB 3TH HEPABEHCTBA, MOJIyIUM
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10.

AC + BD < AB + BC + CD + DA. A w3 HepaBeHCTB TPEYTOJIbHE-
ka MC 4+ MD > CD, MA+ MD > AD u emg aByx aHAJOTHWIHBIX
caoxenueM nosnyanm 2(AC + BD) > AB+ BC + CD + DA.

Ilycte K — cepemuna E'D. Bamernm, uro /ZMDB = /C = /B n
DM = MB = MFE+ EB, a MK — cpenusst quausg AADE, oTkyna
AD = 2MK. Tlo uepaBencrBy tpeyrosbhuka AD + DE = 2(DK +
+KM)>2MD =2MFE +2EB=AE+ EB+ EB=AB+ EB.

CortacHO HEPABEHCTBY TPEYTOJbHUKA KayKJash CTOPOHA MEHBIIE CYyM-
MBI OCTAJIbHBIX, & TIO9TOMY CYMMAa OCTAJbHBIX DOJIBIIE TOJIYIIEPUMETDA.
3HAYUT, 3aMEHUB KarK bl 3HAMEHATEe/Ib HA TOJIYIIEPUMETD, MbI yBEJIU-
M cymMmy. Ho mocite Takoit 3aMeHBI HOBasl CyMMa, paBHA 2.

TakoBBI JIMIIb IPAMOYTOJbHAK W NPABUILHBIN IATUYTOJBHUK: ECJIN
A1Ay. .. A, 1pu n > 6 TOAXOOUT, TO B YeTLIPEXyroJbHuKe A1 AsA4As
cymma nuaronasieir A1 Ay u As As 6oabie Ao Aq+ Ay As corytacHo Hepa-
BEHCTBY TPEYTrOJbLHUKA, HO IO IPEIIOJIOKEHNIO 9TU CYMMBI PABHEL.

O0603HAINM HCKOMOE MECTO BCTPEUM TOUYKOH A, a JoMa 3aHyMepyeMm
nudpamu 1, 2, 3 B COOTBETCTBUM CO CKOPOCTIMU X oburareseii. Ilycrn
a n b — pacCcTosTHUSI OT JOMa, 1 JI0 JOMOB 2 M 3 COOTBETCTBEHHO, a
paccrosgaust oT A 1o goMoB 1, 2 1 3 — COOTBETCTBEHHO X, i U 2. Torma

9<£+QHQ<E+EOTK§M&

2 S22 3S3 Ty
AL YT
27352727373 SEY

rje paBeHcTBO fgocturaercd npu © = 0. Ho B 1eBoit yacTu cTouT cymma
BPEMEH, KOTOPbIE THOMBI TPATAT Ha TO, YTOOBI JOOPATLCH JI0 MEPBOTO
JOMa, a B MPaBOi YaCTH CTOUT CyMMa BPEMEH, KOTopas Tpebyercs,
9TOOBI OHU JONLIHN JI0 ToYku A. VITak, MUHUMYM JIOCTUTaeTCst, Koraa A
COBIIAJIA€T C MEPBBIM JJOMOM.

Orpeskn AK u BK cuMMeTpUYHBI OTHOCUTEIHLHO CEPEIUHHOIO Tep-
menuKysapa. Ecmun BC # AC, to 8 ABKC' cymma IBYX CTOPOH paBHA
TpeThell CTOPOHE, YTO MPOTUBOPEYNUT HEPABEHCTBY TPEYTOJbLHUKA.
[Tycts D' — Touka, cummeTpudnas D OTHOCHTEILHO CEPEIUHHOTO Hep-
nenjukyngapa Kk AC. Torna AD' = CD = BC, ABCD’' — pasnobe-
peHHas Tparenusa nin npamoyroabauk. Ilostomy BD' = AC, BE +
+ED=BE+ ED' > BD' = AC.
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11.

12.

13.

14.

15.

Tpuk el oTpasum npsamMoyroabauk A BC' D co BHMCAHHBIM B HETO Y€ThI-
péxyronmpaukoM K LM N, kak moxkasano na pucyuke. [lepumerp deTnr-
péxyronbpanka pasen june jgomanoil K LM'N"” K" xoropas 6osbiie
KK/// — AA//

Taxot nodrod 6ydem HeodHOKPAMHO UCTOAB308GH 6 pasdene 4.2.

B// K// A// K/// B///
b
/// L///
7,
D M C| A2~
- 4 D MO
P 7
N JRe N’
7
K B K A

Ha nponomxkennn AB 3a Touky A orjoxkure orpe3ok AF = AB. Tpe-
yroneauku ADF uw CEB pasubl, otkyyia DF = BE. Ocraérest nmpu-
MEHUTDb HEPABEHCTBO TpeyroibHuKa K ABDF.

Pacemorpum keajipar ABC' D u touky O. Ilycte OA = 1. Ecou OC =
=5, o u3 AC < OA + OC nonyugaem AC < 6, aus AB > OB — OA
npu OB = 7 wiim OB = 8 nonydaem AB > 6, 9T0 BEJIET K TPOTUBO-
peunto (uaroHa b KBaJpaTa MOJIyIrIach He 6oJIbIne cTOpoHbl). Eem
OB =5, 10 AB < OA+0OB =6, AD > OD — OA > 6, HO u3
AB = AD nosyuaem, auto OA + OB = OD — OA = 6, 7. e. TOU-
ka O OHOBPEMEHHO JIEKUT Ha MpAMbIX AB u AD, 910 HEBO3MOXKHO,
nockosibky OA = 1. Coyuait OD = 5 noydaercss u3 pa3odpaHHOTO
OB = 5 nepeobo3natennem Touek B u D.

IIycts umcna a > b > ¢ > d > 0 —
TBIPEXYTOJIbHUKA. [I[poBepbTe, YTO MOYKHO ITOCTPOUTH TPEYIOJBHUK CO
cropoamu a — d, b, ¢ (Bce Tpu HepaBeHCTBa TPEYrOJbHUKA BBIIOJI-
Henbl). OcTaéres B TAKOM TPEYTOJIBHUKE HPOJJINTH CTOPOHY @ — d Ha
0Tpe30K d B JI06YI0 CTOPOHY (HAIIPUMED, 38 KOHEI[ CTOPOHBI C), & 3aTeM
Ha OTPe3Kax ¢ U d IIOCTPOUTD HapaJLIeIOrPaMM.

JJIMHBI CTOPOH JaHHOI'O Ye-

[TocTpoiite orpesok C B; Tak, uro ABB1C — napaJutesiorpamm. Torma
AC = BBy, a u3 tpeyroybauka BB1D nvmeem BBy + BD > B1 D, or-
kyma AC'+ BD > By D. llokaxure, uro AC DB — paBHOCTOPOHHUIA.
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16.

17.

18.

19.

20.

IIycte M u N — KOHIIBI IPOU3BOJILHO BLIOPAHHOIO SHAMETPa OKPY 2KHO-
cru. Torma M A, + NA, > MN = 2. Cjl0:KuB Bce TaKue HEPaBEHCTBa,
noayauM (M A1 +MAs+...+MA,)+(NA1+NAs+...+NA,) > 2n.

[Tosromy moaxomuT jubo Touka M, mubo Touxa V.

Ecnu camoriepecevuennst B JJOMaHO# €CTh, TO PACCMOTPHUTE JIBa Iepece-
KaloImuXcst pedpa Takoil JOMaHON U MPeIOKNATE CIOCOD 3aMEHUTDH STHU
IBa pebpa Ha IPyrue JABa ¢ KOHIAMH Ha TeX YK€ YeTBIPEX TOYKaX JIO-
MaHO, HO YK€ He MePeCeKaIoNnecs APYyT ¢ JAPYTOM, TAKUM 00Pa30M,
9TOOBI JJINHA JIOMAHON B pe3y/bTaTe YMEHBINIACh.

[Iycthb nepeBbst BBICOTOM a1 = ag = ... = ap
pactyT B Toukax Ay, Ao, ..., A,. Torma mo
yeaopuio A1As < ap —ag, ..., An_1A, <

< @p—1—ay. CileioBaTe/IbHO, JJIMHA JIOMAHOM

A1As ... A, we npesocxoaut (a1 —ag) + (ags —

—a3)+ ...+ (ap—1 — an)ar — a, < 100 M.

DTy JIOMaHyI0 MOKHO OrOPOJIUTH 3a00POM, JIJIMHA KOTOPOI'O HE IPEeBOC-
xozuT 200 M (CM. PUCYHOK).

B cocras siomaHoit MOryT BXOnuUThH He Gosiee 6 OTPE3KOB JIIMHBI 1, HE
Bostee TPEX «MAJTCHbKUX JMaroHajeil» 1mmbl /3 u He 6ojee 0Ol
«bompIIoil nuaronasuy JiauHbl 2. Ho ecim B JloMaHyio BXOJSAT TPH
«MaJIeHbKHX» JUAroHaJIU, TO «OoJbIlasy JHaroHajIb y»Ke He MOXKeT
BXOJUTb B €€ COCTaB, OTKYJI& MOXKHO IIOJIyIUTb OIeHKY cBepxy. Omna
nocruraercst: B mectuyronbiuke ABCDEF Hy)Has JlOMaHasi eCTb

AB+BC+CD+DE+ EF +FA+AC+CF + FD.

ITycrs F| — Touka, cuMMeTpUYIHasl TOUKe [} OTHOCUTENBHO KacaTesib-
Hoii | x symmncy B Touke A. Torma nmokasbiBaeMoe yTBEP:KJIEHHE PaB-
HOCHJIBHO TOMY, 9TO Touka A jiexkur Ha orpeske F|Fy. Ilpeamonoxum,
9TO 9TO He TaK M OTpe30K FjFh mepecekaer 9JUIMIC B HEKOH TOUKe
B # A. Toukun B u F} jexat 10 OIHY CTOPOHY OT IpsiMOii [, OTKy1a
caenyer F1 B < F{B. Ho Torna

B+ B < F{B + 2B = F{FQ < F{A+F2A = A+ FA,

9ero He MOXKeT ObITh 10 onpejenenuto sumnca (F1 B + FoB = F1 A +
+ F3A), uporusopeuue.
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K pasdeay 4.2, c.

1.

3.

ITo Be cTOPOHBI OT PEKM PACIIOIOXKEHBI IBe MojyIiockocTu. Creraem
HapaJijIe/IbHbII I[IePEeHOC OJIHON M3 9TUX IIOJIYIIJIOCKOCTEH 110 HallpaBJle-
HUIO IEePHEHINKY/sIpa K beperaM peku Tak, 9Tobbl Hepera COBMECTH-
mick. 3areM coenuauM A u B (nocie napaJiiesibHOTO IIepeHoca) OT-
PE3KOM. DTOT OTPE30K Mepecedér peky (KOTopasi Mocjie MapasiieabHO-
0 IIepeHoca «CxkaJjlaChb» B HpHMyIO) B HEKOTOPOiT Touke. B 310t Touke
U HY>KHO CTaBUTh KOHIIBI MOCTa IIOCJIe TOIO, KaK BCE OOBEKTHI OyIyT
BO3BpAIIEHBI HA CBOM MECTA.

Orpaszum Touky P ornHocurenbno BC, a 3a- A
TeM Pe3yJIbTaT OTHOCUTEJbHO AB, mojydnB

touky P”. Ilposeném uz P” mepnenauxysisp

Kk AC w orpasum ero 4acTtb, He IOIABIIYIO S
BO BHYTPEHHIOIO YaCTh TPEYTOJbHUKA, OTHO-
CUTEJTLHO TIPSIMOli, KOTOPYIO OH TEpeCceKaeT R
/ /" P
B touke R. Ilycte P’ — ob6pa3 Touku P B X
7

. T
opu nociaeHeil cuMMmerpum. 3areMm oTpasum .0 B Q> C
yacTh orpeska RP’, ne nonasmyio suyrps  P” P’

TPeyroJIbHUKA, OTHOCUTEILHO mpamoii BC', KOTOPYIO OH IepeceKkaeT B
touke (). Tpaekropus PQRS nmeeT MUHUMAJIBHYIO JUIMHY: JJIsT IIPO-
U3BOJILHOM JIPyroil TPAeKTOPUH TO ¥Ke II0C/IeI0BATEILHOE IIPUMEHEeHIe
CUMMeTpUil OTHOCUTETHHO CTOPOH TPEYTOJbHUKA IIPUBOJAUT K IIYyTH OT
P" no AC, ormmmanomy or nepuenaukymnsapa P”S,| mostomy ero jymna
He MUHUMAJIbHA.

HocraTouHo 3aMeTUTh, 9TO Jjisi TOYKK Ha cTopoHe AB cymma paccTo-
SIHUI JI0 BEPIINH eCTh cyMMa paccrosinuii ;1o Todek C' n D u dukcu-
POBAHHON JIJINHBI CTOPOHBI KBaIPaTa. 3aJ1a4ua CBOIUTCI K TOMY, ITOOBI
MUHUMU3UPOBaTh junHy 11yt o1 C' K D, Kacatonierocst AB (cM. 3ajady
4.2.1, pazobpaHHYIO BO BBEJCHUH K 9TOMY DA3JIEIY ).

Orpasure M orrOCHTENBHO cTOPOH yria (B Toukn M’ u M"), a 3arem
coequaure M’ u M”. VIx mepecedeHnst co CTOpOHAMH yTjia M JajyT
MCKOMBIe TOUKN A u B.

Bribepem Ha cropore AD Npou3BOJBHYIO TOYKY X, a 3aTeM COBEp-
IIAM ITOCJIeI0BATENBHO TPHU OCEBBIX CHMMETPHM: IPSIMOYTOJBHUKA OT-
nocurenbao C'D, pesysbrara orHocureabio BC, a 3areM pesyjbrara
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BTOPOro orpakenus ornocuresibHo npsmoit A’A” (em. pucynok). Ta-
KOe TPOIHOe OTparKeHUe <«BBIIPSIMIISIET» pacCMaTpPUBAEMBbIH UeThIPEX-
yroabauk. Ocraéres coepunuth TOuKy X co csouMm obpasom X a
3aTeM CIeJIaTh 00pATHBIE CUMMETPHUN.

D// X// A// X/// D///
N
N
N
N
N
N
N
B C
e N N
/, \\ \\ ,
3 S 1B
\\ N //
N ). e
N e
N 7
N 7
A X D X A

Yepes Toukn A u B mpoBeinTe OKPYKHOCTH, KACAIOIILYIOCS IPYTOii CTO-
POHBI yTIJia B HEKOTOPOil Touke C'. DTa TOUKA UCKOMAs, TOCKOJIBKY JIJIsI
moboit ppyroit Toukn C’ yron AC'B Gyuger «onupaThCs» Ha OTPE30K
AB, a ero BepinHa O6y/IeT BHE OKPY>KHOCTH, U [IOTOMY OH MEHBIIIE, YeM
Brmcanubiii yronm AC'B mocTpoeHHoit OKpPY»KHOCTH.

Crenyer B3sith npsimyio AB (A u B — TOYKH nepeceveHusi co CTO-
poHamu yriia) Tak, 4ro0bl M Obuta cepeunoil orpeska AB (unrare-
JIFO OCTABJISIETCSI BOIPOC, [IOUeMy Takasi npsivasi Haitaércs ). [lokaxkure,
4TO JIsT BeAKOi npyroit mpsmoit A’ B’ mosopor Bokpyr M 1o Hampas-
JIEHUIO K TIOJIOXKEHUIO MPsiMOii AB yMeHbIaeT ILJIOMA b 0TCEKAEMOTO
TPEYTOJbHUKA.

st wersipéxyroipauka ABC D ¢ Toukoii nepecedenust nuaronasieir O
U IPOU3BOJILHON TOUKK P 13 HEpaBeHCTBA TPEYTrOJbHUKA CIELYET, ITO
PA+ PC > OA+0OC u PB+ PD > OB + OD. Ilpu stom oba
PaBEHCTBA B HEPABEHCTBAX JOCTUIAIOTCS OJHOBPEMEHHO TOJIHKO TOLJIA,
rkorma P = O.

[Tycrs Touka O naxomurcst BHYTpu Tpeyronbauka A BC. Jlia ogHoro us
HEPABEHCTB CJIOYKUTE TPU HepaBeHCTBa TpeyroJibauka: OA+OB > AB,
OB+ 0OC > BC u OA+ OC > AC. JIng BTOPOro HEPABEHCTBA, JIOKa-
xure, uto AB+ AC > OB+ OC'. 115 51010, K IpUMepY, IPOI0JIZKATE
AO no nepeceuenns: ¢ BC B Touke A U 3alUIINTe HEPABEHCTBA Tpe-
yroypauka gt AABA1 u ACOA7, a 3aTeM CIIOXKUATE HX.
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10.

11.

12.

13.

14.

Otrpasure M u N OTHOCUTEJIHLHO PA3JIUYHBIX CTOPOH YIJIa, COCINHUTE
MMOJIYIUBIINECHd TOYKU W HAUJUTE IlepecevdeHrne MOCTPOEHHOTO OTPE3Ka
co cropoHaMu yria. PaccMorpure asa ciaydas: Touka A Jieskur aubo
Ha OJIHOII cTopoHe yrJia, JubO Ha JAPYTOil.

[Tposeaure vepe3 ¢ MOJYIIOCKOCTH, poxojsime yepes A u B (£ —
ux o0Iast rPpaHnIA) U TOJIydnuTe ABYrpanHblii yros. IloBopor oxxoit u3
HOJIYILIOCKOCTEH OTHOCUTENBHO /, IIepeBOIsIIMil €€ BO BTOPYIO IOJIY-
IJIOCKOCTD, COXPaHseT JJIUHy 9acTu Tpackropun u3 A B B or Toukn A
JI0 1IepBOro Kacanus ¢ £ (ecyim TpaeKTopHsl UMeJIa XOTsl Obl OJIHY TOUKY
Ha {) U CBOJIUT 3a/a4y K IJIOCKOi (B KoTopoit A m B siexkar B OJHOI
IUIOCKOCTH ¢ {).

Orpasure OfiHYy M3 TOYEK OTHOCUTEJIBHO MpsAMOl ¢ W IPOBeJUTE te-
pe3 BTOPYIO TOUKY U Uepe3 o0pa3 mepBoil TOUKM IpsMyio. Eé Touka
nepecedenus ¢ £ naéT perienue, ecau cyiectsyer. Paszbepure ciaydan,
Korjga TaKOll TOUKU nepecedenusd HeT UJIN KOTI'/Zla TaKUX ITPAMBIX MO2KHO
IpoBecTr 6ECKOHEYHO MHOTO.

[Tycrs Touka (0, 6, 1) Haxogures na rpann ABB) A;, Touka (30,6, 11) —
na rpann DCC1 D1, a B mockoctu z = 0 jexkur rpans ABCD. Pac-
CMOTpUTE Pa3BEPTKY MAPAJIETETIUIE/A U COSTMHUTE Ha HElt 9TH TOUKN
OTPE3KOM TIPSMOIN Tak, YTOOBI OH TOCJIEIOBATENBHO TTPOXOU Yepe3
I'paHn ABBlAl, ABCD, BCClBl, AlBICIDL CDchl ITokaxku-
Te, YTO JIJINHA TOJYUYEHHOTO MYTH C TOMOIIBI0 TeopeMbl [ludaropa Ha
IJIOCKOCTH Pa3BEPTKU MOXKET OBITh BBIUUCJIEHA KaK

V(6412 +6)2 + (1 + 30 + 1)2 = 40.

[ycrs P, Q, J, K — T0o4KHu, 06pasylomniye 4eTbIpEXyTOJIbHUK (TOYKN
P u @ nawbr B ycimoBuu, a J u K onpenessiroTcs AaJibHEHIUM 10~
crpoerreM). IloceoBaTeIbHO MOCTPOMM TPU CHMMETPHYHBIX KBa/I-
para: CHadaja OTpasuM KBajpar orHocureabHO AD (obpas — KBaj-
par AB'C'D), zatem AB'C’D orpasum orrHocurensao C' D (mosyanm
ksajgpar A" B"C'D) u, nakoner, stor obpa3 A” B”C'D orpazum oTHO-
curensio C'B” u monyqaum ksagpar A" B"C'D".

[Tpu TakoM 0TOOpaXKEHUN pacCMATPUBAEMBbIN YeTBIPEXYTONBHUK PQJ K
«Pa3BOPAYMBAETCs» B JIOMAHYIO, JIJIMHA KOTOPOIl paBHA €ro MepuMeT-
py. MuHUMAJIbHBINA TEpUMETP UeTBIPEXYTOJbHUKA JTOCTUTAETCS, €CJIU
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15.

16.

BEPIIMHBI JIOMAaHOI, 3a MCKJIIOUEHHeM oTpeska P(Q), jexkaT Ha OJHOI
npsmoii (sra momanas P"'Q U QP). Tlo Teopeme Iudaropa Haxoamm

eé jumnHy v 181 4+ +/13.

B’ P A P B
K
D C’
D J C
Q" Q"
A pi B prAr

Lanee ucnoavsyromes 0603HaueHUA U3 peuterus 3adayu 18 pasdesa 2.2
o0 deuptcernuar. BosbMEM Mpon3BoOJILHYIO TOUYKY M BHYTpPH TpeyroJbHU-
Ka u obozHaunm M’ eé obpas 1pu moBOpOTe RGBOO. [Tpeobpasyem mu-
nuMusupyemyto cymmy: AM + MB + MC = AM + MM’ + M'A;.
[Mocnennss cymma MUHIMAIbHA TOTA U TOJILKO Tora, Korma M u My
sgexkar Ha AA;p. U3 Tex xKe coobpaxkenuit Touka M NOJIKHA JIesKaTb U
Ha JPYIrux ABYX OTpPe3KaX. BaIVIeTI/IM, YTO HaMMEHbIIIECe 3HAYCHNE CYyM-
Ml JymH otpe3koB AM, BM, C'M kak pa3 pasuo miuae AA; (nmubo
onuolt uz jymun BBy u CCY).

i. Uz momobus tpeyrompankos ABC n A1 B1C monydaem paBeHCTBO
yrios LCOAB = £B1A1C = LC1 A1 B, orkyza u cienyer, uto AA; —
ouccexkrpuca £ZCi A1 By.

ii. Ilycrs Touka Aj mexur ma cropoume BC, Ttoukum As u Az cum-
Merpuunbl A1 orHocurensHo AB u AC. Torna LA AA3 = 2/BAC,
a As A3 paBHA IIEpUMETPY TPEYroJIbHUKA, OIHO M3 BEpPIIUH KOTOPOI'O
siByisiercst A1, a nBe apyrue — nepecevdenusi AsAs ¢ AB u AC. Taxkoit
TPEYroJIbHUK UMEET HAUMEHDIIN IePUMETD U3 BCEX TPEYIOJBHUKOB C
BepmnHoil A1, Bomcanunlx B TpeyroabHuk ABC. MunuMuszamus e-
pUMeTpa TaKOro TPEyTOJbHUKA IMIPOUCXOAUT MPH MUHUMUABAINHA JIAHBI
AsAs. Ho cropount AAs u AAz pasunt AAq, a yroa As AAs mocro-
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17.

18.

19.

SAHHBIA, I03TOMY HEOOXOAMMO MUHUMU3UpOBaTh aauny AA;i. Ilosromy
AA; jponmkHA OBITH BBICOTOIA.

[TycTb Bepiuabl Tpeyronbauka A BC 06X0ASTCS IPOTUB YaCOBON CTPEJI-
ku. BeibepeM Ty BepIuHy, pacCTOsiHUE OT KOTOPOH J10 Touku P Hau-
oosibiee. Ilycrb, K nmpumepy, 3to BepmmHaa C. Torma nmosepuém P Bo-
kpyr Touku A Ha 60° mTpoTHB YacoBoil cTpeaKu (0OO3HAYMM IOy I€H-
Hyto Touky 4depe3 P’). Tpeyroapuuk PP'C — ucKOMBIi, a ero BBIPOXK-
JentocTsb (npunaiexknoctb P upsivoit C'P) sKBUBaJIeHTHA TOMY, 9TO
1eThIPExyrobHuK AP BC — BuucanubIii.

JlokaxkuTe, UCMOJIb3Ys CBOHCTBA BO3ZHUKAIOIINX BIUCAHHBIX TETHIPEX-
YTOJIBHUKOB, 9TO yriibl Mexkay PS u PQ co croponoit AB paBHBI. ITO
03HAYAET, YTO MOCIEeJ0BATETBHOCTHIO TPEX CUMMETPHUN BCEl KOHCTPYK-
yn (CHavYaIa OTHOCUTEIBHO MpsiMoii A B, 3aTeM OTHOCHTEIbHO 00pa3a
BC, a 3arem, HaKOHeIl, OTHOCUTEILHO oOpasa obpasza C'D) derbipéx-
yroabHuK PQRS MOXKXHO «pa3BEPHYTb» B OTPE30K IIPSIMOii.

[TposemuTe Kakoi-nuOyab orpe3ok BC ¢ KOHIAMU Ha CTOPOHAX yIJIa.
Barem uepes Touky X nposejaure npsamyo XC' || AB (C' nexur Ha

ayue AC), a zarem 1epes C’ nposeaure X'C’ || BC (X' nexur na or-
1

+ = .
. XB XC X! C’
SuauuT, gocrarouHo MuHnMusuposath X'C’. Ormerum, uro C' He 3a-
BHCHUT OT TOro, Kak OnLia nposeiena BC. ITostoMmy ciienyer BLIOpaTh
rouky X' Tak, urober C' X’ 1 AX.

peske AX). C nomoIpio moobust JOKaxKuTe, 9To

K pasdeny 4.3, c.

1.

i. Ilpumenure HEpPaABEHCTBO O CpPEIHEM I€OMETPUYUECKOM U CPEIHEM

apudMeTHIecKoM K Ipousseenuio (p — a)(p — b)(p — ¢) mox KopaeMm B

p3

27
ii. UcrnonpayiiTe HEpaBEHCTBO U3 MPEIBIAYINETO IyHKTA.

dopmyite 'epoHa, 9TOOBI TOTYIUTH ONEHKY S < 4/ P

iii. C moMOIIBbIO TEOPEMBI CHHYCOB MOYKHO [IOKA3aTh, ITO HCKOMbI Tpe-
YTOJBLHUK PABHOOEPEHHBDIIA.
iv. C moMOmpio TeOpeMbl CHHYCOB CBEJIUTE 3314y K MOUCKY MaKCHMY-
Ma dynkmmn f(3) = sin? B + sin?(a + (). Iokaxkure, 9T0 MakCHMyM
T—

gocruraercs upu 3 = 5



. x +
i. 9ro kBagpar. IlpuMeHnTe HEPABEHCTBO O CpeIHEM 5 i > /S

(31€Ch &, y — CTOPOHBI MPSIMOYTOJILHUKA, S — €ro IUIONAb).

ii. 970 Ky6. IIpuMeHnTE HEPABEHCTBO O CpeTHEM apu(PMETHIECCKOM U
Ty +yz+xz

3 (3mech x,

cpeiHeM IeOMeTPUYECKOM /Il OIIEHKU CYMMBI
Y, Z — CTOPOHBI HapaJlIeJIeIHIIE]IA).

[Lommam n-yroapanKa pasHa S = R2(sinag +sinag + ... +sinay,)/2,
Ie qj — LEeHTPAJIBbHBIA YIrojl, U3 KOTOPOIO BHIHA k-s CTOPOHA 3TOrO

n-yrosbauka. @ynknus f(z) = sinx na [0, 7] BblIyKJa BBEpX, OTKY/I
n

n
lZ:sin ap < sin —Zak = sin—ﬂ (3TO WaCTHBIN Caydail T. H.
[yt k=1 "

HEPABEHCTNBA FIeHceHa). [TosToMy HAMOOJBINYIO IIOMIAIL UMEET IIpa-
BUJIBHBIN N-yTOJIBHUK, KOTJIA BCE () PABHBI MEXKJIy COOOIL.

BBenuTe yron npum oCHOBaHWH-JHAMETpPE TPAIECIUA ( U CBEINTE 3a-

Jlaqy K moucky makcumyma dbyskinuu f(a) = 2cosa — cos2a npu
T
ae (T.0).
4’2
Ilycts @ = 1 — ppmaa omHOro Karera, b — KareT, KOTOPBI He GOJIb-
T

ue a, a ¢ = /1 + b2. Tpebyercs BoraucauTs MakcumyM f(b) = B
at+b—c 2 1+b—+vV1+02
2 ¢ VIt
paBen V2 1.
st nmanHgpa ¢ pacCTOSTHUEM OT IIeHTpa cephl 10 OCHOBaHUS h 00b-

ém pasen V (h) = 2h - 7(1 — h?). OcTaéTcs BHIMUCINTL MAKCHMYM 3TO#
dbyukimu Ha orpeske [0, 1].

. On mocruraercs npu b =a =1 mu

ITycre Touka nepecedenus Megnas G — HOJIIOC, OT KOTOPOI'O OTJIOZKEHBI
BEKTOPHI d, g, C " I B COOTBETCTBYyMOIINE TOUYKH. T pebyeMoe paBeHCTBO
IOy 9HTCSI, €C/TH PACKDBITH CKOOKH B Bhipazkennu (7 — )2 + (& — b)2 +
+ (% — &)?2 u yuecrs, ut0 @+ b+ &= 0.

Bocnosnb3yiirech npe/iplyneii 3a/a4qeii, 9To0bl JOKa3aTh, YTO HCKOMas!
TOYKA — TOYKA II€PECCUCHNsT MeJINAaH TPEYTOJIbHUKA.

IIycrs O — unenTp OKPY?KHOCTH DaIuyca R, ommcanHO# OKOJIO Tpe-
yroneuuka ABC, a = 0OA, b= 0B, c= O? Tora

AB? + BC? + CA® = (6—5)2+ (5—5)2+(5— i)? =
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10.

11.

12.

13.

14.

ol

:2(52+1?2+52>—2<a’.5+5-5+

).

. 2 . L
Ho (d+b+€> 252+52+82+2(d‘b+b-5+€-d>,OTKyJiLa

. 2
AB24+BC?+CA? = 3(62+52+52)—<6+b+5) < 3(a2+52+52).

PapencTBO jocTuraercst TOJBKO B ciydae paHocroponnero AABC.

[Tycts D npu cummerpun nonasia B Touky F € AB. Obozaaunm DX =

1 1 1
— XE=ux, /JEYX = a. Torma Spxy = ~XY -DE = =~ .
4 4sina_ cosa
Samerum, uro AX = xcos2a, orkyna AD = 1 = x + xcos2a. Ilo-
1

1
2sin20(1 + cos2a)  8sina cos? o

aroMy Spxy = . Makcumusupys

3HaM€HAaTeJIb, IPUXO/JUM K TOMY, 9YTO (X = 8 MWHUMU3UPYET SDXY.

Beenure cucremy koopaunar ¢ ocbio OX BIOJIb IPAHUIIBI PA3IETA ABYX
HOJIYIUIOCKOCTEH Tak, 4T00bl ock OY coneprkaia Touky A. st 3anan-
ubix koopaunaar A(0,a) n B(b, —c) Beibepure Touxky X (z,0) Tak, 4ro-

6b1 MuaEME3HpOBaTh MyHKIUIO f(1) = —— 4+ ——. Tlosryunre orcroza,
U1 V2

YTO OTHOIIEHHE CUHYCOB «YIJIOB OTPAaXKEHUsI» U <«IIPEJIOMJICHUsT» (yriia
- — B _OA
mexay XA u OA u yrina mexiy X B u —OA) paBro vy /vs.

IIpejcraBbre «KpailHIOI» CUTYAIUIO, B KOTOPOil KOPaG/b HAXOIUTCS
CBOMMU HA4asIOM U KOHIIOM Ha «BHEIIHE{l CTOPOHE» yIJIa, MPUIEM OJi-
HOBPEMEHHO onmpaeTcst Ha yros B 270° oJHON M3 CBOMX BHYTPEHHUX
To4YeK. BBeure yros ¢ MexIy OJHON M3 CTOPOH yIjla M KOpabJéM B
5TOT MOMeHT. PaccunraiiTe JUIMHY TaKOro OTpe3Ka MeK/y KOHIIOM U
HagaJioM KopabJis, a 3areM Haiiaure €€ MUHUMYyM. B 3aBUCHMOCTH OT
yIyia @ JiuHa oTpeska paBHa f(¢) = h/cosp + h/sinp.

f upencrasisier coboit CKaJISIPHOE IPOU3BEACHNE €ANHITHOTO BEKTOPA
Ha BEKTOp C KoopjauHaramu @ = (2, —1,4), nmepemennasi BeJIHIHHa —
HaIIpaBJIEHUE 3TOTO eINHUIHOrO BeKTopa. s MakcuMu3anun HeoOXo-
JIIMO BBIOPATH €JMHUIHBIN BEKTOD, KOJUIMHEAPHBIH BEKTOPY d.

32
[Tycte BoIcOTa C'H 06pasyer ¢ ockio OX yroa a. Torna CH = —— a
sin «
32-8
AB = , 1 moToMy Sapc = — . [lyomaae MuHUMAJIBHA
cos « 2sinacos o

pu sin 2a = 1 u paBHa 256.
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15.

16.

17.

18.

Beesem yron a = ZAOB. Torna AB?(a) = R? + 4R? — 2 - 2R%cos a,

cora h(a) R-2R-sina eKOMO® OTHOMOMITe h 2sina
BBICOT a) = ——— . Nckom THOINIEHNE —— — —————————.
AB(a) AB 5 —4cosa
AB )
Vnobuee HAXOIUTH MUHUMYM —— = — — 2ctg . OH mocturaercst
h 2sin o

pu CoS @ = —.

5

Touka O nexut ua 6mccekTpuce yrma A. Obosnaunm depe3 D TOUKY
kacanuss AC ¢ nanHoii oKpykHOCcTbIO, & ZBAO = ZCAO = «. Torna
2

1
SaA0Cc = §R(AD + DC) = %(ctga + tg2a). Munumusarus 1oit
V2(v5-1)

GYHKIUN 110 (v IPUBOIUT K TOMY, YTO Sin ¢ = —

Ceuennst Kyba mIockoCcTsiMu (3, TPOXOJISIIIME depe3 B U mapaJiieib-
ueiMu AC, MmoryT niepecekarhb pebpo AB wiu pebpo AD (imbo He nepe-
CeKaTh HU OJIHOTO M3 HUX, HO 9TOT CJIydvaii, He j1aér MakcumyMma). st
mepecedenns 5 ¢ AB MaKCHUMyM JIOCTUTAETCsT, KOT/Ia 3 TPOXOJIUT Yepes
AC, noma b cedeHns B 3TOM ciydae ecth Sp,Ac = V/3/2. Ecmm xe
$ nepecekaer AD B Touke E u CD B Touke F', to EF || AC. O6o3zna-
yuM AE = CF = z. IlokaxKure, 9T0 ILIOIIAIb IPOEKIIUNA CEYCHHUSI HA
mnockoers ABC pasua Sy (apcy = 1 — (1 —)%/2, a nmnomazp camoro

Spr(ABC) 2
cevYeHus Torja papua ——— 1jie tg ¢ = ——. [lomas npoekiun
cos 1+=z
14 2z — 22
V2(1 + )

uccaeoBarh 31y byHKIuo Ha sKcrpemyM Ha [0, 1]. On gocruraercs
mpn zog = v/2 — 1.

Ecan a, b m ¢ — paunbl p€bep mapaJsiiesennieia, TO IEHTPHI ITapoB
B IOJAXOJSINEH CHCTeMe KOOPJMHAT HAaxoAATcss B Toukax O1(ri,r1,71)
u Og(a — r9,b — 19, ¢ — 13). Yesosue Kacanusi ects (] + 79 — a)? +
+(ry + 72 = b2+ (r1 + 12 — ¢)® = (r1 + 72)?%, 9T0 ecTh KBajpaTHOE
ypaBHeHue 11st t = 11 +79. [locse mogcranoBku ¢ = 6+v/2, b = 6—1/2,
¢ = 6 u mnpeobpasoBaHUi mosydaeM ypasHenue t2 — 18t + 56 = 0.

leomerpudecknit cMmbics ecTh ik y KopHs t = 4. Cymma 06bEMOB
4 5 o3 4 ) 167
ecth Vy = 577(7”1 +13) = §7T(7“1 + 7”2)((7“1 +12)” — 37“17“2) = T(LL +

+3(r; — 2)2). MunnMaIbHOE 3HAYEHUE JIOCTUTAeTCs IPU T = 2.

cevenns Ha A;C1A; ectb S = Sy apo)tgp = , ocTaérCst
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K pasdeay 5.1, c.

n n
1. ns mpousBosbHOM Touku (O Ha MIOCKOCTH g m; X Xz = E m; X (3 +
i=1 i=1

n
+Z 771,07Z Touka X — 11eHTp Mace, eCJIM U TOJIBKO €CJIN JIeBask 9aCTh
i=1
paBHa Hy/10. OTCI0/Ia eIMHCTBEHHBIM 00pa30M BBIParKaeTcsl BEKTOP U3
Touku O B LIEHTP MAacc.

2. Iycrs {(Aj,a:)} n {(Bj,bj)} — nse gactu (moxcucremsr) obrmeit cu-
creMbl Macce. [ moKasaTeanLeTBa JOCTATOYHO 3alUCATh JJIA TOUKH
X — menTpa Macc Bcell CHCTEMBI, a TaKyKe JJis TOYKu B — IeHTpa
macc cucremsl {(Bj,b;)}, BEKTOpHbBIE OLpe/eTeHnst IIEHTPa MacC:

Zaim—i—ijX—B;:d ij?Bj‘Zﬁ,
i J J

a 3aTeM BbIY€CTb U3 OJHOI'O paBE€HCTBa JIpyroe.

3. Pacmonoxkenne Mace, MpuBOJIsAIee K MEHTPY Mace X, yKa3aHO B pa3o-
OpaHHOI 3a/1a4e JTaHHOIO Pa3Jea.
i. BocmoabsyiiTech TeMm, 9To B] — IEHTP Macc ABYX MacC, PACIIOJIO-
keHHbIX B A u C.
ii. Ilpexmonoxkure, uro npsimass CX mepecekaer AB B Touke Cs, a
3areM jokaxkure, yro C71 = Co.
iii. Mcnomnb3yiiTe (MHOrOKpaTHO) ciiejtytoriee cOOOpayKeHne: eCJin CTo-
poubt BC u DE tpeyronsuukoB ABC nu ADFE nexart Ha OFHOHN Tpsi-
MOIi, TO uX IO M oTHocaTcst Kak BC : DE.

4. 3ajava perraeTcs aHAJOTMYHO MPEILIYINEH Mocae KOPPEKTHOH pac-
cTaHOBKM Macc B Toukax A, B, C Tax, urobbl X craja IEeHTPOM Mace
CHCTEMBL.

5. Tlokaxwure, aro mys cucremsl mace (A, a), (B,b), (C,¢) nearpom macc
SIBJISIETCSL TOUKA IlepecedeHns: obuccekrpuc rpeyroabunka ABC.
Jlst BTOporo ImyHKTa AEHCTBYHTE aHAJOTHYIHO IIPEIBLAYIIM 33 TaTaM:
[IOMECTUTE MAacChl B BEPIIUHBI TPEYTOJbHUKA TAK, YTOObI TOYKA IIe-
peceuenust ouccekrpuchl AA; n menuannl BBp crana MEHTPOM Mace
CHCTEMBL.

6. Mcmosp3yiiTe Macchl Jijisi BBIYHC/IEHUsI OTHOINIEHUN JIJTUH OTPE3KOB U
TeopeMmy DaJieca JUIsT JOKa3aTEILCTBA MaPAJIIeTbHOCTH.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

,HOKa?:aTeJH)CTBO AaHaJIOTUIHO JABYMEPDHOMY CJiy4alO, JJOCTATOYHO pac-
CTaBUTH OJMHAKOBBIEC MAaCChbl BO BC€ BEPIINHBLI TeTpasJapa.

Ecin npsamble nepecekaroTesa B OJHOM TOUKE, 3Ty TOYKY MOXKHO CAEJIaTh
LEHTPOM MacC U MOJIYUNTL UCKOMOE COOTHOIICHME U3 BLIUMCICHUS OT-
HOIIEHHUS YaCTEHl CTOPOHBI TPEYTOJBHIKA IO TPAaBUIy phrdara. Jokasa-
TEJILCTBO B 0OpaTHYIO CTOPOHY MOXKHO Iposectu, nposens C'Cy depes
Touky nepecedenust AA; ¢ BB u mokasas coBnaaenne Touek Ch u Co.

Caenaitre Touky P IEHTPOM MacC W BBIPA3UTE APOOHU, BXOISAIINE B CO-
OTHOIIIEHUE, Yepe3 MOy YUBIITNECS MAacCCHI.

O6osnaunm AB; = AC, = x (AB; = AC) 110 cBOiiCcTBY KacaTeJbHOI
K okpyxkHoctu), BC; = BA; = y, CA; = CB; = z. Paccmorpure
cucremy mace (A,yz), (B,zz), (C,zy).

Haiture, na kakue yactu 109k A1, By u C] JeJI9T COOTBETCTBYIOIINE
CTOPOHBI.

Ilycte AD : DB = x : y. Pasmecrure B Bepmnnax Tpeyroibauka ABC
MaccChl £ + ¥, & 3aTeM MEePErpynnupyiTe UX B BEPITUHBI TPEYTOJIbHUKA
DEF (B xaxk10il U3 HEX JIOJZKHA OKa3aThCs BCE Ta JKe Macca T + y).

Bripaszure ¢ mOMOIIBIO Macc MCKOMOe oTHolleHue vepes aauny BC u
nmuny AC, menstiomyiocst or BC' no 3BC.

Metoa mMacc momoraeT MpHU PENIeHUH BTOPOrO IIYHKTA: PACCMOTPHUTE
IJIOCKOCTD, B KOTOpoii jieskar DL u AM, n pemure B Hell TaHUMET-
PUYECKYIO 33/a49y.

Otnomenne EFF ¥ DFE He 3aBUCHT OT TOrO, IJie MMEHHO IIPOBEIEHA
npsimasi, napaJjenbias AC. Ilposemure e€ yepes N. Jlajee mokaxxu-
Te, 9TO TouKa F Oymer mentpoMm Mmacc cucremsl (A, 3), (B,2), (C,1).
[Tosyuute orciona pasencrso EF = 3DE.

Ha, nexar. [IpumennTe HECKOJHKO pa3 TeOPEMYy O MEePerpyrinpoBKe
MaCC, U3HAYATBHO MOJIOYKUB OJJUHAKOBBIE MaCChl BO BCE TOUKHU.

D10 TaKKe 3ajlada Ha IPUMEHEHNEe TeOPEeMbl O Tieperpynnuposke. Pac-
cmorpure cucremy macce (A,1), (B,1), (C,1), (D, 3).

CrienmaiiTe TOMOTETHIO OTHOCUTEIBHO MIEHTPA MACC BCETO YETHIPEXYTOJTb-
Huka ¢ Koabdunuentom (—1/3).

IIycte P — Touka mepecevennss AA; u B1Cy. [lokaxkure, uro P ecThb
nentp macce cucreMsbl (A,2), (B,6), (A,9), (C,3). Ilepsble nBe macch
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20.

rpynnupytorcs B C, a Bropeie gse — B By, mosromy C1 P : PB; = 12:
:8=3:2.

Pazobuém cdepy Ha ropuzonTag bHBIE CJI0oM MaJjioil TomuHbl h. Ilmo-
aJIb [TIOBEPXHOCTU TAKOIO CJIOSA paBHA 2 - 7 -7 - [, Tjie 1 — «pajimyc»
9TOTO CJI0s, & | — JJIUHA JIyTH, JeXKalell B cedeHnn 3Toi cdephl mI0c-
KOCTBIO, MEPIICH IUKY/ISPHOI «IIOCKOCTH» CJIOS (JUIMHY 9TOMH JyTH am-
IPOKCUMUPYEM JJINHOM MPSIMOJTMHETHOTO OTPE3Ka, ¢ KOHI[AMY Ha, KPAasiX
nyru). pubmmkénso r ~ Rsing, T1e ¢ — yroj MexJy BePTUKAJLIO
U HAIPABJIEHUEM Ha, IPOU3BOJILHYIO TOUKY CJIOsi U3 IEHTpa cdephl, a

| % ——, IOSTOMY Macca pacIpejie/ieHa 10 BBICOTe PABHOMEPHO. JTO
sin

3HAYUT, 9TO IePECTAHOBKA HE M3MEHWIA IEHTP MacCC, OH HAXOUTCS Ha

BbICOTE R OT IJIOCKOCTU OCHOBAHUSI.

K pasdeay 5.2, c.

1.

— 5\ 2
PackpoiiTe ckaigpHbIii KBaJIpaT B BbIPaYKEHUU Z mg (ﬁ + XX k)

k
U UCHOJIb3YHTe BEKTOPHOE OlipejiejieHue IIEHTPa Macc.

Bamumem Teopemy ['oiirenca—Ilreitnepa mast roukn X (m — cymmap-
Hasl Macca):
Jx, = Jx +mXX] &

& mlmg(X1X2)2 + mlmg(X1X3)2 =miJx + mlmOX12.

AHaJIOFI/I‘{HO 3alliliemM eme JBa paBE€HCTBa:
2 2 2
mgml(X2X1) +m2m3(X2X3) =moldx +Wl2mXX2,

mgml(X3X1)2 + mng(X3X2)2 =mgJx + mngX32

Ocraéres CIIOXKUTDH UX.

[TomecTtuTe B BepmuHbl o Macce 1. MoMeHT WHePIUH OTHOCUTETHHO
nenTpa Macc (mentpa chepnl) ecth Jo = 4R?, a oTHOCHTEIBHO Bep-
mmasl A ects J4 = 3a?. Ipumenure teopemy oiirenca-IlITeitnepa u
nosyuantre coornomenne 3a2 = 4R? 4+ 4R2.

i. Cuaenyer u3 reopemsol ['oitreaca—IIlreitnepa. Pasencrso mocruraer-
CsI €CJTU U TOJIBKO €CJIM BCE TOUETHBbIE MACCHI HAXOIATCS B OJTHON TOUKE.
ii. Cnenyer u3 teopemsr ['toiirenca—Illreitnepa.
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10.
11.

O603HaunM JTUHBI CTOPOH Tpeyroyabhnka AB = ¢, BC = a, CA = b,

BD
a OTHOIIEHUST —— = &, BC =V OueBuno, x + y = 1. Paccmorpum

BC
cucremy macce (B,y), (C,x). Touka D — nentp macc cucremsbl. Ilo

-zy- BC?. Tlo onpeie/IeHIIO MOMEHTA,

TeopeMe fkobu 5.2.2: Jp =
x

uneprun: J4 = - AC? +y- AB? = 2b? + yc?. Ilo teopeme Ioiirenca
lreitnepa: J4 = AD? + Jp, orkyna xb? + yc? = AD? + yx - a®.
Touka P siBasiercst ieaTpoM Macce cucreMsr (A, 1), (B,9), (C, 3). IIpu-
menuTe TeopeMbl Axobu u ['oiirenca—Illreitnepa.

i. Bocnosb3ayiitech Teopemoii I'oitrenca—IlIreitaepa.

ii. Bocnosbzyitrech Tem, uro Touku O, G u H jiexkat Ha OJHON IpsiMOit
(G — Touka nepeceveHus MejnaH Tpeyrosbhuka), npudem OH = 3GO.
[TomecTuTe B BepIIUHBI TPEYTOJHHUKA €IMHUIHBIE MACCHI U BOCIIOJIb-
syiiTech Teopemamu ['tofirenca-Ilreitnepa n Axobwu.

ITo Teopeme I'tofirenca—IIlTeiinepa cymma B yCIoBUM paBHA
(a+b+c)XI? +alA? + bIB? + cIC?.

IIpu srom 1o yeaosuto X I = r. JJokazkure, uro al A2 +bIB? +cIC? =
= 4pRr.

i. PaccmarpuBaemas Touka — IeHTP Macc cucrembl. Vcnombayiite
Teopemy fkobm.

ii. Ucnomnwssyiite Teopemy [toiirenca—IllTeitHepa u pesysbrar mnpejibi-
JYIIEro IMyHKTA.

Ucnonb3yiite Teopemy ['roiirenca—IIIreiinepa.

i. CepeauHbl XOPJ, €CTh MPOEKIUA TIEHTPa OKPYKHOCTEN Ha, MpsIMbIE,
TOTIaPHBIE YTJIBI MEYKIY KOTOPBIMHU PABHBI 60°, TOITOMY 9TH CepeTNHBI
€CTh BEpIIUHBI IPABUJILHOIO TpeyrojbHuKa (3aja4da 24 paszena 1.2),
OpudIéM OHH JIesKaT Ha OKpY2KHOCTH ¢ nuamerpoM PO (O — meHTp nc-
XOJIHO#T OKpy2KkHOCTH). LIeHTp Macc CUCTeMBbI MIECTH € IMHUIHBIX MACC B
roukax A, B, C, D, E u F — touka nepecedenns mejuald G yKa3aH-
HOTO PaBHOCTOPOHHETO TpeyrosbHuKa. Coracuo Teopeme [foitremnca—
Mreiinepa: Jp = Jo (nenrp macc G jexur B cepenune orpeska PO).
[osromy Jp = 6R2.

ii. CepenuHBI XOP/I, IEHTP OKPY?KHOCTU U TOYKa P 0bpa3yror mpsmo-
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12.

13.

YIroJIbHUK. HeHTp MaCC — TOYKa IlepeCcedCHUsd ,HI/IaFOHaJIeﬁ 9TOI'0 IIpA-
MOYTOJIbHUKA.

B passépuyToit ¢popme Tpebyemoe paBeHCTBO O3HAYAET, UTO

% j 1,5

J

11 BBIBOIA PACKPOITE CKAIAPHLIA KBAIpaT B BLIPAYKCHUN
2
> aib, (XB; - X4,
i,J

PaBHOM IIPABOIl YACTH JOKA3BIBAEMOUN (POPMYJIBI. 3aTEM UCIOIb3YiTe
BEKTOPHBIE OlpeJiesIeHusT eHTpoB Macc A u B.

[Tycts B Tpeyronbauke ABC cepegunnt cropon BC, CA u AB — Tou-
ku Ay, By u C1, a I — rtouka nepecedenns: buccekrpuc I. [Iycts nenTp
OKPY?KHOCTH, TTpoxoisiteit yepe3 Ay, By u C1 — rouka W. ObozHadmm
TaKyKe CTOPOHBI TPEyroJbHUKA 4Yepe3 a, b u ¢ (CTOpoHA JIIMHBL G Jie-
JKUT TIPOTUB BEPIIMHBI A, aHAJOIMYHO Uil IBYX JPYIUX BEPIIUH), a
paanychl BOUCAHHON U OMMCAHHON OKpYy2KHOCTeH depe3 7 u R cooTBeT-
CTBEHHO.

Jocrarouno nokazatsb, aro WI? = (R/2 — r)%. LlenTp mMacc cucrembl
(A,a/2), (B,b/2), (C,c/2) nexur B I. IleperpynmmupyemM 9TH Macchl B
HoByIO cucremy macc: (A1, (p—a)/2+ (p—a)/2), (B1,(p—0b)/2+ (p—
—b)/2), (C1,(p—c¢)/24+ (p—c¢)/2). s nocie et CHCTEMbI 3aIHIIIEM
Teopembl Akobu u I'oiirenca—IIreitnepa. 1lo Teopeme Axobu:

5= - -HE + - BE-0% + - - ) =
I—p p—a)p 1 p p 04 p—c)ip (14 =
_abe_S?
= >
2 2
ITo ompenenennto JX:((p—a)+(p—b)+(p—c))%:%_ o
Jw = Jr

teopeme 'oiirencalteitnepa X 12 =
p
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K pasdeay 5.3, c.

1. Hcnomwb3yiiTe TeopeMy O HeperpymninpoBKe.

2. i. Banmmmre A1 TOYKU Epecedenusi Juaronasieil X BeKTOpHOE oIpe-
JleJIEHUE TIEHTPa MACcC M BOCIIOJIb3YHTeCh HEKOJIIMHEAPHOCTHIO BEKTOPOB
XA u X,

ii. Sammmmure BeKTOpHOE OINpeeseHne IeHTPa MacC.
iii. CrpynnupyiiTe Tpu Macchl, 10 MOJLYJIIO paBHbIE |b|, H06aB/IeHHbIE
BO BTOPYIO CHCTEMY IO CPABHEHUIO € MEPBOA.

3. IlomecTuTe B BepIIUHBI TPEYrOJbHUKA O Macce 1, a B Touky P maccy
(—=1). Tpu maccer B Toukax A, B u P moxno crpymnmnupoBath B Pe.
AHAJIOr'TYHO MOXKHO CIIeJIaTh JJIsl ABYX JApPYyrux To4yek Ps u Po.

4. Paccmorpure cucremy mace (4,2), (B,—-2), (C,2), a B S nomecrure
maccy (3 — 4+ 5). Jasee crpynnupyiite Macchl OCHOBAHHsI [THPAMUIBI
B TOUKY D.

Bocmonbsyiirecs 3amateir 1.

. N -
6. Yciosue mMoxkHO nepenmcars B Buge (x — 1) - CAp +1- A4 =0
(y—1)-CB1+1-BBy = 0. Touka M SIBISIETCSI EHTPOM MACC CHCTEMBbI

cc +
r+vy
A1), (B,1), (C,z—1), C,y—l,OTKy,ZI,&:l = .

7. Cuyuait napaJjensaoctu nupsmbix AAy, BBp, CCy paccmarpuBaer-
Csl OTIEJIBHO M OCTABJISIETCsl YuTaTeiio. [IycTh mpsiMble Mmepecek/nch
B onuoit Touke P. Touka A umeer GapuUIEHTPUYECKHE KOOPIUHATHI
(0,a1,1—ay). fcuHo, aTo Besikas TOUKA, JexKalias Ha npsamoit AA;, Mo-
KeT ObITh 3a/jaHa (HEHOPMUPOBAHHBIMU ) GAPUIIEHTPUIECKUME KOOD/IU-
naramu (k : aj : 1 —aq), nosromy ypasuenne AA; ecrb a1z = (1—ay)y.
Anasnornano nosydaeM ypasHenusi desuan: BBy (bjz = (1 — b1)z) n
CCy (c1y = (1 — ¢1)x). Cucrema JuHEHHBIX ypaBHEHUI

a1z = (1 - (Il)y,
bll‘ = (1 — bl)Z,
ay=1—-¢c)z
UMeeT pellleHre, MPUIEM POBHO OHO, B TOM H TOJBKO B TOM CJIydae,

1-— 1—-b 1-—
a L. a4 _q. Obparnoe

KOr'Jla BBIIIOJIHEHO COOTHOIIIECHHNE
aq b1 c1
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10.
11.

12.

13.

YTBEPXK/JIEHUE JIOKA3BIBAETCSI C UCIIOJb30BAHUEM IPSIMOTO: €CJIU TP de-
BHAHBI He [EPECEKJINCh, TO Yepe3 TOUKY IepecedeHns: deBnan AA; u
BB caenyer nposectu desuany C'Coa, a 3aTeMm u3 ycjioBusi UeBwl J10-
Kazarh copnajenne Touek C1 u Cs.

CyMMa BEKTOPOB, MEPHEHUKYISPHBIX CTOPOHAM Y€TBIPEXYTOJbHUKA,
JUIMHBI KOTOPBIX paBHBI JJIMHAM COOTBETCTBYIOIIUX CTOPOH, PaBHA HY-
Jio. utsi mokazaTesbCcTBa MOBEpHHUTE Bce 3TU BeKTOPhI Ha 90° u ciio-
XKUTE. DTU PACCYXKJIEHNUS TTOKA3bIBAIOT, UTO IEHTP MAacC CHUCTEMbI Ha-
XOJIUTCST B IIEHTpe OKpy2KHOCTH (cM. 3amady 14 pasgena 3.1).

Berauciiure opueHTHpPOBAHHBIE ILIOMAAN OA3UCHOTO TPEYTOJbHUKA U
Tpeyrosbanka X BC' ¢ HOMOIIBIO BEKTOPHOTO IIPOU3BECHUS (CM. pas-
nest 3.6). Vcnosb3yiite BEKTOPHOE PaBEHCTBO } =pA + qﬁ + ra
JIST TIOJIyYeHUsl BEKTOPOB-CTOpOH TpeyrojbHuka X BC. Yiao6HO uc-
[IOJIb30BATH CJIeyIoNyio (dopmyiy: eciau O — TPOU3BOJIbHBIN TIOJIIOC,
ABC — tpeyronbhuk, a = OA, b = O , ¢ = 0?, TO OPHUEHTH-

pOBaHHas IJIOMAIb Tpeyroibuuka ABC paBHa amminkare BEKTOPa

1 - -
—(bxc+cxd+axb).
2

Bo Bcex nmynkrax ucnosib3yiite 3auaqy 9.

IIycte O — upoussosbubiil nomoc, ABC — 6a3ucHbI TpeyroJbHUK,
a= 0A, b= 0B, ¢ = 0C. Torma opueHTHpOBaHHAasI ILIOIIAIL Tpe-

yronpuaunka ABC' paBHa anmnkaTe BEKTOPa S+ Ao = §(b X C+CXd+
+ @ x b). JlokazaTesbCTBO CBOAUTCS K HECKOJBKO YyTOMHUTEIBLHOMY, HO
HE COJIEPKAIEMY MTOJIBOXOB PACKPBITHIO CKOOOK B IIPABOI 4acTu paBeH-

CTBa giXYZ = % (Y X 7 + 7 X 7 + 7 X Y) TI0CJI€ TIOJICTAHOBKU B

HEro ? = Po@ + Qb+ 7,C U emgé AByX aHAJOTUYIHBIX PABEHCTB JIJIs ?
u

Bocronb3yiiTech yTBeprKIeHUEM TPEALIAYINeil 3aadu, BLIUUC/UB Oa-
pHUIleHTpUYeCKre KoopauHaTel Touek P, QQ u R.

BocmnionbayiiTecs 3amateit 11. HopMupoBanubie 6apuiieHTpUIeCKue KO-
opaunatrsl Todek O, I u H npuBenTe K CJIEALYIONEMY BULY:

)

O<aRcosa bR cos 3 cRcosv)

2pr 2pr 2pr
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I i7£7£ b
2p 2p 2p

H(aRcosﬁcos*y bR cos a cos 7y cRcosBcosa)

9 9

pr pr pr
Ornomenne mwiomaan AOIH k mnomagu 6a3MCHOTO TPEyTrOJbHUKA
ABC paBHO MOJIYJIIO OIPEIAETUTEIsI

acos bcos g € Cos "y
a b c =
acosfBcosy bcosacosy ccospfcosa

R 1 R
2pr 2p pr

3
= R—(cosﬁ — cos a)(cos a — cosy)(cosy — cos 3).

C IIOMOIIIBIO TEOPEMBI KOCUHYCOB IIOKazKUTE, ITO

cos B — cosa = (“b)<a+l;a+bcc)(a+bc> _ (agi(g@'

14. Bsexure 6apuiieHTpudecKue KoopanHarhl (&, y, z) rouku P. Hecsoxuo
BBIPA3UTH Y€Pe3 HUX KOOPJUHATHI OCTAJILHBIX TOYEK:

Cl<x ) Y 7O>7A1<0a Y ) z>7B1<x 0, © )
rT+y x+y y+z y+=z r+z Tx+z

Koopauaarsl jjist BepiuH 6a3UCHOrO TpeyrojbHUKa odeBuaHbl. Cpe-
x Y z Y z x
JUTe yCJIOBHE Ha IUIOMIQAW K PaBEHCTBY — + — + — = — + — + —
Y z x x Y z

Ha OapurieHTpuvIecKue KoopauHatel Touku P. [losydyernHoe paBeHCTBO

pasHocwibHO (z —y)(y — 2)(z — x) = 0.

15. i. Bocnomwayiitech 3amadeit 11, 9T00bI 10Ka3aTh, YTO TPU TOUIKH Jie-
KaT Ha OJIHOU IIPAMOMA.
ii. Croponbl TpeyrosibaHEKa uMeoT ypaBHeHus £ = 0, y = 0 u z = 0,
a MeInaHbl 3a/Ial0TCA YPaBHEHUAMU T = Y, Yy = 2 U 2 = T.

16. Ilycrs X1 X2X3 — Gasucublii Tpeyronbuuk. Cucremy (X1, z), (Xo,y),
(X3,2) MOxkHO meperpynnuposarb B jBe cucrembl: (X1,p), (X2,q),
(X3,7) u (X1,u), (X2,v), (X3,w). O6parHoe yTBEpK/ICHNE TAK¥Ke BEP-
no: ecau tpu Touku A, B u C jexkar Ha oxHOi nupsimoii, To B A n
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17.

18.

19.

20.

21.

22.
23.

B MOXHO TTOMeCTHTh MAacChl Tak, 4Tobbl C' 0Ka3ajiach MEHTPOM MAace
cucTeMbl. 3aTeM 9TH Macchl u3 A m B Hy>KHO IeperpyIiupoBaTb B
BepINUHBI OA3UCHOTO TPEYTOJIbHUKA, IIEPEBE/Is UX TEM caMbIM B Oapu-
[EHTPUIECKIEe KOOPAUHATHI jiyist A u B.

Bapurienrpuyeckne KOOpIMHATHI TOUKY Ilepecevuenus ouccekTpuc I ecTh
a b c p—a p—b p—c
—, —,— |, a g rouku N OHU pPaBHBI , , . Ho-
2p 2p 2p P p p
CTATOYHO CJIOKUTH KoopauHaThl Touku N ¢ koaddunuenrom 2/3 u
KoopuHAThl TOYKU I ¢ KoaddurmenTom 1/3, 4robbl TOIYIUTH KOOP-
guHATH ToYKU G. VMcnosb3yiiTe npeblIyIyo 3a1ady.

st rouek By u Ay paccMoTpuM (HEHOPMUPOBAHHbIE) GapHUIleHTPUYIE-
—

CKMe KOOpAUHATHI B g :0:11,A41(0: —CAl : —1) . IToxomrro-
B1A N A\ Alg
HEHTHasI CyMMa KOOPIUHAT g D — CAr : 0 | mexuT Kax Ha IPAMOIL
B A ﬁ

AB, tak u na npsamoit A;By (3amaua 16). Touku A, By, C nexar
HA OJIHOW HPsIMO¥i TOrJa M TOJIbKO Torja, Korja Cp uMeer (HEHOpMU-

CB; CAy
poBaHHBIE) GAPHUIIEHTPUIECKHE KOOPIUHATHl [ — : —ﬁ :0 ], uro
Ay

B A
ac, _ (-Ch/AB)
CiB (CBi/BiA)

IIpoBepwTe, uTO MOKa3aTEIBCTBO TeopeMbl ['toitrenca—IllTeitnepa 5.2.1

O3HAYAET, ITO

6e3 M3MEHEHUH COXPAHSIeTCs W JJIsi CJIydast MAcC Pa3HBIX 3HAKOB (Ipu
YCJIOBUH, YTO CyMMa MacC OTJIMYIHA OT HyJIs).

[TpoBeaure pernenne Mo aHaJOrHK ¢ Pa300paHHON B IPEIbIAYINEM pas3-
neJse 3aga4deit 5.2.1.

Beruncsmre ckassipHblii KBajpaT BekTopa (p; — ql)fT{ + (p2 — qQ)Z +
+ (ps — (J:s)/Ts> :

Ucnonp3yiiTe yTBepKACHNE TPEIbIAYINEH 3a/1a91.

Bamummre D(0,—1,2) u E(3,0,—2). C nomomuisio $hopMysibl paccTosi-

HUS B GAPUIIEHTPUYIECKUX KOOPIMHATAX (3a1a4da 21) BbraucanTe KBaJ-
parsl AD u BE. IlpupaBHuBas UX, HECJIOXKHO HOIyInTh a’ = b% + 2.
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24.

25.

26.

27.

28.

29.

O603HaMM JIJIUTHBI OTPE3KOB KACATEIbHBIX K BHEBIUCAHHONW OKPYZKHO-
crtu u3 Touek C', Bu A gepe3 x, y u z. Torna AC = z—x, AB=2z—y.
Paccmorpum cucremy u3 dersipéx mace (A4,1), (R, (z — x)/xz), (A, 1),
(Q, (z—v)/y). Ilepsble aBe Macchl rpyunupytorcst B C, a Bropbie (e —
B B, Tak uro obmuit meHTp Macc — touka P. Ecim yopars omay ns macc
(A, 1), TO IIEHTP MAaCC HEPEMECTHUTCs, OUEBUIHO, B TOUKY II€PECETCHMUSI
npsmbix CQ nu BR. Ho npu TakoM n3MeHEHUU MEHTP MACC CABUTAET-
cd BJIOJIb BEKTOpA, COEIUHSIIONIEr0 TOUYKY A, B KOTOPOH M3MeHUIach
Macca, CO CTapbIM IEHTPpoM Macc P.

Brramcenmre ckaJpHoe NpOU3BEeICHIEe BEKTOPOB W = (px — pw)z +
+ (qgc _Qw)ﬁ"‘ (Tx _Tw)gpﬂ ﬁ - (pz _py)§+ (QZ _Qy)g‘f' (Tz _""y)8
U IIpUPaBHANTE €ro K HYJIIO.

[Mokaxkure, aT0 BeKTOpP (G — T)Z +(r— p)? +(p— q)a napaJiieieH
mpsMOii, 3alanHol ypaBHeHUeM px + qy + rz = 0. Sanumunre anao-

I'MYHO BEKTOD, HapaJlle/bHBI BTOPOI IPpAMOH, a 3aTeM IpUpaBHANTE
HYJIIO CKaJIIPHOE IIPOU3BECHNE IIOJIYIEeHHBIX BEKTOPOB.

Bribepure B KatecTBe MoJIOCA IMEHTP OMUCAHHOM OKpYy2KHOoCcTH O 6asuc-
HOro Tpeyrosbhuka. Touka P(x,y, z) JeXKUT Ha ONMUCAHHON OKPYKHO-
CTU TOTJIa M TOJILKO TOTJIa, KOT/a OP? = R2. it BeIYMC/IEHUST OP?
HUCTIOIB3YUTE yTBEPXKIeHNe 33191 21.

Teopema $Ikobu mokazeiBaet, uTo a’yz + b’rz + Ty ecTh MOMEHT
uneprun Jp cucremsl (A, z), (B,y), (C,z) OTHOCHTEIBLHO IIEHTPA MAacC
P. Tlo teopeme I'oiirenca-IIreiitnepa on pasen Jo — OP? = R%(z +
+y+2z)—OP?=R?-OP

Ecim P umeer GapuneHTpudIecKue KOOPIUHATHI (XY, 2), TO MOXKHO
HafTH KOODP/IMHATHI TOYEK

Al <07y) : > ) Bl <:L‘)O) Z> ) Cl < - ) Y 70) .
Yy+z y+=z T+ z r—+z r+y r+y
Bapunienrprieckne KOOpAUHATH TOUKH rtepecedennst Mmeauan AA, B1C:

1 1 1
(=) () (=),
3\z+z z+4+y/) 3\y+z y+zx) 3\z+x z+y

11
37373

ITo ycitoBUiO 3T KOOPAUHATHI COBIIAIAIOT C ( > . ITokaxkure, aT0

rT=y =z



351 VKazaHus 1 MOICKA3KI

30.

31.

32.

oy ey
ITo ycnoBuio HaiiryTcst Takue 9ucia ., y, z, aro B1C1 = ¢ A ﬁ, C1A, =
=yBP u A1 B; = 2zCP. CymMa 9TuX BEKTOPOB PaBHA HYJIIO, TIO3TOMY
(x : y : z) MOXKHO B35ITb B KaueCcTBe OAPUIIEHTPUUECKUX KOOPIMHAT
rouku P. Hanee, nycrs B Tpeyroibauke Ay B1Cy 1esuanbl AAs, BBo,
CC5 napajutenbabl coorBerctBerHHo npsimbim BC, CA u AB. Torma

3 iy s

Haiiyress quciaa p, q, v takume, yro C1Cy = pAB, B1By = qCA n
A1As = rBC. IlepenuinemM nepBoe COOTHOIIEHUE B BUIE

CiCy=p (P? — P—z>4> = §A101 + 23101.

Anajiornyso u BlB; = gClBl + gAlBl, A1Ay = fBlAl + CClAl.
x z z

Teneps sicro, a0 nenTp Mace cucreMsl (Ch, 2), (B1,y), (A1, x) gexnr
Ha BCeX TPEX dYeBUAHAX.

O6osuaunm CD =z, BD =y, AD = z. Torma MoXXHO 3amucaTth 6apu-
HeHTpuYIecKre KoopauHaTbl Touku D(0 @ x : y) U TOYKH lepecevdeHus]
6uccexrpucsl DIy co croponoit AC: (x : 0 : z). [omyuanre orcrona s
TOYKN Tepecevenns: buccekrpuc Iy Koopauuatsl (ax : bx : az + by)
(ncmosb3yiiTe TO, YTO TMEPBBIE JBE KOOPMHATHI OTHOCATCS Kak a : b, a
TPETHIO BLIUUC/IUTE U3 ypaBHeHus! psiMoit DIs). Auamoruano u I (ay :
caz + cx : cy). Koopaunarer Toukn nepecedenuss Bl u Cly Tenepnb

MOXKHO BeraucsnTh: (azy : x(az + cx) : y(az + by)). Ilpunayrexuocts

x  xz(az + cx)
9TOll TouKM npstMoit AD paBHOCHJIBHA TOMY, UTO — = ———————.
y  ylaz +by)

Bocnombayiitecs momobuem tpeyronpaukos PBA u PAC. Tlonyuanre
Gapunenrpuyeckue Koopaunarst D(c:b:0), E(b: 0: ¢), Q(bc: b : c2).
Koopmuuarer Toukn P(0 : x : y) MOKHO HAfTH U3 yCJIOBUS IPUHAIEK-
noctu P, D u E omnoit npsamoit: P(0 : b% : —c?). Haxonen, npupasnsiite
HYJTIO OTIPE/IETUTETh, COCTABIIEHHBIN N3 GAPHUIEHTPUIECKUX KOODIMHAT
rouek P, Q u O(acosa : bcosf : ¢cosy) U mojaydure OTCIOJA, UTO
2abc cos v = abc.

K pasdeay 6.1, c. |176

1.

B nynkre i ZHC Ay = LA3CAp (06a st yria pasasl LA3AB). Tlo-
sromy TpeyrobHuku ABHC u ABA3C cuMMeTpUYHBI OTHOCUTEIBHO
cropoust BC'. B myukre ii Tpeyronsunku ABHC n ABA4C cuvmmer-
PUYHBI OTHOCUTETHHO TOUKN Aj.
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10.

JlocTaTovHO IPUMEHUTD IPEABLAYILYIO 3a0a4y: TP POMOTETUN C IIeH-
tpoMm B H u koapduimenrom 1/2 rouku Az u Ay nepexonst B Ag u
Ay coorBeTcTBeHHO, a A nepexonuT B Ao, aHAJOIMYHOE BEPHO M JJIs
pepmine B u C'. lleHTp onucaHHON OKPY?KHOCTHU [TEPEXOUT B CEPEIUHY
orpeska OH, a eé paanyc yMeHbBIIAETCA BIBOE.

[Tpu romorerun ¢ kosddurnmenrom (—1/2) u nearpom B G Beprnua A
nepexouT B cepeguny A, a npamas AH — B npsmyo A10. Anao-
ruvaHO u aApyrue BeicOTbl AABC 1epexosiT B CepeIuHHbIE TIePIIeH M-
KyJIsipbl, 1 moatroMy H mepexoaut B O.

BocronbsyiiTecs Toii ke romorerueit H, 5 Y 2, 4TO U B IpelbLaylneil 3a-
nade. Ilpsmas AM nepexomur B npsamyo BC, a onucaHHast OKPYK-
HOCTH TIEPEXOJIUT B OKPYKHOCTD JIEBSITA TOYEK, TIPOXOIANILYTO depe3 Ag
un Aj. Ilokaxkure, 9T0 Ipu yKasaHHOU romorernn M mepexomut B Ag.

i. Bocnosb3yiiTech Teopemoit 0 cpeHell JUHUU TPEyTrOJbHUKA.

ii. JliobOble gBa N3 paccMaTPUBAEMBIX IIPSIMOYTOJIbHUKOB UMEIOT ODIIY IO
nauaroHasib. I3 aToro yxke ciieyer, 9To Cepe/IMHbI CTOPOH U CePeIIMHbI
AH, BH, CH nexxat Ha OTHOH OKPY>KHOCTH.

iii. OcHOBaHMsI BBICOT JIesKAT HA TOl YK€ OKPYKHOCTH (U3 KaXKJIOr0 U3
HUX KaKOW-JMOO0 M3 JHAMETPOB BUJICH IO IPSIMBIM YTJIOM).

iv. Paccmorpure cepenunnbiii Tpeyrosibauk Ay B1CY.

v. 9ro ciencrBue myHkTos i u ii. Ilpocienure 3a nuaronansvu pac-
CMOTPEHHBIX B 9TUX IIYHKTAaX MPSIMOYTOJILHUKOB.

vi. Ciydail TyIIOyroJbpHOTO TPEYTOJbHUKA aHAJIOIHYEH OCTPOYTOIHHO-
MY: 9ePTEXK JJIsd HErO TOJIYyIaeTCs MepeobO3HAMCHIEM TOUEK U3 CJIydast
OCTPOYTOJILHOT'O TPEYTOJILHUKA.

DTO HpsIMOE CJIeJICTBUE MPEIbIIYINell 3a/1a9 B IPUMEHEHUN K CJIY a0
TYHOYTOJBHOI'O TPEYyTOJbHUKA.

—1/2 o
HpI/I roMoTeTnun HG / KacaTeJIbHasd K OIIMCaHHOU OKPY2KHOCTHU B TOYKE
A IepexoauT B KaCaTeJIbHYIO B TOYKE Al K OKPY2KHOCTH [AE€BATHU TOYIECK.

~1/2
C nomommpio romorerun H / mokaxkure, uro AH = 20A;.

Paccemorpure tpanenyio HAgA1O u €€ cpeHion JIUHUAIO, OJHUM W3
KOHIIOB KOTOPOIi siBJisgeTcs Touka F.

[Tycts Q — TouKa mepecevenns guaroHasieit. 3aMeTnM, 9To F — Toduka
nepecedenus Boicor AABD. Ilo cBoiicTBy opTOLEHTpa TPEeyroJbHUKA,
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11.

12.

13.

14.

15.

16.
17.

18.

EQ = QC. Ananoruuno, F'QQ = QB. Torna BCFE — pom6. Ciengosa-
tenpHO, BF = BC = 1.

Touka, cummerpuyHast opronenTpy H orHocurenbHo npsmoit BC, je-
JKUT Ha onucanHoit okpyxkuoctn AABC, 1 MOTOMY paanyc OMMCAHHOM
okpyxkuoctu H BC Ttakoit xe, kak y AABC.

Jns tpeyrompauka H BC Touka A gBAseTCsST OPTOMEHTPOM, a TEHTP
OIHUCAHHOM OKpYyKHOCTH — 00pa3 Touku (O IpU CUMMETPUA OTHOCH-
tesbao Tpsmoit BC. Tlokakmre, 9TO mpsiMas MEXIY STHUME JBYMSI
ToukaMmu TpoxoauT depes cepeauny O H. Kakoil 4eTbIpEXyroibHUK siB-
JISTETCsI TTapaJlIeIorpaMMoM 7

910 TouKa nepecedenust Mmejuan G. OTMETHM TOYKY MEpPECEedeHUst Me-
muaH G tpeyrosibauka AT B v nienTp X ONMCaHHON OKPYKHOCTH PaB-
HOCTOPOHHETO Tpeyroybuuka ABY | mocrpoeHHoro Ha cropore AB BoO
BHEITHIOIO cTOpoHY st Tpeyroabinka ABC. Torma T mexut na CY,
G penmur CCY B ornomenun 2 : 1 or C, G, gemur T'C7 B OTHOIIEHUH
2:1o0rT,aX nemur YC1 B orHomennn 2 : 1 ot Touku Y. Ilosromy
touku G, G, u X jexar Ha ojHOU 1psmoit. OcTasioch OTMETUTD, UTO
9T0 ¥ ecThb npsiMas Ditaepa AABT, u ona npoxoaut depes G.

Omnucannast okpyxkuocTh AABC NpOXOJUT Yepe3 OCHOBAHUST BBICOT
9TOTO TPEYrOJbHUKA.

Touka O jj1s1 HErO SIBJISETCS OPTOLEHTPOM, & TOYKHU [I€PECEUYCHUS Me-
IUaH COBITAIAIOT.

AH = ABj3, a na ABj3 onupaercst /B3BA = ZHBA.

[Tpomomxum HM u HN 3a Touku M u N no nepecedeHusi ¢ OKpyK-
vocThio B Toukax A u B. Torna AH-HP = BH -HQ =2MH-HP =
=2NH-HQ, orkyna M N P() — BIucaHHbIi 9eTIPEXYTOJBHUK. Torma
R — pajiukaJibHBII 1IeHTp onucaHHbix oKpy)KHOCTelr AABC u 1ers-
péxyrompaukoB AMHN u M N PQ. Ilpsymas RA — pagukanbHas och
KAaCaIOIIMXCs OKPYKHOCTel, onncanubix 0Kojio AABC u AM HN, ona
MePIeHINKY/IIpHa paguycy u3 O B TOUKY KaCAHUS.

IIycrs L — Touka, B KOTOPOIi buccekTpuca yria A mepecekaer cTopomHy
BC'. B tpeyrombanke AOH 31a 6ucceKTpuca — BBICOTA MO YCJIOBHUIO,
a mosromy AO = AH. Ho jyiuny orpeska AH MOXHO BBIUUCIUTH KaK

20A1 = 20C cos ZOOA;. Pasencrso AO = 20C cos LZCO A1, oueBui-
1o, pasHocuibuo 2R cos ZA = R.
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19.

Touka, cumMmeTpUYIHast OPTOIEHTPY OTHOCUTE hHO mpsiMoii BC, mepe-
MEIIAeTCsI 110 OIMMCAHHOW OKPYKHOCTH. JHAUUT, U camMa ToukKa H mepe-
MeITaeTcst o onucannoit okpyxuoctu ABCH.

K pasdeny 6.2, c. [181]

1.

PaccmoTpuTe HECKONBKO CIIydaeB PaCIOIOKEHUsI TOUEK U IIPOBEPBHTE
paccMaTpuBaeMOe PABEHCTBO, UCIOJB3Yd TOT (DAKT, UTO JTyra OKPYK-
HOCTHU BUJIHA U3 [EHTPA O] YIJIOM BJBOE OOJIBINNUM, Y€M U3 TOYKH Ha
OKPY2KHOCTH.

PaccmorpnTe HECKOIBKO CilydaeB PacHOJIOXKEHHA TOYEK U IIPOBEPHTE
paccMaTpuBaeMOe PABEHCTBO, UCIOJIb3Ys TeopeMy 00 yriie MexKay Ka-
CcaTeJbHON W XOPHOW.

L(AX,BY) = Z(AX,AC)+Z(AC,BY) = L(DX,DC)+Z(AC, DY )+
+ Z(DY,BY) = Z(DX,BC)+ £(BC,DC) +90° + £(DC, BC) =

= /Z(DX,BC)+4(BC,DC)+90°+£Z(DC, BC) = 90°+ £(BC, DC)+
+90° + £(DC,BC) = 0°.

Z(AC,BD) = Z(AC,AB)+Z(AB,BD) = Z(AC,AP)+Z(PB,BD) =
= Z(QC,QP) + £(PQ,QD) = £L(QC,QD) = 0°.

Ilycts | — KacarenbHasi K IepBoit OKpyskHOCTH B Touke A. Torma
L(I,AB) = Z(I,AP) = Z(AQ,PQ) = Z(CQ,PQ) = Z(CP,PB) =
=/(CB,AB) = 1| BC.

ITycrs | — kacaresnbHast K wi B Touke K. Torna (KL, LB) =
=/(KL,LM)=Z/(l,KM)=Z(AK,KM) = Z(AB,BM) =

= /(AB,LB). 3uauutr, KL || AB, 1aro u Tpeb0BaIOCh.

[Iycrb O — Touka mepecedenusi NpsSMbIX U1, lo,l3. Ilycrs Z(ly,ly) =
= 1,2, £Z(l2,l3) = w23, Z(OA1,l1) = ¢. IlockoIbKY JJIHHBL OTPE3KOB
OA; onvHAKOBBI (IIPM CHUMMETPHUU COXPAHSIETCsl JJIMHA), JOCTATOUTHO
nokazarhb, 9ro Z(OA7,l1) = Z(OA1,l1) = ¢. A nockonbky Z(OAz,l1) =
= —Z(OAl,ll) = —p, Z(OAQ,ZQ) = -+ p12. [TosTomy 4(0143,[2) =
= ¢ — ¢12. Orciona nmomydaem, aro Z(OAs,l3) = ¢ — @12 + @23.
[Mosromy Z(OA4,l3) = —p+ 12— 2,3. CienoBarensho, Z(OAy,l) =
=—pt+P12—923— P12~ P23 = —p — 2p2 3. JlelicTBys aHaI0rn4HO,
nosygaeM, 9to Z(OAz,l1) = —Z(OA4l1) — 2p23 = ¢.
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10.

11.

12.

13.

IIycte ABC — tpeyroibuuk, a A; u By — ocHOBaHUs IIE€PIEHIUKYJIs-
POB, OIyIIeHHbIX 13 ToueK A u B Ha npsimbie BC' 1 A COOTBETCTBEHHO,
H — rouka nepeceuenus npsimbix AA; u BB;. Torna Z(CH, AB) =
= /(CH,BC) + Z(BC,AB) = Z(CH,CA,) + Z(BC,AB) =
= Z(BlH, BlAl) + Z(BC, AB) = Z(BBl,BlAl) + Z(BC, AB) =
= /(AB,AA;) + £(BC,AB) = Z(BC,AA;) = 90°.
IIycTb ommcanubie OKpy2KHOCTH Tpeyroabuukos A1C By u C1 ABy nepe-
cekaroTcs ToBTOpHO B Touke X . Torma yepe3 Touky X TakKe IMPOXOIUT
OIIMCAHHAas OKPYKHOCTBL Tpeyrojbauka A BCY, MOCKOILKY
L(BA1, A1 X) = L(A1C, A1 X) = L(B1C,B1X) = L(B1A, B1 X) =

= /L(ChA,C1X) = 4(BC,,C1 X).
Z(BQ,XQ)=4(BP,XP)=/Z(AP,XP)=Z(AR,XR) =
=/Z(CR,XR)=Z/(CQ,XQ).
O603HAYMM TEPBYIO Y€TBEPKY TOUEK (JICXKAILYTO Ha OIHOM MPsAMOI HiIu
okpyxuoctu) uepe3 A, As, Az, Ay Bropyio xe obo3HauMM vepes
By, By, B3, By (A1 m By — TOUYKH IIepeceveHust MepBoil U BTOPOit
OKPY2KHOCTH, U T. JI.). Tormua

Z(B1Bz, BaB3) = Z(B1Ba, BoAg) + £(Ba Az, BoB3) =

= Z(BlAl, A1A2) + Z(AgAg, Ang) = Z(BlAl, A1A4)+

+ Z(A3A4, A3B3) = Z(B1By, B4Ay) + £(ByAy, ByB3) =

= /(B1B4, B4B3).

[Iycts O1, Oz, O3, O4 — TEHTPBI OMUCAHHBIX OKPY2KHOCTEN TPEYTroJIh-
nukoB ABBy, ACC:, ABC:, AC By coorBercrBerno. Tora

0,05 1L AB, 0,0, L ABy, 0505 L ACy, 0504 1 AC

KaK CepeIyHHbIe IEPIEHINKY/IIPLl K COOTBETCTBYIONIUM OTPE3KAM.
IMycrs X — Touka mepecedeHnsi OIMMCAHHBIX OKPY?KHOCTEH TPEyroJib-
nukos AB1C; nu BC1A;. Torna

L(B1X,XA)) = Z4(B1X,XC1) + 4L(XC1, XAy) = L(B1A, ACh)+

+ /(BCy,BA,) = L(AC,AB) + Z(AB, BC) = £L(AC,BC) =

= /(B:C,CA).
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14.

15.

16.

17.

18.

19.

Hnst magasa samernm, aro Z(PA;, A1C) = £(la, BC) = Z(ly, AC) =
Z(PBy, B1C). 3naunt, toukn Ay, By, C' u P jexar Ha OJIHOil OKPY K-
HOCTHU. AHAJIOMMYHO MOXKHO JI0Ka3aTh, 4To Touku Bi, C1, A, P nexar
Ha oxHoil okpyxuoctu. Jlasee,

Z(A1By, B\Cy) = /(A1 By, B\P) + /(B P, BiC) = Z/(A,C,CP)+
+ Z(AP,ACy) = Z(BC,CP) + Z(AP, AB) = (°.

Suaunt, Touku Ay, By u C1 jexar Ha OJHON IPSIMOI.

JocTpoiiTe 4epTéxK 10 KOHCTPYKIINK, OMTUCAHHON B 3aja4de 13 mpo To4-
Ky Mukens TpeyrojibHuKA. [IJs1 9TOro paccMOTpPUTE OIMUCAHHBIE OKPY K-
Hoctu Tpeyroibuukos BB'O u CC'O.

[Tycrs onucannbie okpyKHOCTH TpeyroabHukos ABF u C'DF nosrop-
Ho mepecekaiorcsa B Touke M. Torma u3 BONCAHHOCTH TIOJIy9aeM

Z(AM,MD) = /(AM,MF) + Z/(MF,MD) =
= /(BA,BF) + Z(CF,CD) = /(BA,CD) = Z/(AE, ED).

To ectb M Jjte;KUT 1 Ha ONMUCAHHON OKpY2KHOCTH Tpeyrojibauka ADE.
Ananornuno Touka M JIEXKUT Ha OIMUCAHHON OKPYXKHOCTU TPEYTOJIb-

nuka BCE.

Hocrarouno joka3arhb, 4To Tpeyroiabuuku M BE u M FD nonoGHBI.
[Tokaxkem, aro yron M BE pasen yriy M FD:

/(EB,BM) = Z/(CE,CM) = /(CD,CM) = Z(FD,FM).

Yot MEB u M DF paBHBI 10 aHAJOTUYIHBIM COOOPAXKEHUAM, CJIEI0-
BaTEIbHO, TPEYTOJbHUKHI TOIOOHBI 10 ABYX YTJIaM.

O6o3uaunMm buccekrpucet yrios A, B, C', D depe3s g, Iy, lc, lq cooTBeT-
CTBEHHO. TOI‘,D;& Z(IABIDA, IDAICD) = Z(la, ld), A(IABIBC; IBC’ICD) =
= /(lp,1.). Ocraércs numb jokazarh paBeHCTBO £ (lg,lq) = Z(lp,l.),
KOTOPOE JIETKO TMPOBEPUTD, UCIOJL3Ys TO, 9TO lg, lp, lc, g — Ouccek-
TPUCHI YTJIOB Y€THIPEXYTOIbLHUKA.

[TycTh oKkpy:KHOCTH, OMUCAHHBIE OKOJTO Tpeyroabankos A1 BC' u ABCY,
HOBTOPHO nepecekatorcst B rouke X . Torna Z/(BX, XC) = Z(BA1, A1C)
n Z(AX,XB) = Z(AC,,C1B), orkyna Z(AX,XC) = L(AX,XB) +
+ Z(BX,XC) = L(AC1,C1B) + Z(BA1, A1C) = Z(ABy, B:C). 910
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20.

o3HagaeT, 9T0 X JIEXKUT Ha OKPY?KHOCTH, OIUCAHHON OKOJIO TPEYTOJIb-
Huka AB1C, 910 1 TpeboBAIOCH.

IIycrs K4, Kp u Ko — cepenunbl orpeskoB AM, BM u CM coorser-
creerro. Torga McKp || AM u KgMy || MC, xak cpejnnue JiuHuN B
rpeyronbaukax AByr u C By coorBercrBenno. 3uauut, L McKpMy =
= LAMC'. U3 rex xke coobpaxkenuit nosyuaem L MoK sMp = ZBMC
n ZMsKcMp = ZBM A. Takum obpazom, LMo K s Mp+/MpKoMs+
+ L MAaKpMc = 360°.

OKpy?KHOCTH, OITUCaHHBIE 0KOJIO TpeyroabHuKoB MoK A4 Mp, Mp KoM 4
u My KpMc, umeror o6y Touky X (cM. npeablayinyto 3agady). U3
9TUX OKPY>KHOCTEIA:

L(KpX,XMp) = L(KpX,XMc) + Z(McX, X Mp) =
= Z(KBMA,MAMC) + Z(MCKA,KAMB) = Z(MC, CA)+
+ Z(BM,MC) = Z(BM,CA) = Z(KpMg, AC).

DTO PABEHCTBO 03HAYAET, YTO OKPYZKHOCTD {)p5 IMPOXOAUT YePE3 TOUKY
X. Anayiormaro u okpyxuoctu 24 u Qo mpoxonsT depes X.

K pasdeay 6.3, c.

1.

CrenaiiTe KOMIIO3UIMIO I'OMOTETHHM C LEHTPOM A 1 oceBoil cummer-

pun oTHOCUTEBHO OuccekTpuckl Z BAC Tak, urobsr AABC nepemén
B AABlCl

[Tycrs kacarenbbie B Toukax B u C Kk onucanHoi okpyxuocta AABC

Saapkx _ AB?
repecekaiorcst B Touke K. V3 TeopeMbl cuHyCOB = Ilo-

Saack  AC?

sromy AK — cumeauaHa.
Samnurure Teopembl cunycoB it AABD, AABE, AACE, AACD.

4. Tlepecedenune cuMenwaH B OJHON TOYKE Cpa3y IOJYIUTCS, €CJIU B BEp-

minmHaX TPpeyTroJbHUKa pPa3ZMECTHUTb MacCChbl, paBHbIC YMCJ/JICEHHO KBaJlpa-
TaM JJIMH IIPOTUBOJICXKAIMINX 3THUM BepIInHaM CTOPOH.

5. Touka ZKepronna AABC' ectb Touka Jlemyana AA'B'C’.

6. MK n BC — anrunapaJjuiejbibl, Bce Meananbl AABC — cuMequaHb

AAM K n npoxoJsT depe3 TOUKY IepecedeHnst KacaTeIbHBIX K [IePBOi
okpy2kHOCTH B Toukax M u K.
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7.

10.

11.

12.

13.

[poseaure cumenunany AD (touka D JjiexKUT HA ONMCAHHON OKDY2K-
Hoctu AABC) u nokaxkure, 94ro onucaHHble oKpy:kuocTd ABMD u
ACMD xacatorcss AB u AC' cOOTBETCTBEHHO, MMO3TOMY 3TO B TOYHO-
CTU HyXKHBIE OKpy2KHOCTH. MoOKeTe JeficTBOBaTh 10 CJIeyIOmeil cxe-
me. Cuagana pokaxkute, uro BDEC — paBHODeJpeHHasi Tpallelus,
pacemorpes jayru BD u EC (E — Bropasi TOYKa IepecedeHust Olu-
caHHOI OKpy:kHOCTH 1 npsimoit AM). 3arem 3amersre, uro LABC =
/BDM = /ZMEC. Ocraércst nokasare, uro ZMDC = /MEB =
= /ACB.

Ussecrno (cM. 3amaqy 3 pasgena 2.1 o gukenusx), aro Meguana AM
rpeyronbnuka ABC nepnenpukynsapua EF. I3secTHO TakzKe, 9TO BbI-
cota u3 BepmuHbl A B Tpeyronpuuke AFE u npsmas AQO TaKOBBI, 9TO
/FAO = ZEAH (H — oproneurp AAFE). Orciofa u ciiefyer, 4ro
npamas AO cummerpuuna npamoit AM oOTHOCHTENIBHO GHCCEKTPUCH

LAFE (wm yrua ZBAC).

[Mycrs AM — mennana AABC. C'D — cumeuana, nosromy /M AC =
= /DCB. B cuny suucannoctu ZDCB = /EAB,a /DBA = ZBAC.
Uraxk, tpeyrosbank ABD mnonoben AABC (0o6a paBHOOEIpEHHBIE, a
yribl ipu ocHoBauusix BC' A u ABD pasubl), a AF naxkionena Kk AB
ot TeM ke yriioM, uto u AM k AC. Tlosromy AF — mennana AADB.
Vcnonb3yiite paBeHCTBO AB? = AB-BD BBITIOJTHEHE KOTOPOTO, C
AC? AC-CD’ . ’
OJIHOM CTOPOHBI, O3HAYAET TAPMOHUIHOCTD Y€THIPEXYTOJLHUKA I10 OIIPE-
JIEJIEHUIO, & C JPYroit — BIeYET coBmajenne AD ¢ cuMeuaHol B CHTY
Teopembl 6.3.1.

JlocTaTouHO UCIOJIB30BATh TEOPEMY 00 OTHOIIEHUH, B KOTOPOM OUCCEK-
TpUCa TPEYTOJIbHUKA JEJTUT ITPOTUBOJIEXKAIILYIO CTOPOHY.

lapMonuunocTs dyerbipexyrosbunka BAFC cinenyer us Toro o6cTosi-
TeabcTBa, uro F'D — 6uccekrpuca ZAFC. lokaxkure 3T1oT PaKT, [Ipo-
amuB F'D 3a touky D 510 mepecedeHusi ¢ OKPYKHOCTHIO M CPABHUB
coorBercrByomue jayru. OprororajibHocts EF u FD o3nadaer, 4To
mpojiokeane F'D 3a Touky D naér gmamMerp OKpYyKHOCTH.

AA| — mennana, a AP — cumenunana, yetbipéxyronbauk ABPC — rap-
MOHWYeCKUH. JoKaxKnTe M UCIOTL3yHTe TOJIE3HYIO JIEMMY: JIJIs Cepe-
munbl A1 orpeska BC' okaspisaercs, uro LAA1C = LCAP = LZABP.
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14.

15.

16.

17.

18.

19.

BosbMmém Touky Y ma ayre BC u onmiiieM OKpy»KHOCTH 0KOJI0 A A1 PY'.
ITycts AY mnepecekaer BC B Touke X'. Torma ZACP = LAY P =
= 180° — LABP = 180° — LPA,C, nosromy PA1 XY — BuuCaHHBI.
[Tostromy X u X' coBnauaior.

AC n BD antunapaJ/uiebHbl, 0o3TOMYy Meguana PK TpeyrosbHHUKa
APC — cumepuana ABPD (u anasnoruuno st orpeska QN). Ocra-
ércsa Boipasuth ZPKQ nu /PNQ vepes o« = /ZKPB = /KPD, § =
= /ZCQN = ZDQK wu yryibl 9eTbIPDEXYTOJIHLHUKA.

B cuny pasnobenpennoctn u3 /PAB = /PBC cnenyer /PAC =
= /PBC. OkpyxHocTh, onucartasi okoiio AAPB, kacaercs AC u

BC. Ilpamas PC — cumennana AAPB, a PM — Mennasna 3TOro Tpe-
yrosibauKa. [losromy LZAPM = /BPK = 180° — ZBPC.

[Tycts TOUKa P TpUHAIIEKUT pacCMATPUBAEMOMY MHOXKeCTBY. Otu-
meM OKpy2KHOCTb okoyio APBC u nposeném AP 10 BTOpOil TOUYKH
nepecedenns: S ¢ 3Toit okpyxkuHocThiO. Torma /SPC = 180° — ZCPA
Kak cMexHble, oTkyna / BPM = /CPS, n PS — cumennana ABPC.
[TosTomy

pPB? SB _ DBsin/SDB _ DBsin/PCB _ DB-PB
PC?  SC DCsin/ZSDC  DCsin/PBC DC-PC’

Yerwipéxyronpank PDBC — rapmonndeckuii. Eciin oKpy>KHOCTBH BBI-
6parb (n3menenuem noJioxkenust P) tak, uro AB u AC' — KacarejbHbIe
K Hell, To Bce Toukm jiyru BC BHYTpHU TpeyroJibHIUKa — ITOIXO/ISIIIHE.
Eciin ke Touka nepecevennsi KacaTelbHBIX K IIPOBEJIEHHON OKPYKHO-
ctu B Toukax B u C ectb Ay # A, To u3 paBHobGeapennoctn ABAC
n ABAC Toukn A, A1 m M nexar Ha omHo# ipsimoii. Hectoxxmo mpo-
BepUTh, UTO Bce Touku P Ha mequane AM TakKe MOIXOISIT.

13 nonobust mosygaeM, ato OA; - OAs = OA? = OB? = OBy -ODBy, n
nosromy AOA1 B u AOB A nonobust. Torna ZOBAg = 90°. ITosTomy
AAy — cumennana AABC.

Bocnonbsyiirecs nogodbunem AABX u ACAX. Paccrosinust oT TOYKH
X 5o cropor AB u AC oTHOCcsITCS KaK JJIUHBI CAMHUX 9THX CTOPOH.

fcuo, uro AS — cumenuana B Tpeyrojbauke APQ. [lycrs M — Touka
nepeceuenust AB ¢ PQ. Torma MP? = MB-MA = MQ?, AM — menn-

ana. Touka H jexxur Ha ommcaHHo#l okpy:kHOCTH APQA, OCKOIBKY
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20.

21.

22.

23.

/PBQ+ /PAQ = 180°, a /PHQ = /PBQ B cuny oceBoil cuMMeT-
puu. Ho ZHAQ = ZHPQ = /BPQ = /PAB = ZQAS.

AP — memuana AABC, nosroMy HY»KHO JIOKa3aTh, 9To0 A(Q) — cume-
nuana. ITokazkure, uro paccrognus oT Todku () 10 upsambix AB u AC
OTHOCATCS Kak JIMHBI 0Tpe3koB AB u AC. JlokaxkuTe U UCTOIL3YyHTE

moobre ABQM u ANQC' ¢ koaddurmentom k = :35

3aja9a COCTOUT B JIOKA3ATETHCTBE TAPMOHUIHOCTH YeThIPEXYTOTLHIKA
ABFC, 1. e. nokazarenbctBe, a0 AF — cumennana AABC. Jlokaxku-
te, uro ZMEA = 90°, nostomy muamerp F X mepecekaercss ¢ JIydoMm
H M wna okpyxkuoctu B Touke X . Herwipéxyronpuauk M DE A srnucan B
OKPYZKHOCTD, moatomy /MAE + Z/MDE = 180°. s ciaydast, Korjga
D nonasta na MC', a ne na M B:

LMAC+ LCAE = ZMAE = 180° — ZMDFE = 180° — /BDE =

=/BED+ /EBD = /BEF + ZCBE = Z/BAF + ZCAFE,

orkyna /MAC = Z/BAF. Cnyuait D Ha orpeske BM anajorutesx.
Bmecmo pasbopa cayuaes MONCHO UCTIOABI0BAMb OPUCHMUPOBUIHHBIE
Yenot.

AT — cumemunana AABC. Ilycts M — cepenuna BC'. Torna Z/BAT =
=/LCAM, /TBA = 180° — ZACB. U3 TeopeMbl CUHYCOB

E B sin Z/ZBAT B sin ZCAM B CM
AT  sin/TBA sin/ZACB  AM’
TC, MC

OTKY/1a AT — A W3 BrimcarrocTn veTsipéxyroibauka AMTS cie-

nyer, uro LATCy = LAMC, orkyna AATC; ~ AAMC. Ananoruano
nokasbiaercst, uro AABM ~ AAB{T.

Byaem cuurarb, 9TO pajmyc ws MeHbINE pajuyca wi (ciaydail pas-
HBIX PAJIMyCOB OCTAETCsl YUTATeN0), KacareabHas 1175 1epecekaercst
¢ 01049 B Touke P, a K1K9 — BTOpas obIasi BHEIIHsISI KacaTe/bHA.
Samerum, uro BP — cumemuana AToKoB, a BSy; — ero menauana,
nosromy £15BSy; = /PBKy = . Py

s rouek mepecedennst X u Y ayda PA ¢ wy 1 wo, OYEBUIHO, —— =

PA
PA
= Py TOTAa U3 PT? = PA-PY u PT? = PA- PX Mbl MOXeM TIOJTy-
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s PA% = PT) - PT», nostomy P A KacaeTcst OINCAHHON OKPYKHOCTH
AATTs.

Ocraérces IoaACYUTaTh YIJVIbI. B kauecTBe HpOCTOfI JIEMMbI C IIOMOIIIBIO

1
rojAcYéra yrios jpokaxkure, yro LT11 BTy = =/01B05. Bropas jsiemma
cocTouT B ToM, uto £/ S1BA = /S9BA. Jlanee,

£S9BTy (cumennana) = ZPBKj (cummerpust) =

= /PAT; (xacaresnbubie) = ZPT1A (nyra ThYA) = LT1BA = «.

Teneps sicho, uro LT1BTy = o + LABTy = £T5BSs + ZABT, =
= /ABSs.

K pasdeay 6.4, c.

1. JlocTaTovHO MPOBEPUTH, UTO IIPU CUMMETPHUHU MPIMON OTHOCUTETIHLHO
BHYTpEHHell 1 BHEIIHeli GUCCeKTPUC HEKOTOPOro yruia (mpsiMast mpo-
XOJUT Yepe3 BEepIIUHY 3TOTO yIJya) MOJIydaTcsl OJMHAKOBBIE IIPSIMBbIE.
DTO MOXKHO CJIeJIATh MOJCYETOM BCEX YIVIOB MEXKJY PacCMaTPUBAEMbI-
MU TPSAMBIMH.
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Touku O, P, H| u Hs jiexkar Ha OJHON OKPYKHOCTH, TIOCKOJIbKY I1 |
1 PH; uls L PH,. Uctionb3ys 5ToT BakT, MOaydaeM B OPUEHTHPO-
Banubix yrax Z(ls, HiHy) = Z(l3,11) + Z(l1, H1Ha) = Z(l2,OP) +
+ Z(OP,PHy) = Z(l2, PH2) = 90°.

IIycte By u Cy — mpoekuuu touku P ua AC u AB coOTBETCTBEHHO.
ByCy — cpenusisi munusi B tpeyrosibiuke PBiCh, nostromy BiCi ||
|| BoCsy. B cuy cuvmverpun ABy = AP = ACY, upu 9TOM H30TrOHATH
Kk AP nepuenjukyssipaa BaCy (cM. 3ajady 2), a 3HAUUT, OHA [EPIIEeH-
nukyasipaa u B1Cp. Takum obpaszom, n3oronaib Kk AP siBisieTcst Me-
JMAHOM, OMCCEeKTPUCOil 1 BbIcoTO# B papHobeapennoM AABC.

PaccmoTpuTte 06pas neHTpa OMucanHoi OKPY2KHOCTU TPEYTOJIbHUKA ITPU
M30TOHAJIBHOM COTIPSIKEHUH.

Eciiz Touka He Jie>KUT HA BHYTPEHHEN UJTU BHENTHEH ONCCEKTPUCE KAKOT0-
JimbO yrjia TPEyroJbHUKa, TO OHA HE MOXKET IepeiTu B cebsi. SHAYIWT,
TOJIBKO TIEHTPBI BIIMCAHHOW U BHEBIMCAHHBIX OKPYXKHOCTEH MOTYT Iie-
peiitu B ceds.

O6a myHKTa JOCTATOYHO [IPOCTO PEMIAIOTCS TOJACIETOM OPUEHTHUPOBAH-
HBIX yIIOB (UX IpUMeHeHHe u30aBJseT OT HEOOXOAMMOCTU OIUPAThCs
HA KOHKDETHYIO KAPTUHKY U PACCMATPUBATH PA3HbIE CJIYUAN ).

IIycts Ay, By u C; — Touku Kacauus sJuiuica co croponamu BC, C' A n
AB Tpeyronbauka, a Ay, By u Cy — TouKH, cuMMeTpudHLIe F] 0THOCH-
TeJIbHO CTOPOH TpeyrosbHuka (1. e. Ay BoCy — y/BOEHHBIIT 11e/1aIbHbII
TpeyrosibHuK Touku F1). B cuiy onrmueckoro cpoiicTBa ssumuica (CM.
sagady 20 B pasgene 4.1) LZAC1 Fy = £ZBC1 Fy, u nosromy touku Fy, Cy
u Cy J1exkaT Ha OJHON MpsAMOil. AHAJOTMYHO Ha OIHON MPAMOIl JIexKaT
Touku Fb, By u Bs. Torma, moCKOIBKY CyMMa pacCTOSHUil ot Jjiroboit
TOYKH JIUIICA JI0 (DOKYCOB MTOCTOSHHA,

F5Cy = FyC1 + C1Cy = FryCh + F1Cy =
=B+ F1By = F2By + Ba By = F3Bs.

IIpoBosst aHAIOrUYHBIE BBIKJIAJIKHU JJISI APYTOro yrja TPeyroJbHUKA,
nosryanM FhAs = Fy By = F5C5, 1. e. Fy — 1eHTp ONUCAaHHON OKPYKHO-
CTHU YJIBOEHHOTO IE€IAJILHOIO TpeyroabHuKa Touku FY. ITosTomy Toukn
Py u F5 m30roHa bHO CONPSIZKEHBI OTHOCUTENIBHO Tpeyroibauka ABC
(eMm. 3agady 3).
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8.

10.

[Mycrs nambr Tpeyronbauk ABC v M30MOHANIBHO COMPSIYKEHHBIE TOUYKN
Pu Q. Toukn Ay, By u C7 — upoexiuu Toyku P, a As, Bo u Cy —
npoekinu Touku () Ha npsimbie BC', CA u AB. Tlockonbky AP u AQ) —
nzoronasm yria BAC, B cuty moaobust:

AB  AC,

TQ_TBQ:ABl-ABngC'yACQ-

Suauut, Touku By, By, C1, Cy j1exkaT Ha OJHON OKPYKHOCTH. AHAaJO-
ru4uHo 4derBepku Touek Ai, As, Ci, Co u Ay, As, Bi, By jexkar Ha
OKpYZKHOCTSAX (KaxKJass — Ha cBoeii). Ilocsie aToro gocrarodno same-
TUTDb, YTO CEPEIUHHbIE NePHeHIUuKyIApbl K A1As, B1Bs u C1Cy upo-
XOIAT 4Yepes cepefuHy orpeska PQ).

Ob6osnauum LCAB = a, ZABC = 8, ZBCA = v u BBesiem dynk-
B sinx sin sinx

o f(w) = sin(a — x) sin(B—z) sin(y — 2)

[0, min(a, B, v)). PyHKIMs f — HENpepbIBHAS 1 MOHOTOHHO BO3pPACTa-
fomast or 0 0 +00. 3HAUAT, CYIIECTBYeT €JMHCTBEHHOE 3HaJYeHue ™
rakoe, uro f(x*) = 1. Ilo reopeme Yeswr B Kauecrse yrios PAC u
QAB nonoitaér poBHO OAuH yroJj, paBHbli x*. Orcioma XKe cpasy Io-
aygaem /PAC = /ZQAB, /PBA = /QBC, /PCB = ZQCA, . e.
Toukn P 1 () M30roHAJIBHO CONPSIZKEHBI OTHOCUTE/IHLHO TPEyTrOJbHUKA

ABC.

IIycts P — TOYKa, M30rOHAJBLHO compsizkeHHasi Touke 1. Touka T siB-
JITETC TIEHTPOM OIMCAHHON OKPY?KHOCTHU yABOCHHOTO EJAJILHOTO TPe-
yrosbauka ApBpCp touku P (Ap ecTb TOYKa, CUMMETPUYHAS] TOUKE
A ornocurensro npsamoit BC u . 1.). Ilockonsry AT L BpCp, BT L
CpAp, CT | ApBp u nonapubie yriabl Mexk 1y npsmbivu AT, BT, CT
pasubl 120°, Bce yrubl Tpeyroibanka ApBpCp pasabr 60°. Ilosromy
ApBpCp — npasmwibnbiii Tpeyroibuuk. 3uauut, ApT 1 BpCp. Ho
AT 1 BpCp, a snauut, Touku A, T' u Ap jiexkar Ha OIHOI MPSIMOIA.

Ha IIOJIyuHTEepBaJIe

[Iycrs A BrCp — yaBoeHHsblil niefjaibHblii Tpeyroabauk Touku 1T (Ap
€CcTh TOYKA, CAMMeTpHUUIHas Touke A orHOCHTe IbHO TIpsimMoit BC' u T. 11.).
Torna AT PAp — paBHOGeIpeHHAs Tpalelus, I03ToMy Ipsimbie ApT
(coBnamaer ¢ AT) u ApP cuMmerpudsbl oTHOCUTEBHO Tpsimoit BC.
Taxum ob6pazoM, Bce OTparKeHHBIE MPsSIMbIE, OIMMCAHHDBIC B YCIOBUU 3a-
Ja4u, IPOXOIAT depe3 TOUKy P.
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11.

12.

13.

14.

15.

16.

17.

O6o3naunm mpoeknuu Touku M wa upsambie AB, BC u CA uyepes
Chr, Ay v By cOOTBETCTBEHHO. DTU TOYKHU SABJIAIOTCS IEHTPAMEI TPEX
OKPY2KHOCTEH, OINUCAHHBIX B YCJIOBUM 3ajadu. [losTomMy coriacHo 3a-
Jlade 2 9TOro pasjesa M30roHajb K IpsiMoit AM OTHOCHUTEBHO yIijia
BAC nepnenpukynspaa npstmoit ByChy. Ilpu sToMm B ety mogobust
TOUKa A JIEXKUT Ha PAJINKAJIBHON OCH OKPYKHOCTEH, MOCTPOEHHBIX Ha
orpeskax BpBg n CpCg Kak Ha JmaMeTpax.

AHAA0UMHY0 KOHCMPYKUUI MOXHCHO 8CMpemums 6 3adayue 8 amoz2o
pasdeaa.

[Iycts P — TOYKa, M30TOHAJBLHO COMIPsKEHHAs TOYKe [) OTHOCUTE/Ib-
o Tpeyroapanka ABC'. Ilockonbky /A = /D B 9eThIpEXyTroJbHUKE
ABCD, /PAC = /PCA. 3unauntr, PA = PC, a PM — menuana u
BBICOTa B paBHOOeapeHHOM Tpeyroibanke APC. Ocraérest BOCIOIb30-
BAThCH PE3yJIbTATOM 3aja4u 8 s TpeyrosibHuka ABC u mapbl nu3oro-
HAJILHO CONPSI?KEHHBIX Touek D u P.

[Iycte D — Touka mepecedenns npsambix BP u C@Q). Torma B dernI-
péxyronpanke ABCD papabl yribsl B u C, mociie 4ero mgoCTarovHO
BOCIIOJIB30BAThCST PE3YIBTATOM HMPEIbIAYINEH 3aIat M.

Bocrmosb3yiiTech TeopeMoii 06 n30roHassix, B3AB B KAYECTBE BEPIITUHDI
yraa Touky H 4.

3aMeruM, 9TO B YCJIOBUU y?Ke €CTh IIPOEKIUN TOYKU P Ha jBe cTOpo-
HBI U CepejiHa CTOPOHBI. /lobaBum erre TOUKY A — MPOEKITUIO TOYKH
P na cropony BC. Takum 06pazsoM MOXKHO ITOCTPOUTH KOHCTPYKITUIO
u3 3a7a9n 12 (1715 ciydast HeBBITyKJIOro deTbipexyrosbanka ABPC).
Ocranercst OKa3aTh PABEHCTBO XOP/ B OKPYKHOCTH, ITPOXOISIIEH e~

pes Ay, By, Cp, M.

Hokaxkure, uro C' D umeer GUKCUPOBAHHYIO JIMHY. JTO O3HAYAET, 4TO
yriibl Tpeyrosibinka COD Toxe dpukcupoBanbl. [lajee mokaxkure, 1m0
CP u DP nepecekaioT wi B (PUKCHPOBAHHBIX TOYKAX, & VIO MEXKILY
STUMHU JIBYMSI IIPSIMBIMU TTOCTOSTHEH.

[Tycte ABC' D — He napaJjuieslorpaMM U, He YMaJisisi OOIITHOCTH, IIPSIMbIE
AB un CD mnepecekatorcst. Ob03HATNM UX TOUKY Tepecedenust qepes3 T,
a TO4YKy mepecedenus nsoronajeir Kk AP, BP u CP 4epes (). Torma
P un () m30roHAJILHO CONPSI?KEHBI OTHOCUTEIbHO Tpeyroiabuuka BCT.
Mockonbky TP u TQ — wuzoronanu yria ATD, P u () u3oronajbHO
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18.

19.

20.

COMPSTZKEHBI OTHOCUTELHO Tpeyronbuuka AT D, a 3HaYNT, W30TOHAID
K DP npoxoaut depes (), 970 U TpebOBAJIOCH.

Bocnos3yiiTech paccyKIeHUSIMHI, AaHAJJOTHIHBIMA TPUBEIEHHBIM B 3a-
Jade 8.

Paccmorpure uersipexyronbauk ABQD. B uem ZAIB+/Q1D = 180°
(3TO MOXKHO mOJIyduTh To/CcIeToM yriioB). CoBnajatornue npsivbie Al

u AP — o6uccekrpucer yria A. Ipsveie DP u DI — napa m3orosa-
sett. 3uaqnT, B deTuipéxyronpauke ABQD Toukn I u P m30roHAIBLHO

1
compstzkenst. Torma ZABP = /QBI = /PBQ = §4ABC.

Paccmorpure onmcansbiit uetbipéxyrombauk ABNC' riae Touka N cTpe-
MuTcs K Touke M ¢ BHemmeit croponnt Tpeyronbuuka ABC. Ilycto
I’ — nenTp BuMCaHHOI OKpPY2KHOCTH YeThIpEXyroibauka ABNC, a I} u
I, — nenTpsl BucaHHBIX OKpyzKHOCTEl Tpeyroabankos ABN nu ACN

coorsercrBenno. Torma ZI1AIL = §LBAC'. Cornacao mpembLIyIeit

1
samaue LI{NT, = §ABNC’. ITpu crpemiienun N — M rtaxxke I' — 1,

If = I, I, — I. Torga, ¢ oanoii cropownsl, yron I1 NI crpemunrces K

1
yray Iy M1y, a ¢ Apyroit CTOPOHBI — K QZBMC’ = 90°.

K pasdeay 6.5, c.

36 — 36v/3i = 72 (cos% —isin g) — 72¢/3,

Qopmysta MyaBpa T0Ka3bIBAETCA IO WHAYKIIMHU MIOCTE TPOBEPKU TOTO
dakTa, 9TO P YMHOYKEHUN KOMILJIEKCHBIX YUCEJI apI'yMEHThI CKJIAbI-
Batorcs. [IpuBenéunast popmysia mjist KOpHSA JAET JIUIIH OHO 3HAYEHUE
n3 N MTYK.

[TpuBenuTe YnucguTe/ b U 3HAMEHATEIb K SKCIIOHEHIINAJILHON hpopMe u
COKpATUTE 10 OTJEJbHOCTUA JAPOOb, PABHYIO OTHOIIEHHUIO MOJYJei, U
JpOo0b — OTHOIIIEHNE YKCIIOHEHT.

JloKa3aTe/IbCTBO 3aK/II0YAETCS B PACKPBITHH CKODOK.
B dopmyste Myaspa cos ng+1isin ng = (cos ¢+isin ¢)" npaByio 9acTb
n

packpoiire o dpopmysie bunoma HeroTona: E C’,’fik sin® %) cos" ¥ p, T
k=0
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10.

11.

ko n!
Cn = El(n —k)!

CTOPOH PABEHCTBA JIAET HYKHbIE (DOPMYJIBL:

. Basitue pmeiicrBuTeNBHON M MHHMOI dacTeit ¢ obemx

cosng = CYcos™ o — C2 cos™ 2 psin? ¢ + C2 cos™ 4 psintp — . ..

sinng = CL cos™ ! psin p—C3 cos™ 3 psin® p+C2 cos™ ™ psin® p—. ..

Kopuu n-it crenenn u3 e TUHUIIBI UMEIOT BT e2mni/k

, IX CYMMY, PaBHYIO
HYJII0, MOY»KHO BBIYUCIUTH MO (POPMyJie I CyMMbI T'€OMETPUIECKOM

IIPOI'PECCHUU.

CucreMy KOOpAMHAT BbIOEPUTE TAK, YTOOBI BEPIIUHBI N-yTOJbHUKA JIe-

xasm B Toukax R, Rz, Rz%, ..., Rz"1, z = ¢¥™/" Cymma KBaIpaToB
m—1

paccTosHumit Z(Rzk — p)(Rz" — p) pasma n(R? + d?), npu eé mox-
k=0

cuéTe cllelyeT HCIIOJIb30BaTh PABEHCTBO HYJIIO CYMMBI BCeX KOpHeEi u3
enuHUIB! (BCeX N IITYK PA3JIMYHBIX CTEleHell Jucia z).

Jloka3aTeIbCTBO COCTOUT B PACKPBITUN CKOOOK. CyMMa KBaIPATOB TUa-
rOHaJIEM:

(c—a)(e—a)+ (b—d)(b— d).

CymMa KBaJIpaTOB CPEIHUX JIMHWI:

a+b c+d\(a+b c+d L(bte _atd b+ a+d
2 2 2 2 2 2 2 2 '
Bamummure a = a; + iay 1 b = b, + iby m nposepbTE, UTO ab + ba =
= 2a,b; + 2a,by.

Pa,Z[I/IyCI)I—BeKTOpr C KOMIIJIEKCHBIMH KOOpJAWHaTaMM a 1 b KOJIJIMHEeap-

HbI, €CJIN 1 TOJIBKO €CJIN UX IJIaBHbIE apI'yMEHTBI paBHBI UJIX OTJINYar0T-

a b ; a
¢t Ha T — = +— = £e'Y. IT0 PABHOCUJIBHO COOTHOIIEHUIO — =

|al 0] b

NJIN BEIIECCTBCHHOCTU YUCJIa g

(Sl

Painychl-BeKTOPBI ¢ KOMILIEKCHBIMU KOOPJIUHATAMU ¢ U b OPTOTOHAJTb-
HBI, ec/ii U TOJbKO ecm @ - b = 0. U3 3amasu 9 opTOrOHAJBHOCTH

_ - a a
paBHOCHUJIbHA ab = —ba, T. €. 7= -3 (uHAYE TOBOPsI, TOMY, UTO Belle-

a
CTBEHHasl 4aCTb YUCJIA 3 paBHa, HYJIIO).
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12.
13.

14.

15.

16.

17.
18.

19.

20.

DTO HPSAMOE CJIeJICTBAE COOTBETCTBYIOINIEH (DOPMYJIBL JJIs BEKTOPOB.

Bce 4 uucita B uncimTesix U 3HAMEHATEISIX IPEJICTABLTE B SKCIIOHEH-
nuajbHO# popme. 3aTeM 3aMEThTEe, YTO «COKPAIIECHUEY BCEX KOMILIEKC-
HBIX 9KCIIOHCHT PABHOCUJILHO PABEHCTBY YIVIOB MEXKJly CTOPOHON U 1a-
FOHAJIbIO YETBIPEXYTOJIbHUKA, «ONUPAIONIUXC» Ha OJHY U Ty K€ CTO-
POHY — B TOYHOCTHU CTaHJIAPTHBIM KPUTEPUIl BIIMCAHHOCTHU Ye€ThIPEX-
YTOJIbHUKA.

Kpurepwnii kosumaeaprocru u3 3aga4u 10 3anumure B popme a(b—¢)+
+b(c—a)+c(a—b) = 0, 3arem 3adukcupyiite ToUKn a u b u cunTaiire
KOMILJIEKCHOE IUCJIO ¢ = % riepeMeHHbIM. JIJ1s Todek a u b Ha e TuHIIHOH

OKPYZKHOCTHU 2Z = 1 KoMILJIeEKCHOe COomIpdAzKeHne COBIIaJacT CO B3ATHEM

_ 1 - 1 ..
obpatHOoro: @ = — U b = 7 OTO BeJET K yIHPOIIEHUIO POPMYJIBI 0
a

YKa3aHHOI B YCJIOBUU.

. |z+abz=a+D,
Pemmire cucremy ypaBHeHU

z+ecdz =c+d.
1 - 1 _ 1- 1
Ucnonpayiite a = —, b= -, ¢c¢=—, d = p U KpUTEPUl OPTOrOHAJILHO-
a c

cTu U3 3a7a9u 11: COOTHOIIEHNE B HEM CYITIECTBEHHO YIIPOIIAETCsI.
Popmysta u3 3a7a4qu 15 yrporrmaercs ¢ yaétom ab = —cd.

[Tpamyto, e comeprxkartyio Touky 0, 3a/1aéM OPTOTOHAJIBLHON ITPOEKITHEl
P Havajia KOOP/IMHAT Ha ITY MNPSIMYIO: TOUYKA C KOOP/IMHATON 2 JEXKUT

o . p pb—z
Ha TON NMpAMOM TOTJa W TOJBKO TOTJA, KOIjla — = ————, COIJIACHO
p b=z
KPUTEPUIO OPTOrOHAJILHOCTH.
L Jaz4+Zza =2,
Pemmmure cucremy ypaBHeHMIT  — Ydrure, 9TO TOYKU @ 1

bz +7zb = 2.
b mexkaT Ha €IUHUIHON OKPYKHOCTH 2Z = 1.

[TycTb pojtosKkeHust BHICOT TpeyroibauKa u3 Bepiiud A, B u C nepe-
CeKaloT OMMCAHHYI0 OKPYXKHOCTb B Toukax A, By u C1 cooTBeTcTBEH-
HO. JIJ1sT KOMILJIEKCHBIX KOOPJAWHAT 3TUX TOYEK a1, by U ¢] U3 KpUTEpUs
OpTOFOHba.HbHOCTI/I TOYEK HA €IUHUIHON OKPYKHOCTH 2Z = 1 HaAXOJMM

C ca

a
, b = =T ITo dopmyiie nepecedenns ceKyImx

a] = —
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21.

22.

23.

24.

25.
26.

27.

28.

AAq u BB naxonuM

- a+a—-b—by ab+bc+ca 1 1 1
h: = = — — —.
aai — bby abc a+ b + c

Ocraércst mepeiiTn K KOMILJIEKCHO-COTIPSIYKEHHBIM THUCIAM.

1
Cpagy carenyer u3 dpopmyn h = a+b+cu g = g(a—i-b—i-c) C y46TOM TOrO,
YTO MEHTP ONMCAHHON OKPY?KHOCTH MOMEIIEH B HAYATIO0 KOOD/IMHAT.

g AABC, BIucaHHOTO B OKPY>KHOCTB 2Z = 1, h =a+b+ ¢, a1 =
b+c

2

KOMIIVIEKCHYIO KOODJIMHATY (—CL)~

(A1 — cepequna BC), A; — cepepuna HX, orkyna X umeer

[Iycts a, b, ¢, d — TOUKM KacaHwWs CO BIUCAHHON OKPY2KHOCTBHIO. To-
2ab  2bc  2cd 2da

" .
a+b b+c d+c a+d
JUHDBI ,HHaFOHaﬂeﬁ HaXOJsATCA B HOJ‘chyMMaX HpOTHBOHOﬂO}KHbIX Hap

BEPINUH, a IEeHTP OKPYKHOCTH — B Hadaje kKoopauHat. IIpumennte
KPUTEPUl KOJUIMHEAPHOCTH.

I'Ta BEPIIUHbBI HAXO/ATCA B TOIKaX Cepe—

[Iycrs Toukm a, b, ¢, d, e, f — BepIIUHBI MECTHYTOJbHUKA, PACIIOJIO-

JKEHHBIE Ha OKPYKHOCTHU B yKa3aHHOM mopsiake. [To dopmyie st Tod-
a+b—d—e b+c—e—f

ab—de = bc—ef

. Ocraércd ucroab3oBarh KpI/ITepI/IfI KOJIJIMHEapHOCTH.

KU 1iepeceveHnsd CEKYIINX HaX0IUM TOYKHU

c+d—f—a
cd — fa

€1 —ap C2— a2
TpeyrosbHuKY MOMO0HBI €CJTH U TOJIBKO €CJIN = )

by —ar by —as
Yucma 21 = a—b, 29 = b—cu z3 = ¢ — a JOMKHBI OBITH KOPHSIMNI
TpeTheil CTeleHn U3 HEKOTOPOro KOMILJIEKCHOIO 4ucjia. B MHOrodjieHe
(z — 21)(z — 22)(2 — 23) KO3bbMIMEnT MpE 22 paBen Hys0. PacKphiB
CKOOKHM, IpUXoIuM K ToMY, 4T0 AABC paBHOCTOPOHHUI €C/IU U TOJILKO
ecin z1z2 + 2923 + 2321 = 0. Ocraéresa g0Ka3aTh, YTO 3TO PABEHCTBO

9KBHUBAJIEHTHO TPEOYEMOMY.

Bsenure deTbipe KOMILIEKCHBIX 4nciia ajs sepmun ABCD, maiinure
KOMILTeKCHBIe KoopauHaTel W, X | Y u Z, 3aTeM ncnosb3yiiTe KpuTe-
puit oproronasbHocTH (3azady 11).

B ecrecTBeHHBIX 0003HAYCHUIX (KOMHJIGKCHI)IG KOOpJAUMHATBI TOYEK — T€

ac ab
ke OYKBBI, YTO U B MMEHAX TOYEK, HO IPOINCHBIE): ¢ = ——, p = ——.
m m
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29.

30.

31.

32.

33.

34.

b+ac/m  mb+ac
c+ab/m  mc+ab

Kowmmnekcnoe COIIps2KEeHNEe BEJIMNINHDBI IpUBOIUT

K 3TOI 2Ke BeJINYUHE.

Jns okpyxkuoctn 2Z = 1 u ToUYkH A ¢ KOMILJIEKCHON KOOpIUHATOM

a + 0¢ mocrpoiire cekytiyo P(Q), mpoxosInyto depe3 A, a 3aTeM Haii-

2
Pq_ [Tockoseky P, A, Q Jie-
q

JAUTEe TOUKY IlepecevdeHnd KaCaTe/JIbHbIX

. . p—a a—q B 1 1

JKaT Ha OJHON mpsiMoit, —— = ——. Uctome3yssa p = —, ¢ = — ©
b—a a—q p q

p+q
pq+1
2pq>_pq+1_1

p+q pg  a

a6cu1/1cca TOYKH Ilepecedennsd KacaTe/JIbHbIX BCErJa OJHa U Ta 2Ke.

i~

@ = a, npeobpas3yiiTe BBIpaXKEHUE K BUIY O = . C yaérom 3TOTO

HaOJIIOJIEHUsT HECJIO0XKHO ITPOBEPUTH, U4TO Re < ,

Ecnu BexTOpBI A§ u A(E UMEIOT KOMILJIEKCHBbIE KOOpIWHATBI b U c,
TouKa A pacrojioykeHa B Hadaje KOOPIMHAT, TO TOUYKa F mMeeT Koop-

nuaaThl (—ib), G uMeeT KOOPJIMHATHI i¢, ¥ OCTAETCsl IPOBEPUTH, UTO
b+c

u i(b+ ¢) OPTOrOHAIBHBI.

B obosHavueHnsx npeplLyIeil 3ajauu Touka D uMeeT KOMIUIEKCHYTO
koopauHaty a + (¢ — a)i, Touka F umeer koopaunary b + (¢ — b)(—i),

1 b 1
OTKY/1& §(d+f) = a—2i— + %(b— a).

[Iyctsb 9Ta OKPYXKHOCTH €IMHUYHAS, 8 KacaTe/JIbHbIe K Hell IPOBEICHbI

B TOYKaX %, (—%) u HeKoTopoii Touke z. Torma rouku A u B umeroT Kom-
21z —2iz

u -,

+z z—1

IIJICKCHBIE KOOPJUHATHI Ocraércst TPUMEHUTH KPUTEPHii

OPTOTOHAJILHOCTH.
B ypasnenun oxpyxuoctu o(z? + y?) + Bx + vy + § = 0 mepeitinTe K

KOMILIEKCHBIM KOOpIHaTaM 1o dopmysiam 2 +y? = 2%, x = 5(2 +3z),
1 _

y = i(z — Z). B nosyuennom ypasHeHHH yI0GHO TIOJCTABATH BMECTO
i

Z BEJIMYUHY —.
z
,ZLOKa}KI/ITe B Ka49eCTBe JIEMMbI, YTO OCHOBaHHUEC IIEPIICHIUKYJ/IAPa U3 TOYI-

KI M Ha IPAMYIO, IIPOXOJIAIIYI0 Yepe3 TOUKU @ U b, ecJii BCE TPU TOYKHU
m, a U b jilexkar Ha eJIUMHUYIHON OKPYKHOCTH 2Z = 1, BBIYUCJISETCS 110
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35.

1
dopmyite z = §(a +b+m — abm). st okpyxuoctu 2Z = 1 BbIOepuTe
nuamerp AB Tak, uTobnr A nexana B Touke (—1), a B — B Touke 1.
1
Beipasum Touky = deped s u t: x = —(s+t+ (—1) — (=1)s/t). IIpo-

2
s+t
BepbTe, UTO KBaJ[paT paccTosiuust oT Touku (—1/2) 1o roukn

2
1+s+t¢
— | = a Re x4+ ¢ HEKOTOPBIMU BeIECTBEHHBIMI KOHCTAHTAMU

a u (3. Ilockonbky X Bcerma jexxkut Ha P(Q) ¢ pukcupoBaHHON abCImc-
coif, Re x Tak:ke mocToSHHAS BEIUIMUHA.

€CTb

[Tycts O; — nenTpsbl 9acoB, M; — KOHI[BI UX MUHYTHBIX CTPEJIOK B TOT
MOMEHT, KOI'JIa OHM OBbLJIM BepIIMHAMHU KBajpara, K; — KOHIbI THUX
JKeé MUHYTHBIX CTPEJIOK B JIpyroif MoMeHT BpeMenHu, ¢ = 1,...,4. Kom-
IIJIEKCHBIE KOOPAWHATDBI 9TUX TOYEK O6O3HaLII/IM CTPOYIHBIMHI 6yKBa.MI/I C
TeMu ke uHjekcamu. [lasiee Mbl OyjieM CYUTATh, YTO BpAIEHUE MPO-
UCXOJIUT Ha YIOJI (0 NPOomue 4acoBOM CTPEJIKH, YTOOBI 3aIMChIBATE 110~
BODPOT B BHIe €%z, a He e Pz, IIpociaeanM 3a JIBUZKEHHEM CTPEJIOK C
HOMepamu 1, 2 u 3:

ki—o; = ei“"(ml —01), ko—o09 = ei‘p(mg—OQ), ks —o03 = ew(mg—o;;).

[To ycnosuto 01 — 02 = i(03 — 02) u my — mg = i(ms — mg). Torna

ki —ky = —(ka—02)+(01—02) + (k1 —01) = —€"?(mg—02) +i(03—02)+

+e'?(m1—o1) = (€"¥(02—ma)+€"?(01—02)+€"? (m1—01) )+ (i(03—02) —
—€"?(01 — 02)) = €"¥(my1 —m2) +i((03 — 02) — (03 — 02)) =

= iei‘o(mg—mg)—{—i(o;e,—@)(1—6“") = '(ew(mg—mg)—k(l—ew)(03—02));

ks —ka = — (k2 —02)+ (03— 02) + (k3 — 03) = —€'?(m2— 02) + (03 — 02)+

+e'¥(m3—o3) = (€% (02—ma)+e"(03—02)+€" (m3—03)) +((03—02)—

—€w(03 — 02)) = ei“’(mg —mg) + (1 — ei‘p)(oz), — 03).

Urak, ki — ko = i(ks — k2), cneposarensuo, Ky, Ko, K3 — mnocieso-
BaTeJIbHbIC BEPIIMHBI KBaJpaTa. AHAJIOTMIHO HCCIEAYETCs MOJOKEHIE
Touku K4.
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K pasdeay 6.6, c.

1.

i. Ilycrs Ay, By u Cy — mpoeknuu Ttoukn P wa mpsmeie BC, CA
n AB, comepxKalue CTOPOHBI JaHHOro Tpeyrojabanka ABC, coorBer-
crBerHo. He ymajisist OGIIIHOCTH PACCYKJIEHUI, MOXKHO CIUTATh, YTO P
sexkut Ha jgyre BC. Coenunaue Touky Aj ¢ Toukamu By u C, qoKaxKu-
Te, UCTOJIb3YsT TPU BIMCAHHBIX deThipéxyronbunka ABPC, BPA1Cy un
CA1PBq, uro pasubl ZBA1Cy u LC A1 Bs.

ii. IlpoBemmre paccyxKaeHus U3 pelreHns IepPBOro IMyHKTa B 0OpaTHOM
TOPSIJIKE.

IIycrs Ay, By u C7 — cepemunnl orpeskos PA, PB u PC; O, Oy n
O, — 1nenTpsI onucanubix okpy)kHOocTeit ABCP, AACP u AABP. Uc-
[IOJIB3Y4 pe3ysbTaT 3aa4n 1 ii, mokakure, 4To P JI€2KUT Ha ONUCAHHON
okpyzkHocT AO,O040,.

Omnycrure nepuenmKyrsApsl u3 Touku P wa npsivmoie BC' u AC. Hyx-

Has OKPYKHOCTH — OKPYKHOCTBH ¢ guamerpom PC. Ha meit jexar

ocHoBanus Aj; m B yKasaHHBIX NEPIEHINKYJIsIpoB. [Ipn srom xopia

A1 By nmeeT (DUKCUPOBAHHYIO JIJIMHY.

Ecmm A; m By — ocHoBaHUs TEPIEH/IUKYIISIPOB, ONMyIEeHHbIX n3 P Ha
1

upsimble BC' u AC, 1o Z(A1B1, PBy) = Z(A1C, PC) = 3~ PB (yrusr

OPHEHTUPOBAHHbIE).

ITycrs npsamsle AC u P() nepecekatorcd B Touke M, a PBy u CA; —

Beicorsl AM PC'. Torna A1B7 — upsamas Cumcona touku P oTHOCH-

renpHo AABC. Ocraioch MoJICINTATD YIJIbL.

BocnonesyiiTech TeM, YTO TOUKA, CAMMETPHYHAS OPTOIEHTPY TPEYIOJIb-

HUKa OTHOCHTEJIHHO CTOPOHBI, JIEKUT Ha OINUCAHHON OKPYXKHOCTH, &

TaKzKe Pe3yIbTATOM MPEIBIIYIIel 3aadm.

1
l'omorernst ¢ meaTpoM B opronenTpe H n Ko3hPUIMEHTOM — IepeBo-
JIAT OIUCAHHYIO OKPY>KHOCTH B OKPY?KHOCTD JIEBSITH TOYEK.

C nomotnpbio TeopeMbl cutycoB o X Z = XY mnepeiiiure K paBeHCTBY
BF'sin /B = CF'sin ZC. 910 5KBUBaJIEHTHO

AC  sin/B  sin/ZCAF FY

BC  sin/ZC  sin/BAF FZ'

1o u O3Ha4daeT, 94TO F jnexur Ha cuMeraHe.
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10.
11.

12.

13.

14.

15.

16.

17.

Hokaxkure, aro Touku D u X JieykarT HA ONMUCAHHONW OKPYYKHOCTH TpPe-
yrosibauka ABC| a £ u {1 — ux upstmble Cumcona. OcTajoch BOCIIOJb-
30BAThCS PE3YJIBTATOM 3aJ1a9u 5.

Bocmonb3syiitech pesynbratamu 3amga4d 1 ii u 6.

Cepenuna K orpeska RS — npoexius nearpa O OKpPy»KHOCTH wo Ha
npamyo RS. Touku P, QQ u K nexar na npsamoit Cumcona Touku O.

st Tpeyrosbauka H EC Touka D JIesKAT Ha €r0 ONUCAHHONI OKPYK-
moctw, a @, R, S — toukn na npsmoit Cumcona. AHaJormaHOEe BEpHO
u it touek P, Q u R nupwu Boibope D Ha ONUCAHHON OKPY>KHOCTH

ABFH.

JlokazkuTe, 9TO BTOPBIE TOYKM IIE€PECEUeHUsT OKPYKHOCTEH C auamer-
pavu M A, M B nu BC — ocHOBaHUSI TIEPIEHNKYISIPOB, MPOBEIEHHBIX
u3 Touku M ua upsimere AB, BC, C'A.

Bocmonbsyiitech Teopemoit o Touke Mukesst u 3amadeil, pa3odpaHHOi
BO BBEJICHUU K 9TOMY DPa3JeJly.

Eciu By, Cy u D — upoekuun touku P Ha upsmoie AB, AC u AD,
o upsMmble B1Ct, C1.D1 u Dy By sBistiorest upsambiMu CUMCOHA, TOYKHI
P orrocurensro Tpeyrombuukos ABC, ACD un ADB. Ilpoeknun P
Ha npsiMble CUMCOHA 3TUX TPEYTOIBLHUKOB JieskaT Ha IpsiMoii CuMcoHa

AB,C1D;.

[TpoeepbTe, uTO

Uy =

1 aia
U2:*<a1+a3+u— = 3);

asa
(ag—i-ag—i-u— 23),
2 U

N

1 ai1ag
’U,3:*(CL1—|—0,2—|—U— )
2 U

Ha emuuuvnoit okpyKHOCTH 2Z = 1 pacCMOTPUM TOYKHU C KOMILIEKC-
HBIME KOOpuHaTamu a, b, ¢ u d. OcHOBaHUs IEPIEHIUKYJISIPOB, PO-

1
Bepéuubix u3 A wa BC u CD, — sro z = i(a + b+ c—bca) n

1
y = —(a + ¢+ d — cda). Haupasnenue upsimoii Cumcona 3ajaércst
quciaom 2(x —y) = (1 —ac)(b — ¢) = a(a — ¢)(b — ¢). Hanpasnenue

npsimoii ditnepa ABC' D 3amaércst guciaom b+ ¢+ d. dtu npsiMbie 1ep-
ala—c)(b—d)

HNEeHAUKYJIAPDHDBI, ITOCKOJIBKY YUCJIO W — YHCTO MHHMOE.
C
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18.

19.

20.

21.

22.

23.

DT0 ycJIOBUE MPUBOJUTCS TIOCHE MPEOOpPA30BAHUN K CUMMETPUYHOMY
Buny ab+ ac+ ad + bc+bd + cd = 0.

Yeroipéxyromsuuk PBXZ Bnun- i T
cai, orkyga XY || MA. Ana-
aormano UW || AN. Torna

LXTW = /ZMAN. Ho nyru PQ
u M N, 3aKJIIOUYEHHBIE MEXKTY ITa-
PaJLIeIbHBIMUA TPSIMBIMY, PABHBL.

[leprieHIUKYIAPHOCTE  CJEIyeT
U3 OpeblayIeil 3a/a9u.

MozkHO CcHuTaTb, 4YTO OIIMCaH-

uple  okpyxkuoctu AABC m B
A1B1C; cosmagaror. Ilycrs o =
= /(0P,04), § = Z(OP.0B),
v = Z(OP,0C). Touku oKpyK-
HOCTH C yTJIOBBIMH KOOPJIMHATA-

a+f+y —a+B+y

MU 5 , 5
a—B+7y a+pf -7
2 ' 2
ITIycrs O1 1 Og — 1eHTpHI JaHHBIX OKpYyKHOCTEH, P — cepenuna 0102,
() — ocHOBaHUe IEPIIEHINKYJIsIPa, OIMYIIeHHOro u3 P Ha ONHY U3 JaH-
HBIX OpaMbIX, H1 u Hy — cepeaubl BLICEKAEMBIX 3TOM IPSIMOM XOPJI

)

MOXKHO B34Tbh B KadecTBe To4eK P, Ay, By, C1.

KiLy1 u KoLy jumnnt 2d. Boruncaus crenenn Touku () OTHOCHTEIHHO
0benx OKPY2KHOCTEH, JOKaXKuTe, 9T0 () JIEKUT Ha UX PAJIUKAIbHONI OCH,
a 3aTeM BOCIIOJIb3YHUTECh Pe3yJ/IbTaToM 3ajaqun 1 ii.

[ycrs H,, Hy, H. u Hy — oprorenTps! Tpeyroybiukos BCD, CDA,
DAB u ABC. Ilpsimble £, £y, £c 1 £ IPOXOAST Yepe3 CepeIMHbI OTPE3-
koB AH,, BH,, CH. u DHy (cMm. 3amady 6). VX cepeiuHbl COBIIAIAI0T
¢ Toukoii H Takoii, 4To 20—1-} = O—1>4+ O? + O?jt O?, e O — 1meHTp

OKPY2KHOCTH.

[Tycrs P, P/ u P, — npoeknun To4ku P Ha IPsIMBIE, COAEPIKAIIHAE CTO-
poust Tpeyroibanka ABC. Onn jmexat Ha npsmoit Cumcona. [Tosromy
touku Py, P, u P. ToXe JieyKaT Ha OTHON IPSIMOM, TPOXOISINeil B JiBa
pasa gasbite ot P, aeM mpsiMast CuMcona. AHAJIOTHYHOE BEPHO U JIJIsT
Qa, Qp, Q. — TOUEK, CUMMETPUIHBIX () oTHOCHTEHLHO cTopon AABC.
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24.

25.

26.

O6o3znaunM nosrydennsle npsimble yepes £, u £y Toukn Ay, By u C; —
TOYKH Iepecedennst map upsaMeix PQ, u QF,, PQy u QF,, PQ. u QF..
Ecau npsamas, napasiensaas £, mpoxojdiias dyepe3 P, nepecexaer £,
B Touke X, a IpsgMas, HapaJienabnas £, U IpoxoJdmas depes (), 1e-
pecekaer {, B Touke Y, To XY — npsmad, Ha KOTopoil jgexkar Ay, B

u Cl.

Iycts P, M, N — cepequubt BD, CF u CG. U3 ycnoBus cieiyer,
aro EM | CF, EN 1 CG. Paccmorpute romoreruto ¢ mearpom C' u

1
K03 duImeHTOM 5 IIpu sTom Touku A, F, G nepexonsar B ToYKu P,

M, N, nosromy P, M, N nexar na omuoii npsamoit. Ecim P’ — ocno-
Banue BbicoThl u3 E na BD, To P/, M, N nexar na npamoii Cumcona.
[Tposepobre, uro mub6o P = P’, 6o E 1exKuT Ha NepIeHIuKy/Iape K
buccekTpuce. Bo Bropom ciiydae HoaCUMTATe YIJIbI, & B IIEPBOM BCE
caemyer u3 Toro, aro npsimas Cumcona PM N u npsimast £ TOMOTETHY-
HBI.

[Tpoanamm3upyiite perrerune 3ama4du 1 i u ybeaurech, 9T0 0HO 63 Cy-
[IECTBEHHBIX M3MEHEHMI IIPOXOIUT U B 9TOM CJIydae.

Hentp O omucannoit okpyxuoctn AABC — xoporas Touka. Vcmosib-
3yiiTe pe3ysbTaThl 3aa4 1 ii u 4 11 10Ka3aTebCTBa TOr0, IYTO XOPO-
MUX TOYEK He OoJbine 4eThIpéx. [Ipn 9ToM HEKOTOpBIE M3 9TUX TOUYEK
(kpome O) moryT coBnacThb ¢ BepimHamu tpeyroibiauka ABC. C of-
HOIT BepiHOit 910 npoucxout npu |/B — ZC| = 90°, a ¢ nBymst — B
TpeyrosibHuKe ¢ yraamu 30°, 30° u 120°.

Omeem: 2, 3 wau 4 XOpoIlre TOYKH.

K pasdeay 6.7, c.

1.

[lepeBenure addpurHBIM IpeobpaszoBanueM TpeyroabHuk ABC B mpa-
BUJIbHBIA. JJIst IPaBUILHOIO TPEYTOJbHUKA MOXKHO HCIIOJIH30BATH COB-
ajieHre MeInaH, OMCCEKTPHC, BBICOT U CEPEINHHBIX ITEPIEHIUKY/ISIPOB.

[TepeBenure addunHbIM TPeobpaszoBanuem Tpeyrojibank ABC B mpa-
BUJIbHBIN U BOCIOJIb3YHTECH CUMMETPUYHOCTBIO Y€PTeXKa OTHOCUTEb-
HO npsimoit C' M.

3adana yorce paccmampusanacs 8 CEEME 2EOMEMPUL MACC: CM. 34004y
6 paszdena 5.1.
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10.

11.

[Meperenure addpuHHBIM MTpeodbpaszoBanreM napasuieaorpamm ABCD B
kBajpat. Mim paccMoTpuTe HEMHOTO Jpyroe addunnoe mpeobpasoBa-
Hue, Ipu KoTopoM Tpeyroabanku ABD u BC' D mepexoisiT B TpaBUIh-
HBIE.

B cea3u ¢ noaywennot 6 xeadpame xKoncmpykuuet cm. makoice 3adavy
4 pasdena 2.1.

[Tepesenure addunubIM TpeobpasoBanneMm Tpeyroabunk ABC B mpa-
BubHLI Tpeyroabuuk A’ B'C’, a 3arem Bocnosb3yiiTech TeM, YTO I10-
BopoT Ha 120° 0THOCUTEILHO TOYKH IIepPeceIeHUs MeJIUAH TPEYTOJIbHI-
ka A'B’'C’ nepeBogur Bech 4epTék B cebsl.

Cm. maxoice 3adavy 12 pasdena 5.1 o 2eomempuu macc.

[lepeBenure addpurHbIM ITpPeobpasoBanueM Tpeyroibank ABC B mpa-
BUJILHBIA.

IlepeBenure adpurHBIM IpeobpazoBanueM TpeyrojabHnk ABC B mpa-
BUJIbHBIN.

[IepepeanTe addUHHBIM IpeoOpa3oBaHNEM MAPAJIEJIOrPAMM B KBaJ-
pat. Bce Tpu oTHOIIIEHUsI, BXOJAIINE B JIOKA3BIBAEMOE PABEHCTBO, CO-
xpanaTcst. st KBaapaTa MOKHO HCIIOJIB30BaTh METO KOOPIMHAT, [0-
mectus ero Beprmnusl B Toukn (0,0), (0,1), (1,0) n (1,1).

IlepeBenure addpurHbIM IpeobpaszoBanueM TpeyroabHuk ABC B mpa-
BusbHbIl Tpeyroabauk A’B’'C’. C nomompio nosopora Ha 120° oTHO-
CUTEIbHO TOYKU IePECeUeHHsI MEIUAaH Oy IeHHOTO MPABUILHOTO TPe-
yrosbauKa jokaxkure, uro AA,B,CY — roxe npasusbhbiii. OTHome-
HEe TUIomaaeit mpu adPUHHOM TpeodPaA30BAHNN COXPAHMIOCH. Boipa-
3uTe JUIMHY CTOPOHbI TpeyrosbHuka ALBLCY) vepes JymHY CTOPOHBI
A'B'C" ¢ nomomipio TeopeMbl KOCHHYCOB.

[Tepesenure addunubM MTpeobpasosannem Tpeyroabunk ABC B mpa-
BUJIbHBIN.

[TepeBenure addurHbIM TPeobpaszoBanuem Tpeyrojibank ABC B mpa-
suibHbI A’ B’'C’ 1 BbIpasuTe Bce TPHU BXOJMIINX B JOKA3bIBAEMOE CO-
OTHOIIIEHHE OTPE3Ka Yepe3 CTOPOHY MPABUILHOIO TPEYTOJbHUKA U yTOJI
IpsAMOoit, Ha KoTopoil steskaT Toukn X', Y’ Z' ¢ ool n3 cTopoH 3Toro
TPeyroJbHUKA.

[lepeBenure adpurHbIM IpeobpazoBanueM TpeyroabHnk ABC B mpa-
BUJIBHBIH, TIOCJIE Yero OyIeT mpocTo jokaz3arsk, uro CZ =Y W.
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12.

13.

14.

15.

16.

17.

18.

19.

[TepeBenure adduHHBIM IPeOOpa30BaAHUEM JAHHYIO TPAICIUIO B PaB-
HOGEJIPEHHYI0. DTO MOXKHO CJEJIaTh, IEpeBesl TPEYroJIbHUK, 00pas3o-
BAHHBIN OJIHUM W3 OCHOBAHWII TPAIECUA U JBYX OOKOBBIX CTOPOH, B
paBHOOepenHbIii. Jlaee BOCIOIB3yHTECHh CUMMETPUIHOCTHIO IePTEKA
OTHOCUTEJIbBHO IPAMOMN, IPOXOAANIell Yepe3 cepeJuHbl OCHOBAHUNA Tpa-
M.

[Tepesenure addUHHBIM TPeobpPaA3OBAHUEM JAHHYIO TPAIEINIO B PaB-
HOOEIPEHHYIO.

[Tepesenure adduHHBIM TPeobpPaA3OBAHUEM JAHHYIO TPAIEINIO B PaB-
HOOEIPEHHYIO.

Crenaiire adpdurHOE IpeobpazoBaHue Tak, YToObI Tpeyrojbuuk ABC
Heperrél B paBHOOEIPEHHbI IPSMOYrosbHbll ¢ Beprmmaamu A(1,0),
B(0,0), C(0,1). Beeaure koopuuars! Toukn D(x,y) 1 JOKazKuTE TEO-
peMy B 9TOM CJIydae.

[Tepesenure adbduHHbIM IPeobpaszoBanueM napaJsuiesorpamm AEFG B
KBa/IpaT C €AUHUYHON CTOPOHOM, 3aJaiTe CUCTEMY KOOPDAUHAT C Hada-
JIOM B TOUKe A U oCaMuU BIOJIL CTOPOH KBaJpaTa, a TaKyKe BBEIUTE
trouky C(z,y). dajee npumeHnTe MeTO KOODIUHAT.

[TepeBenure Tpeyrosbauk ABC' B npaBuwibHbIi. [Ipu Takom mpeobpazo-
Banuu Tpeyrojbauku A1 B1Ch u BoCy Ao iepeiiiyT B paBHBIE, T. €. HMe-
IOIMe OJMHAKOBYIO IIomanab. OcraHercss BOCIOJIB30BATHCS TEM, 9TO
adbuHHBIE TPEOOPA30BAHNS COXPAHSIIOT OTHOIIEHNS TLIOIIAIE.

IMycts A 1 B — npousBoJIbHBIE TOYKH TIJIOCKOCTH, HE JiesKalue Ha .
O6osnaanm 4epes Ag u By nx mpoeknum Ha npamyio [, a depes A’
u B’ — obpasbl Touek A u B npu orobpaxkenuu f. Jokazkure, 4TO
tpeyronbuuku AgAA’ u ByBB' nonobnbl. VcnonbsyiiTe coxpaHenue
otHotenust BekTopos AgA u ByB upu addunaoMm mpeobpa3oBaHUn.
U3 ykazannoro mojobust caenyer, uro AA' || BB'.

HepeBe,[[I/ITe TPpHU 1OCJIeJOBaTE/IbHbIC BEPHUINHBI IATUYT'OJIbHUKA B PaB-
HobejipeHHbI TpeyrosbauK ¢ yrioMm 108°. lokaxkure, 4TO JIBE OCTAB-
miecs BEPIIMHBI [Iepelnijii UMEeHHO B T€ TOYKH, KOTOPbIE€ JOIIOJITHAIOT
JIAHHBIE TPU JI0 IPABUJIHLHOTO HATUYTOJbHUKA. Bocnosb3yiitech TeM,
YTO JUATOHAJIN OCTAJIUCH MAPAJIIEbLHBI CTOPOHAM MATUYTOJHHUKA.
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20.

21.

[Tycts npsmas AH nepecekaer cropony BC' B Touke A’. Chauasna ad-
dbunHBIM TpeobpazoBaHueM HepeseauTe Tpeyroabuuk AA'B B mpsmo-
YTOJBHBIA ¢ ImpsAMBbIM yryioM npu obpase Bepmunabl A'. TTocse sroro
IIpUMEHnTe cxKaTue K obpaldy npsimoit BC' Tak, 9To0bI iepeBecT 00pa3
H B opTo1eHTp.

IIycts Ha croponax BC, CA, AB sbeibpanbl Touku Ai, By, Ci coor-
BETCTBEHHO TaK, YTO

AC) 2 BA, 3031_1
C1B 3 AC T BA 2

ITo Teopeme Yesnr orpesku AA;, BBi, CCi nepecekaloTcss B OIHOI
touke [. [Tpeanonoxum, aro Tpeyroabuuk ABC u Touky I MOKHO TTe-
pesecTr adpPUHHLIM npeobpaszosanueM B Tpeyroubiuk A’ B'C’ u Trouky
I’ Tak, uTo6b! I’ aBisIach HEHTPOM BIMCAHHOM OKPYZKHOCTH TPEYTOJIhb-
nuka A'B'C’. Ho 110 cBoiicTBy GuccekTpuc TpeyroibHuka (Guccekrpuca
JIeJIAT [IPOTHUBOIOJIOXKHYIO CTOPOHY B OTHOIIEHUN IJIMH COOTBETCTBYIO-
[IUX CTOPOH) MBI HOJIYYUM, UTO

AB :BC :C'A=6:3:2.

s Takoro Tpeyronbauka A’ B'C’ ne GyneT BBIIOJHEHO HEPABEHCTBO
TpeyroJibHuKa. 1losromy Takoro adduHHOrO mpeobpasoBaHus HE CY-
IIIECTBYET.

K pasdeay 6.8, c.

1.

Eciim touku Ay m By jexkar Ha OHON MPSIMOIi, TO yTBEp:KIEHUE Ode-
BUJHO. B mpoTHBHOM cCilydae BOCIOJIb3YHTECH MOI00MEeM TPEeyTrOJIbHU-
KOB OA1B1 u OAQBQ.

Eciin MHOXKeCTBO TOYEK A IPH HMHBEPCUU IEPEXOIUT BO MHOXKECTBO
ToueKk B, To, KoHeUHO, U B mpu 3TOil »Ke MHBepCcUU NEPeXoguT B A,
[I09TOMY JIOKA3aTh JIOCTATOYHO OIHO M3 JBYX yTBep:kiaeHmil. IlycTh
W — OKPY>KHOCTb WHBEPCHH, 8 OKPYKHOCTh (¢ TPOXOIUT depes rneHTp O
oKpyKHOCTH w (1erTp nuBepcun). Ilycrs O — nenrp «, a AO — nuna-
MeTp 3Toit okpyzkHocTH, A’ — o6pa3z A Nnpu MHBEPCUH OTHOCUTEJIHLHO
w. ITposeném uepes Touky A’ npsamyio £ nepnengukynapuo OA u mo-
KaxkeM, 4ro £ ectb obpa3 «. Ilycrs myuy OB nepecekaer oo B Touke B,
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a ¢ B Touke C. Torna AOAB ~ AOCA’, orkyna OB-OC = OA-OA,

IIO9TOMY BucC CUMMETPUYIHBI OTHOCUTEJIBHO W.

[Iycrs Ayt MpocTOTBHI OKPYKHOCTH ¢ ¢ IeHTpoM (1 JIEXKUT BHYTPH
OKPY2KHOCTH MHBepcun w ¢ meraTpoMm O u He mpoxoauT depes O. Ilpo-
BegéM siya OOq, nepecekaromuii « o xopge B1Cy (B nexur 6imxe K
0), nocrpoum touku By u Cy, cummerpuunble By u C1 cooTBeTCTBEH-
HO OTHOCUTEJBbHO w. ITocTpoum ma orpeske Bo(Cy Kak Ha JuaMeTpe
OKPY2KHOCTH 3 U IOKaykKeM, UTO OHa eCTh 00pa3 « IpU paccMaTpH-
BaeMmoii uuasepcun. Ilposeném siya OM, nepecekaromuii cHAYaIa <, a
zateM [ B Toukax N, A, X, M B ykazannom mnopsizike. Ilycts 06-
pasoMm Touku A siBistercst Touka As. IlokaykeMm, 9TO OHa COBIAIaeT
¢ X. Yerbipéxyronpuuku B1A1AsBy u C1 A1 AsCo BIUCaHBI, TO3TOMY
LC5AA1 = LAIC1 By, LB3ASM = ZA1B1By, ZC5A5Bs = 90°, 1o-
sromy Ag € f u nexur Ha yge OM.

[Tapa mpsiMbIX, HE POXOJSAIIUX Yepe3 IEHTP UHBEPCHUH, [EPEXOJIUT B
OKPY2KHOCTH, TepeceKaroruecs: B neaTpe naepcun. OQUeBUIHO, Kaca-
TeJIbHbIE K 9TUM OKPYKHOCTSIM B IEHTPE WHBEPCUU ITaPAJIIEJIHHBI HC-
XOJIHBIM IIPSIMBIM, IIOITOMY U YIVIBI MEKJy HUMU Takue xke. Fcin ke B
HEKOTOPOI TOYKE IIEPECEKAIOTCH J[BE OKPYKHOCTH, TO CJIEYET IPOBECTH
KacaTe/JbHbIe K 3TUM OKPY2KHOCTSAM B UX TOYKE IepecevdeHns U MpuMe-
HUATH HHBEPCHUIO K 00EMM OKPYKHOCTSIM U 06enM HpstMbIM. O6passl 9TUX
IPSMBIX TAK2Ke OYIyT KacaTbCst 00Pa30oB OKPYZKHOCTEN, & YIJIbI MEXK/Ly
obpaszamu npsMbIX coxpanstiorcs. OcranbHble ciiydan (mapa IpsMbIX,
POXOJISAIIIX Yepe3 IEHTP WHBEPCUH U T. II.) OCTABJISIOTCS YUTATEIIO.

Yrobsl TIOKa3aTh, 9T0 Hapa Todek B u C' nepexoaut B cebsi, CpaBHU-
T€ PAcCTOsTHUE OT TOUKKU A ;10 06pa3oB ITUX TOUEK C PACCTOSTHUEM OT
A 5o camux Touek. OmmcaHHAsT OKPYKHOCTH 0Dsi3aHa IMEPEXOJIUTH B
npsmyto, npuuém Touku B u C' jexxar Ha 9TOH HPSMOI, TOCKOJIbKY
3Ta mapa TodeK rnepexonuT B cebsd. IlenTp Brnmcanmoit okpykuoctu [
[IEPEXO/IUT B MEHTP BHEBIIMCAHHON OKPYKHOCTHU 4, 9TO BUJHO U3 IO-
nobust TpeyrojibHukoB AIB u ACT,. lenTp onucaHHON OKPYKHOCTH
MEPEXOUT B TOUKY, CUMMETPUIHYI0 A orHOCHTENbHO BC, TOCKOMBKY
OPTOIEHTP U IEHTP OIMMCAHHON OKPYKHOCTU MU30TOHAJILHO COTPSIYKEHbI,
AB - AC

7

a yABO€HHas JIJIMHa BBICOTBI AH paBHa
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10.

11.

O6a npeobpazoBaHus sIBJISIOTCSH OOPATHBIME CAMU K cebe, a Pe3yJsIbTar
UX KOMIIO3UIMU HE 3aBUCUT OT IIOPSIIKA UX [IPUMEHeHHUs (MHAUe MOBODsI,
MHBEPCUsI U yKa3aHHAsI 0CeBasi CAMMETPHsI KOMMYTHUDPYIOT).

C1 n H nepexonsar Japyr B apyra, A1 u B mepexosaT Apyr B jpyra, A
u B Tak)ke mepexondT ApPYyr B ApyTa.

Takast OKpy»KHOCTh (¢, KOHEUHO, 00s13aHa repecekaTh w. OTMeTHM, ITO
YTOJI MEXK/Ty KacaTeTbHBIME €CTh YTOJ MEXKTY TPSIMBIMH, & OH TI0 OTTpe-
JIEJIEHUIO OCTPBIN WJIM TPsIMOi. PaccMoTpuM, TeM He MeHee, yTroJl MexK-
JIy KacaTeJbHBIMU, PACIIOJIOKEHHBI IEJTMKOM BHE OKpYy2KHOCTEH (Oy-
JIEM HA3BIBATDH €r0 BHEWHUM Y2A0M MEHCOY KACAMEALHBIMU): TAKOM
YTOJ MOXKET OBITh M TYIBIM. K HEKOTOpast OKPYKHOCTH (v, TTepece-
Kamomas w, MePEeXOJUT IIPU MHBEPCUU OTHOCHTEILHO w B ', TO yroJ
MeKJIy (v M W PaBeH yIuly MexK1y o 1 w, a BHEITHHe YIJIbI MeKLy 3TH-
MU OKPY2KHOCTSIMU JIONOJIHAIOT ApyT Apyra g0 180°. Eciun a ocraiack
Ha MecCTe, TO BHEITHUI yTOJI MEXK Y KacaTeJbHBIMY K HEll U w paBeH J10-
HOJTHEHHIO 9TOro ke yriaa ;1o 180° (T. e. cMeKHbIE YIJIbl MEXKLY STUMU
OKPY?KHOCTSIMU PaBHbI). VI3 Tex ke paccyKjeHuil cieayer u obpaTHoe:
OKPY?KHOCTDb, OPTOTOHAIbHAS W, TEPEXOIUT B cebst ipu I,

IIpoBeném okpy:KHOCTH depe3 A1 u As, a 3aTeM MPOU3BOJILHYIO CEKY-
myio BBy 3T0il OKPY>KHOCTH, IpoxXoadinyo depe3 O U OTJIUYHYIO OT
A1 Ay, Torma OA; - OAs = OB1 - OB, 103TOMy Ha OKPYXKHOCTH TIapbl
Touek Ay, By u Ay, By mepexodar Ipyr B Ipyra, BEPUIMHLI YETLIPEX-
yrojibHuKa A1 AsBoBi MEHSIFOTCSI MECTAMH, & €ro OIHUCAHHAs OKPYZK-
HOCTb IIEPEXOIUT B ceDsl.

[Mycts M — cepenuna nyru PQ), He cojepxkarei Touek kacanusi A wim
B ¢ okpyx)xuOCTBIO (v. Cre1aeM WHBEPCUIO OTHOCUTEJIBHO OKPY>KHOCTHU
w ¢ mearpom B M u pammycom M. Torma npamas PQ nepexomuT B
OKPY2KHOCTD 3, & (v TIePeXOJIUT B OKPYZKHOCTD, Kacatomtytocs u  u PQ
¢ IEHTPOM Ha TOM 2Ke Jjiy4de u3 Touku M, uro u Obu1. [losTomy o mepe-
XOJIUT B ceOs IIpu 3TOU mHBEpCcUU. BTOPOI MyHKT 3aa49l — CJICICTBUE
OPTOTOHAJILHOCTH W U (.

CraenaeM MHBEPCHUIO OTHOCUTEIHHO ITPOM3BOJIBLHON OKPY?KHOCTH C II€H-
TpoMm B Touke A. Torma ko u k3 mepeityT B napaJjiebHbIE MIPsIMBIE, a
k1 u k4 mepeiiyT B Kacaromumecs APYT Apyra OKPYZKHOCTH, KaxKasl U3
KOTOPBIX KACAeTCsl OJIHON M3 IOJIYUYeHHBIX u3 ko u k3 npsimbix. Jloka-



380

12.

13.

14.
15.

16.

3aTeJIbCTBO KOJIJIMHEAPHOCTU BCEX TpéX IIOJIYIUBIINXCA TOYEK KaCaHWA
OCTaBJIACTCA YUTATEJIIO.

NuBepcust oTHOCUTEIHHO OKPY2KHOCTH € 1eHTPOM C' IEPEBOIUT JAHHDBIE
4 OKPYKHOCTHU B NIPSIMbIE, COJIEPKAaIe CTOPOHBI MPSIMOYTOJIbHUKA.

ITycTh w4 — OKPYXKHOCTBH ¢ IeHTpoM B A, mpoxogamas depes E, a
OKPY?KHOCTHU WR, WC U Wy OUPEJeJeHbI aHAJIOrMIHO. IlonmapHbie TOUKn
nepecevenug W, X, Y, Z stux okpyKHOCTEH, OT/InYIHbIE OT F/ — B TOU-
HOCTHU BEPUIMHBI YeThIPEXYTOJILHUKA, BHUCAHHOCTH KOTOPOI'o TpebyeTcst
nokazarh. CreaeM MHBEPCUIO OTHOCHUTENHLHO HPOM3BOJILHON OKPYIK-
HOCTHU C LEeHTpoM B Touke E. Torma BBeJEHHDbIE YeThIpe OKPYKHOCTH
nepeiiyT B psiMble, a odbpassl A, B', C', D' 6yayT BeplIuHAMU 9eThbl-
PEXYTOJMBHAKA € TePHeHIMKYIApHBIMEA JUaroHaasaMu. Jlokaskure, 9To
OKPY?KHOCTb W4 HepeiiieT B cepeJuHHbIl nepuenaukyasap Kk A'E, u
AHAJIOTHMYHO OCTAJIBHbBIE TPU OKPY?KHOCTH TIEPEiilyT B CepeIMHHBIE Tep-
nenukyasapel K B'E, C'E, D'E. OueBunHo, 4TO Ha HOBOM YepTEIKe
W'X'Y'Z" — npsMOyTO/ILHUK, U IIOTOMY OH BIIMCAH.

CﬂeﬂaﬁTe HMHBEPCUIO OTHOCUTEJIbHO OKPY2KHOCTHU C IIEHTPOM B TOYKE 0.

IIycts okpyzkuOoCcTH ¢ muamerpamu AM nw MB — wi u wy, a  —
OKPYKHOCTD ¢ auamerpoMm AB. PaceMoTpuM OKpy>KHOCTD 7 ¢ IEHTPOM
B A, oproronasnpnyio I'. Torma npu unsepcun I, okpyznocts I' epexo-
JUT B cebs, wy u ) MepexoisaT B KacaTesbHble K I, IepleHIuKyasspHble
AB, a ws MepexouT B OKPYKHOCTD, Kacarlytocs ' 1 obenx moJrydeH-
HBIX IPAMBIX. [Ipu 3ToM HeHTp wo ocraércs Ha npamoii AB. Paccro-
staue oT npsmoit AB 1o nentpa I mocsie nmpeobpa3oBanusi, 0YE€BUIHO,
paBuo guamerpy I

CrenmaeM HHBEPCHUIO OTHOCUTETBLHO OKPYKHOCTH C TIEHTPOM B A pajiumy-
ca AM. OueBugno (u3 npsiMoyrosibHOro Tpeyrosbanka AMC' ¢ Bbico-
Toit M B), uaro Touka B nepeiinér B Touky C. [TosTomy OKpy:KHOCTH v
nepeiiIeT B npsimyto £, neprenuky isipayio AC v nmpoxoJisiiiyo depe3
C. dcHo, uro ~ nepeiiger B npsMmyo BM , a OKpy>KHOCTD §, Kacarolasi-
cst o, vy u BM — B OKpyKHOCTB, Kacaroryocs v, BM u £, 1. e. eé paju-
yc Oymer paBeH paguycy 5. OJHOBPEMEHHO ¢ HHBEPCUEH OKPYZKHOCTD 0
[IEPEBOJIUTCS B CBOIl 00pa3 IpHU YKa3aHHONH WHBEPCUU IIPU TTOMOIIM I'0-

MOTETUHU ¢ KO3 DUITIEHTOM BA [TosTomy, ec 0bosHaunTs AB = x,
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17.

18.

19.

20.

21.

Ly

——~2 — Tlocnennee BbIpazkeHUE
2(x +y) & P

BC =y, to paguyc § paBeH r =
CUMMETPHUIHO 110 T H .

CuenaiiTe HHBEPCUIO OTHOCUTEIHLHO OKPY?KHOCTH C HEHTPOM B TOYKE
A Takoro pajamyca, 9ToObI OHa ObLIA IEpHEeHIUKYIApHa 0. Torma O
nepeiiiéT B cebst, @ m Y — B IpsiMble, reprenaukyasipabie AC u Ka-
caromuecs 0k, a OCTAJbHBIE 0y, U [ HEPEfayT B MOMapHO KACAIOIIIECs
Opr)KHOCTI/I7 HpI/I 9TOM KacCaloIIHuecd TeX 2Ke Hpﬂl\/IbIX Oé/ n ’7/.

CrenaiiTe MHBEPCUIO OTHOCUTENBHO BIHCAHHON OKpykHocTu ABCD.
IIpu srom Bepmmmasr A, B, C, D uepeiijgyr B cepeaurbl cTopoH M,
N, P, ) 9eTbIpEXyTONBHUKA, BEPITUHBI KOTOPOTO — TOYKU KacaHWs
ABCD c ero BrnucauHoit 0KpyzKHOCTBIO. Jlokaxkure, uro M NQP siB-
JISIETCST BITMCAHHBIM YETHIPEXYTOIBHUKOM W OJHOBPEMEHHO — TIApaJLIe-
JIOTPAMMOM, TIO9TOMY 3TO MPSIMOYTOJIBHUK. FXro ¢TOPOHBI TapaJiiebHbI
OTpe3KaM MeXK Ty TOUKAMU KACAHUSI TPOTUBOMOJIOKHBIX ctopon ABC D,
0 KOTOPBIX HJIET PE€Yb B YCJIOBUH.

— R\? — — R \?
ITycts OM; = (O]W) -OM, ONy = (ON) O—]\; Torma
—  ——9 —2R* R R
_ON) = _(OM-ON M2 N2 =
¢ 1R(Z )" = Gap-on (OM - ON)+ G OM*+ G0
T\ 2
= onz-one (OM — ON)

HOCJIG,ZLHI/Iﬁ nepexo/] OCTaBJIACTCA IUTaTEe/IIo.

CresraeM MHBEPCUIO OTHOCUTEBHO TIPOU3BOIBHON OKPY?KHOCTH C TICH-
TpoMm B Touke A. Yernipéxyronbnuk ABC D Buucan < ero BepHIMHbI
JIesKaT Ha OJIHOi OKpyskHocTH < 0bpasel B, C!, D' Touek B, C, D ne-
»KaT Ha onHoil npamoit < B'C’' + C'D’' = B’D’. B nporusnom ciydae
g jymH orpeskos B'CY, C'D’' u B'D’ moxnHo 3anmcaTh HepaBeHCTBO
TpeyroibauKa. Ocraéress NpuMeHuTh (POpMyITy IpeodpasoBaHUs Pac-
CTOSIHUN IIPU UHBEPCUMN.

uBepcust OTHOCHTEIBHO OKPYZKHOCTH € HEHTPOM B Touke M cBOIUT
pelenne 3a1a49u K ToMy, 4To st Touek AY, ..., Al jexamux Ha o1
HOIt psimoit, HyxkHO 3anucarb Ay AL+ ASAL+.. .+ Al Al = AJA), a
3aTeM NMPUMEHUTH (GOPMYJLY IPEOOPA3OBAHUS PACCTOSTHUIT IPU MHBEP-
cum.
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22.

23.

24.

25.

26.

DTH TPU MPsIMBIE MEPEXOIAT B OKPYYKHOCTH, KACAIOIIHECS BIUCAHHON
BHYTPEHHUM 00pa30M, MpOXoidinue depe3 eé meHTp. Vx Toukam Ie-
pecedeHnst COOTBETCTBYIOT 0bpasbl Beprna A, B, C' — 310 cepenHbI
cropoH cepeuHHOrO TpeyroiabHuka AABC (TpeyrojbHUKA, BEPIINHBI
KOTOPOTO — CEPEeJIMHBI CTOPOH 9TOrO TPEYTOJIbHUKA). ZICHO, 9TO paju-
yc OIIICAHHOI OKPY2KHOCTHU TaKOT'O TPpEYT'OJIbHUKa TaK2Ke B/IBO€ MEHbIIIE
pajgmyca Brnmcannoit okpyxuoctu AABC.

IIpy mHBepCcHUU OTHOCHTEIBLHO BIMCAHHOW OKPYXKHOCTH TOYKH A, B,
C nepexonar B cepeaunnl A, B', C' cropon cepejnHHOIO TPEyroJib-
nuka A1 B1C) (Bepmunbl KoTtoporo — cepejunbl cropon AABC), a
omnucanuas oKpykKHOCTE AABC nepexoiuT B OKPYKHOCTb JIE€BSITU TO-
yek AA1B1C7 ¢ pamguycom f. Takast MHBEpCUS TEPEBOIUT OIUCAH-
2 2
HYIO OKPY>KHOCTb B TOMOTETHYHYIO C KOI(MDPUIIMEHTOM 0 100MsT = rie
o0 = R? — d* — crenens Toukn I (TOYKM TIepeceveHns: GUCCEKTPIC) OT-
HOCHUTEIBHO onucanHoil okpy:kuoctu AABC (cm. 3amady 6.8.2, paso-

r
OpaHHyIO BO BBEJIEHHUU K TOMy paszeny). [losromy 5 = —R, uro
o

PaBHOCHJIBHO Tpedbyemoit dopmyiie.

Pertienne aHaiornyHO MpeJIOXKEHHOMY B ITPEJIbLIYINe 3a/1ade, HO WH-
BEPCHIO HYXKHO CJI€JIATh OTHOCUTEJIFHO BHEBIIMCAHHOW OKPYKHOCTH. Fe-
om P € AB, Q € AC u R € BC — ToukM KacaHUsI BHEBIIMCAHHON
OKPY?KHOCTH ¢ TieHTpoM I co cropoHamu Tpeyronbauka ABC, To Bep-
IIIAHBI 3TOI0 TPEYTOJIFHUKA IIPU TAKONH WHBEPCUU IIEPEXOJIST B CEPeJir-

bl ctopoH APQR.

uBepcusi OTHOCUTEILHO OKPY?KHOCTH C HEeHTPOM B obIIeit TouKe JaH-
HBIX TPEX OKPYZKHOCTel CBOIUT 3a/1a4y K HAXOXKJICHUIO TPETLEero yria
B AA'B'C’ ¢ usBecTHBIMU JBYMS yrIaMu o 1 [3.

CrenaiiTe MHBEPCHIO OTHOCHUTEIHHO OMUCAHHON OKpyRuHOCTH ABIC
(HA KOTODOii JIeXKUT TakxkKe u Touka X, a IEHTD 3TOil OKpPYKHOCTH
M ectb cepemuna jnyru BC' ommcannoit okpyxuoctu AABC, He co-
nepxkameit Touky M). Onucannas okpyxuocts AABC niepexomur B
npsmyto BC, a Touka A nepexomur B D. OKpyKHOCTH € JIUaMETPOM
AX mnepexomuT B OKpyzKHOCTH ¢ auamerpoM DX . ns Toukn P’ BTo-
poro nepecedyeHusi OKpyzKHocTH ¢ guamerpoMm DX ¢ npsimoit BC' ocra-
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27.

28.

29.

30.

31.

JIOCh NoKazaTh, uro ZDP'X = 90° = /DGX, oTKyja 1ocaeLyer, 4To
P =aG.

PacemorpuTe OKpy»KHOCTD W T B CHMMETPUIHBIE OTHOCUTEIHHO Heé
Touku A n B, a 3aTeM IpOBeUTE Y€PE3 ITU TOUKY [TaPy OKPYKHOCTEN,
nepecekaromux w. Obe OKpy>KHOCTH OPTOrOHAJBHBI w. [Ipu mHBEpCUn
OTHOCHUTEILHO KAKOH-JIM00 JPYTroil OKPY?KHOCTU TIOCTPOEHHBIE OKPY K-
HOCTHU, OPTOIOHAJIbHBIE W, MEPEHyT B OKPY?KHOCTH, OPTOIOHAJIbHBIE
W', ¥ UX TOYKHU HepeceveHnsl TaKKe OCTAHYTCS CHMMETPUIHBIMH.

Bocnionb3ayiitecs npenpiyeit 3a1adeit. MTusepcust ¢ meaTpoM B X 0T06-
parkaeT w B IPAMYIO, & OKPY?KHOCTU (x] M (g JIOJ2KHBI TIEPEHTH B CUM-
MeTPUYHbIE OTHOCUTEJLHO w'. B JaHHOM CciIydae cMMMETPHUS OTHOCH-
TEJILHO IPSIMOI ¥ 03HATAET PABEHCTBO.

Touka O nepexomut B Takyio O, uro CO - CO’' = R?, a nuameTpasib-
nas Touxe C' Touka X mepexoxur B X' raxyio, uro (2C0)-CX' = R?.
Ho Bcs onmmcannast okpykaO0CTb AABC 11€pexXoquT B IPSIMY0, OPTOro-
nasbryto CO, npoxoasmtyio uepes X'. Ha sToil npsamoii jiexkaT 1 Toukn
A'u B, a X' — cepenuna CO'.

CrenaiiTe MHBEPCUIO OTHOCHTEIHLHO OKPY?KHOCTH C HEHTPOM B TOYKE
P u ucnonssyiire npeapiaymyio sagaay: A'B' A'/C' u B'C’ ecrob ce-
peaunnble nepnenukysipsl K POy pp, PO'yop 1 POlgep. dast mio-
kazaTenscrsa npunaiexkuocta Oy pp, O)yop 1 Opop OQHON IPsIMOi
ncrosb3yiire npsmyto CUMCOHA U TOMOTETHIO € eHTpoM P u Koahdu-
IIIEHTOM 2.

[Ipn ykazaHHON MHBEPCUU U CUMMETPUM OKPYZKHOCTH W OCTAETCS HA
MeCTe, MOCKOJIbKY OMHUCAHHAsS OKPYYKHOCTHL {) TMEPEXOIUT B TIPIMYIO
BC, a obpa3 w nojizkeH ObITh OKPY?KHOCTBIO, IIPOXOJsiieii yepes D
u E, npudém 1neHTp 3Toil OKPYKHOCTHU JIEXKUT Ha TOH 2Ke OMCCeKTpu-
ce. IlockosbKy BrOpasi Touka rnepecedenns w u BC — cepenuna BC
(rouka M), a Bropast TouKa 1epecedeHust w u ) — rouka F, npu Kom-
[TO3UINY YKA3AHHON MHBEPCUM U CUMMETPUU ITU TOUYKH MEHSIIOTCS Me-
cramu. [Toaromy yruer ¢ buccekrpucoit y jaydeit AF u AM oquHAKOBBI,
9TH JIy4n U30roHaJIbHbL, a AF — cumeauana. 3uaunt, ABFC — rapmo-
HUYECKUH, U U3 COOTHOIICHUSI CTOPOH TaPMOHUYECKOTO YETHIPEXYTOJThb-
uuka BF : CF =5 : 3. I3 Teopembl Kocunycos st ABFEFC' HecnoxuO

7
Haiitu Jyiuny oboux 3tux orpe3kos: BF =5-——, CF = 3. —. [lnu-

V19’ V19
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na AF Telepb MOzKeT OBbITD HafmeHa C IIOMOIIBIO T€OPEMbI ITTonemes:

ap =22

V19
K pasdeay 6.9, c.

1. Ilycts ' u F' — ToYKM TlepecedeHrus TPOJOKEHUI ITPOTUBOIIOIOXK-
HBIX CTOPOH YETBIPEXYTOJIbHUKA (BO3MOXKHO, JIeXKAIlUe Ha GECKOHEY-
nocrn). [lepeseaure npsimyio EF Ha 6€CKOHEYHOCTH, YTOOBI IOy INThH
napajuiesiorpamM. ApOUHHBIM TPeobpa30BaHUEM IIEPEBEIUTE TaPAJI-
JiejiorpamMM B KBajpaT. Bee mpeobpasoBanust MPUMEHUMBI K ITPOU3BOJIb-
HOMY Y€TBIPEXYTOJBHUKY U OOPATUMBL.

2. Ilposesure  mociegosaTenbHo L K F
npsmeie AC', KB, KD, EH,
FG. llpu 3TOoM OKa3bIBAIOTCS
IIOCTPOEHbl TPHU COCEJHHE C
ABCD nmmrtkn (HX CTOPOHBI
npoBesieHbl  Oojlee  TOJICTOM
JIMHUEHH ).

3. Ilepepemnre Ha GECKOHETHOCTH

upsmyto F'G. Tlocie npeobpazosanust BaAsy || B1A1 u BaCy || B1Ch.
PBy, PCy, PA,

PB, PC; PA

Bocnonb3syiiTech Tem, 4TO , 9TOOBI JI0KA3aTh, 9TO

AQCQ H AlCl.

4. Ob6ozuaubre yepes 01, Oz u O3 MEHTPHI TaHHBIX OKpyzKHOCTel. [TycTh
A1, B; u | — nonapHble TOYKH MTEPECEUCHUsT TeX TPEX OBIMUX BHEIII-
HUX KACATEJbHBIX K ITapaM OKPYKHOCTEll, KOTOPhIE HE IIEPECEKAIOTCS €
rpeyronbaukoM O10503. BuccekTpuchl Tpeyrosbanka A B1C npoxo-
JIAT Yepe3 BepmiuHbl Tpeyrosibauka 010203 U IepecekaroTcss B OJHON
touke. Ocraéres mpuMeHnTh Teopemy Jlesapra K 9TUM JIBYM TPEyTOIhb-
HUKaM.

5. llepeBemure Ha GECKOHETHOCTH JBE U3 TPEX TOYEK IIE€PECETEeHUs, a 3a-
TeM (JyIst cydast, Korja mocie npeobpasoBanust ¢ u {9 mepecekaroTcs
B TOuke P) IpUMeHUTe PaCcCyKJIeHUsl, aHAJIOTUIHbIE [TPUBEJICHHBIM B
zazade 3. Ciydait, Korja nocie npeobpasosanus emié u {1 || £, mporre
y2Ke PacCMOTPEHHOTO.
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10.

[TepeBenure Ha GeckoHeUHOCTH HpsMyto PQ), a 3arem cuesnaiite ad-
dunHOE TpeobpasoBanue, YTOOBI BCE TOUKUA OKA3AJUCh JICXKAIUMHI HA
PSIMBIX, COZEPXKAINX CTOPOHBI KBaJpaTa (a Kakas-HHOY/b Iapa To-
YeK — B €ro IIpoTUBOIIOJIO?KHBIX BepLHI/IHaX). SaTel\/I IIPpUMEHHUTE METO
KOOPJINHAT UM METOJIBI BEKTOPHOM ajareOphi.

CremnaiiTe TPOEKTUBHOE TTPeoOpa30BaHIe, TIEPEBOJISAIIEE TBE U3 TPEX TO-
YeK IepeceveHns Ha OECKOHEYHOCTh. 3aJlada CBEIETCS K CJIEJIyIOIIeit:
vyesnanbl AA,, BBy, CC} takossl, uto A1 By || ABu A1C || AC. Tlpu-
MeHuTe MBayK bl Teopemy Paseca 1.3.4, a 3arem Teopemy UeBbl, YTOOBI
u3 obpaTtHoit Teopembr Pasteca 1.3.5 caeaThb BBIBOJL O MapaJLIeIbHOCTH

B101 u BC.

[TpoekTuBHBIM TTPeOOpa3OBaHIEM TIepeBeIUTE YeTHIPEXYTOMLHUK A BC D
B IIapaJjuleJIOrPaMM, & 3aTEM BOCIIOJIL3YyHTECh IIECHTPAJIbHONU CUMMeET-
PUTHOCTBIO MOy I€EHHON KOHCTPYKITUN.

IlepeBenure npstmyto B1Cy Ha 6eckoneunoctb. ABSC — mapaJeso-
rpamm, P jexxut Ha 6eCKOHEYHO yhaJéHHOM npsimoit u Ha BC, a RQ)
napaJutesibia BC, mostomy touka nepecedenust BC' u R(Q) ecTb TouKa
P. Urak, P, @ u R nexat Ha OJIHOM HIPSAMOIA.

B sTo0it 3a1a9€e TIOSIE3HBIM OKa3bIBACTCST TAK HA3BIBAEMOE OTOOpAYKEHIE
cmepeoepaguveckots npoexyuu. Ilpusesém ero onmcanne. [lycts B Tpéx-
MEPHOM MPOCTPAHCTBE PACCMATPUBAETCS TIJIOCKOCTD T, 3aaHHAsT YPaB-
HenmeM z = —1, u chepa S, 3ajannas ypasnenneM 2 + y? + 22 = 1.
Touky ¢ xoopmuuaramu (0,0, 1) HazoBéM ceseprvim nosrocom N 9Toi
cepol. Crepeorpadudeckasi TPOEKIUsi — 3TO 0TOOpakeHue u3 S Ha
IJIOCKOCTh 70 (JIOIOJIHEHHYIO GECKOHEYHO YJIAJIEHHON TOYKOIi), cono-
CTaBJISIIONTAsT TTPOU3BOJILHON Touke P cdepbl S Touky mepecedeHmst
gyda NP ¢ mI0oCcKoCTbIO 7, a ceBepHOMY moJiiocy N — OECKOHEYHO
VIAJIEHHYIO TOYKY.

Jlerko moHATH, YTO cTepeorpaduyiecKast MPOEKIHs IEePEBOTUT OKPY K-
Hoctu Ha cdepe, TPOXOIAIIIE depe3 CeBEPHBI IMOJIIOC, B MpPIMbIe Ha
JI0CKOCTU 70 (IIPOBEJIUTE IJIOCKOCTh YepPe3 TAKYIK OKPY’KHOCTb U Pac-
CMOTPUTE IIepecedeHue 9Toil mIockocTu ¢ 7). O6paTHOe TaKKe OUEBHU/I-
HO M JIOKA3bIBAETCsI TEM K€ CIIOCOOOM: ITPOo0Opas3hl MPSIMBIX Ha ILJIOCKO-
CTH T CyTh OKPYXKHOCTHU Ha S, IPOXOJIAIINE Tepe3 CEBePHBIi MOJTFOC.

BoBce He 0o4eBHIHO, HO OKa3bIBAETCSI BEPHO, YTO CTepeorpaduiecKast
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IIPOEKITHS [IEPEBOJIUT BCAKYIO OKPYKHOCTB Ha cdepe S B OKPYKHOCTh
WU IPSAMYIO Ha T y2Ke HE3aBUCUMO OT TOTO, JIEYKUT JIM Ha ITOU OKPYK-
HOCTH CeBepHLIH moJioc V.

XoTs IOKa3aTeIbLCTBO 3TOrO YTBEPKICHUS U BBIXOANT 34 PAMKH KHH-
I'l, Mbl HAMETHUM OJMH M3 BO3MOXKHBIX IOJXOIO0B K €r0 000CHOBAHMIO.
Crepeorpaduteckast IPOEKIWs MIEPEBOAUT TOUKY (x,y,z) Ha cdepe

S = {(z,y,2) | 22 + y*> + 22 = 1} B TOUKY <$ Y > O6par-

1—-2"1—2

HOe 0TOOparkeHue MEepeBOIUT TOUKY (X, %) Ha IUIOCKOCTH B TOUYKY C KO-
2z 2y 22 +y?—1

T+ 192 1+a2 4% 1+x2+y2+1> na cepe 5.
Besikyto okpy»kHOCTB Ha cdepe S MOXKHO MPEJICTABUTH KaK Iepecede-
Hue S ¢ IJIOCKOCTBIO, 3amanHol ypapHeruneM Ax + By + Cz + D = 0,
rie A2 + B%2 + C? # 0. Jns noayuenns: obpasa Takoii OKPYKHOCTH
[IpU CTEPEOrpadUIECKOil MPOEKINH HY?KHO IOJACTABUTH BMECTO KOOP-
JMHAT X, Y, Z TOYEK Ha cdepe BbIPparXKeHns uepe3 KOOPAUMHATHL TOUEK
ILJIOCKOCTH:

2 2y 2 +y? -1
Al———— |+B|————— | +C D =0.
(1+x2+y2>+ <1+x2—|—y2>+ <1+x2+y2—|—1 N

OcraBmmecs TEXHUICCKAE JA€TaIn OCTABJIAIOTCA CaMbIM YIIOPDHBIM YH-

Op/IMHaTaMU <

TaTeJIAM, 2KeJaloIIUM JIOBECTH BCAKOE HEJI0 [0 JIOTHYECKOH TOYKU U
HUYEro He yIIyCTUTb.

VkazaHHOE 3aMevaTe/IbHOE CBOWCTBO CTEPEorpadpuIecKoil TPOEKITHU MbI
UCIIOJIB3YEM JIJIs IOKA3aTe/IbCTBA yTBEP K IeHnsl. PaccMOTPHUM IJIOCKOCTD
Q, HA KOTOPOU JieXKaT OKPY?KHOCTb W U TpsiMas ¢, He UMEMas ¢ w
o6mux ToveK (CM. pucyHok). BosbMéM cdepy, IepeceKaroniyo o 1o
OKPY?KHOCTH w (IpejicTaBbTe, Y4TO B (v MPOJIEJIAJIN KPYIJIOe OTBEPCTHE
U «BJIOKUJIN» B HEro cepy GoJIbINero, YeM y OKPYKHOCTH W, PaJIuyca,).
Teneps poBeEM depe3 IpsAMYIo £ IIOCKOCTD 7Y, KACAIOILYIOCs Chephl B
touke N. CrenaeMm crepeorpaduuecKyto MPOEKIIUI0 OTHOCUTEIBHO I10-
cTpoeHHoit cdepbl u3 Touku N Ha IJIOCKOCTH [3, HAPAJUIEJBbHYIO Y U
IIPOXOJIAIIYIO Uepe3 «IOXKHBIH OTI0C 3TOH cdephl.

[Ipu 3TOoM w, KaK OKPYKHOCTH Ha cdepe, NepeiljIET B OKPYKHOCTh. 3a-
METHUM, 4TO AeficTBue 3Toil crepeorpaduteckoil MpoeKIun u aeificTBue
MEHTPATLHOTO TPOEKTUPOBAHUST TIIIOCKOCTH (¢ HA, TIOCKOCTh [3 U3 TOUKH
N 1epeBoJAT OKPYKHOCTD W B OJTHO M TO YK€ MHOXKECTBO.
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VKazaHHOE MEHTPAJbHOE TPOEKTUPOBAHNE U €CTh MCKOMOE ITPOEKTUB-
Hoe OTOOpaykKeHne, MOCKOJBbKY { MepexoquT B OECKOHEYHO YIAAJIEHHYIO
IPAMYIO.

11. BosbMmuTre Kakoi-HUOYIb BIUCAHHBIN B w deTbIpéxyroabauk ABCD c
TOYKOU TepecevueHus juaronaseii P. 3arem mocrpoiite Touku E u F
IIepecevdeHns IPSIMbIX, COJIEPXKAIINX ITPOTHUBOIIOJIOZKHBIE CTOPOHBI 9TOT'0
YeTBIPEXYTOIPHIKA, U IepeBeuTe IpsiMylo E'F Ha GeCKOHEYHOCTH C
COXPaHEHUEM OKPYKHOCTH (BOCIIOJIB3YHTECH NMpeIblIyel 3a1adei).

12. Eciam Touka P Jie;KAT BHE OKPYXKHOCTH: IIEPEBEINTE KaKyIo-HUOYIb

PSIMYTO, ITPOXOJIAIILYIO Yepe3 P, HO He IepeceKarolly o OKPYKHOCTh, Ha,
OECKOHEYHOCTh TAKUM 00pa30M, 9TOOBI OKPY2KHOCTD IIEPEIILIA B OKPY K-
HOCTh. Bcee cekylme OKpy»KHOCTH, IPOXOsIiue depe3 P, mapasuiesib-
HbI, OCb CUMMETPHHU [OJTY YeHHOI KOHCTPYKIIUY (38 BBIYETOM TOYEK BHYT-
PH M HA OKPY?KHOCTH) — MCKOMOE TeOMETPUIECKOE MECTO TOUEK.
Ecnmu Touka P jeXXUT BHYTPHU OKPYKHOCTH: CIeJaifiTe IPOEKTUBHOE
peobpasoBaHe, IepPeBoIsIiee OKPYKHOCTb B OKPYKHOCTD, a P nepe-
BOJIsIIIiee B TEHTD 3Toi OKpyxkHOCTU. CeKyIue, mpoxo/isiiue depe3 P,
CYyTb HUAMETPBI, a KacaTeJbHble K OKPYKHOCTH, IIPOBEIEHHBIE B KOH-
[ax JraMerpa, IapaJulejibHbl. Takne mapbl JUaMeTPOB [IePeCeKaIOTCsI
Ha 6eCKOHEeYIHO yaaaeHuoi npsmoii. [losromy un 10 nmpeobpazoBamust nuc-
KOMO€E NeOMETPHYECKOE MECTO TOYEK IIPEJICTABJIAIO COOOM MPSIMYIO.

13. CpuesaiiTe nmpoekTUBHOE Mpeobpa3oBaHue, MEPEBOJISIIEe OKPYKHOCTD B
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14.

15.

16.

17.

18.

OKPY?KHOCTb, & TOYKY TEPECEUeHNs JIBYX U3 TPEX mpsiMbix AAs, BBs
u C'C3 B 1ieHTp 310t OKpyzKHOCTH. [loKaxkure, uro Tpeyrosbauk ABC
[IEPEIIE/ B PABHOCTOPOHHHUIA.

[IpoekTuBHBIM TpEOOpPA30BAHUEM IE€PEBEINTE HA OECKOHEYHOCTH IIpsi-
MYIO, TPOXOJAIIYIO Yepe3 JiBe U3 TPEX yKA3aHHBIX TOUYEK IlepecedeHnsl,
TaKUM 00pa30M, ITOOBI OKPYXKHOCTH II€pPeIia B OKPYKHOCTB. [losy-
YUTCS BIUCAHHBIN B OKPYKHOCTb IMECTUYTOJbHUK, JIBE Mapbl MPOTH-
BOIIOJIOXKHBIX CTOPOH KOTOPOTO MapaJsieldbHbl. /JlokaszaTe bcTBO Tapal-
JIETBHOCTU U TPETbheN Mapbl IPOTUBOIIOJIOXKHBIX CTOPOH MOYKHO IIPOBE-
CTH, UCIIOJIb3Ys 110/ICYCT BIHUCAHHBIX YIVIOB.

[lepeBenuTe HA HECKOHEYHOCTD MPSAMYIO, IPOXOISIILYIO Y€PE3 TOUKY IIe-
pecedenus npsiMmbix BC u FF', a Tak:ke 4epe3 TOUKY IepeceueHust mpsi-
MbIX AB u DE, npudém TakuM o0pa3oM, 9TOOBI BIMCAHHAS OKPYK-
noctb ABC DEF niepeliiia B OKpy»KHOCTD. 'Ternephb JiBe u3 Tpéx auaro-
HaJjlell MecTuyTroJbHUKA ITPOXOJIT depes IeHTp okpyzkHocTu. Coemu-
HUTE MEHTP OKpy)HOocTH (O CO BCEMHU BEPIIUHAMHU W BCEMH TOYKAMHU
KacaHWsd U BBIIUIINATE BCE HAPhl PABHBIX BEPTUKAJBHBIX YIJIOB, 0Opa-
30BaHHBIX Jiydamu u3 O B yKa3aHHbIEe TOYKH. TeM CaMbIM MTOKAXKHUTE,
qro O JIEXKUT U HA TPETbeil JTUArOHAJIN.

CrenaiiTe IpoeKTUBHOE TTPEOOPA30OBAHNE, TEPEBOJISAIIEE OKPYKHOCTD W
B OKPY’KHOCTB, a TOUKY Tepecedenns guaronaneit AC' u BD B 1entp
sroit okpyRHOCTU. HeThipéxyronbauk ABC D nepeiiIeT B npsiMOyrojib-
HUK U OJJHOBPEMEHHO B I'apMOHUYECKUIl 4eThIPEXYTOJIbHUK, & II09TOMY
9TOT MPSAMOYTOJIbHUK — KBa/JIPaT.

[TepeBeiuTe MPOEKTUBHBIM TPEOOPA3OBAHUEM OIMUCAHHBINA YETHIPEXYTOJIb-
HUK B IIPAMOYTOJIbHUK TakK, IITO6BI BIIMCaHHad OKPY2KHOCTDL II€penijia
B OKPY2KHOCTB. J[J1g Hero yrBepKjieHne o4eBuIHO. BTOpoiil crocob 3a-
KJIIO9aeTCd B IPUMEHEeHUN TeOPpEeMbl BpI/IaHHIOHaZ yTBepzKAeHne 3a1a91
€CTh €€ YaCTHBIN Ciryvail.

[Tycrs T ecth mepeceuenue npsaMbix AD nu CE, a O ecTh nepecevenme
npsimbeix BT u AC. Cuenaiire poeKTUBHOE IIpeobpa3oBaHue, IIEPEBO-
JisITIee OMUCanHyto OKpyKHoCcTh AABC B OKPYKHOCTB, a Touky O B €€
nenTp. [lomaydenusiit Tpeyronbunk ABC — npsiMoyroabubiit, T jgexnT
Ha ero Menmane, n nosromy DE || AC. Ucnons3yiite TO 00CTOSTETD-
ctBO, uro ALMC — npsimoyronwuuk, a ALHE v DGMC Bnucanubie.
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19.

20.

21.

[ponomxkure LH v MG 3a Touku H u G cOOTBETCTBEHHO JI0 TIepece-
JeHUsT B TouKe X U MOKaXKuTe IMoicaéroMm yriios, uro H, X, G u B
JIe2KaT Ha OTHOM OKPYKHOCTH.

Huamerp w, npoxosinmii uepes O u P, mepexojuT B JuaMeTp HOBOM
OKPY2KHOCTH, & KacaTeJbHbIE B KOHIIAX 3TOrO JIMAMETPA OCTAIOTCS M-
pasutenbubiMu. [losToMy nipsiMast, iepeBeicHHAs HA OECKOHEYIHOCTD, I1a-
paJiieibHa STUM KaCATETbHDBIM.

[Tpu sTom npeobpa3zoBannu Ha HECKOHEYHOCTD OTIIPABJISIETCS B TOUHO-
CTU TOJIsIPA TOYKUA PP OTHOCHUTEIIBHO OKPYKHOCTH.

[TpoekTruBHBIM TpEOOPA30BAHUEM TIEPEBEINTE YeThIPEXYTONBHUK A BC D
B IPSIMOYTOJIbHUK TaKUM 00Opa3oM, UTOOBI {) Ieperia B OKPYKHOCTbD.
Ocraoch mokaszaTh, 9YTO Ha HOBOM deprexke IG u JH mnapaJuie/ibHBI

muaronasm ABCD.

K pasdeay 6.10, c.

1.

Ecnu pa3buTh 9T 4eTbipe TOYKU HA JIBE Mapbl, TO MOXKHO 3aMETUTh,
9TO IPHU OJHOBPEMEHHON MEPECTAHOBKE TOUEK B 00EHX ITapax IBOIHOE

OTHOIIIeHUE He u3MeHnTcsa. Beero Ipu InepecraHoBKaxX TOYEK MOXKeET I10-

a—1 1 «
Jyaurbes 6 3Havenuit: 1 — o, —. , , , Q.

« « l—a a-—1
A’C’_B’C’_@.@_l?)%_&.BC’_4—C’D.2—CD
AD' "B'D 3007 7 AD ' BD 4 = 2 7
CD = 0,875 xm.

IToce BBemeHNsT KOOPAMHAT JAHHBIX TOUEK Ha MIPSMO 3a1a9a CBOINT-

sl K PACKPBITHIO CKOGOK B Bhipazkenusix (b—a)(c—d) —(d—a)(b—c) n
a+c

(b—m)(d—m)—(a—m)? gmam = U TIOCJIE Y IOIIEMY CDABHEHUIO

IIOJTYy YU BIINXCA Bpra,}KeHI/Iﬁ.

m—a
BsenuTe KoopMHATEI TOUEK HA MPsMOil. B 1BOHOM OTHOIIIEHIH p—) :
m —
p—a
: b= —1 nepBast 1pobb paBHa —1. Bropasi e paBHa equHuIEe HU
p —_—

JJTIsT KaKOT'O P, HO TIpeJleTbHOE 3HAUeHNe TIPU p — 0O PABHO €WHUIIE.
910 1nepedOpMyIUPOBKA TEOPEMbBI O YeThIPEXBEPIIMHHUKE.

IIycts Cy By nepecekaercst ¢ BC' B Touke S, a ¢ AA; B Touke R. ITo Teo-
peme o gerbipéxpepmunnuke (S, R; C1, B1) = —1, A1(S,R;C1,By) =
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10.

11.

12.

= (00, A; X,Y), uro u rpeboBasocs. Ciyuaii, korna Cy By || CB, ana-
aormdeH (paccmorpure S = 00).

R r l?g R

0 A i)
YeBUIHO ﬁ R C? ,

910 nepedopMyIUPOBKa IPEeALIAYIIEH 3a1a9n.

i. Ilpsmass DA — cumemunana AKy KD, 109TOMYy 9eTHIPEXYTOJIBHIK
DKCKs — rapmonnveckuit, 1. e. (D,C; K, K9) = —1. Cupoexkru-
pyeM 5Ty TrapMOHHYECKYIO UeTBEPKY u3 Touku Ko Ha mnpsmyo AD:
Ky(D,C; K1,K»>) = (D,C; B, A) (upoekruposanue Touku Ko u3 T04-
ku Ko Ha upsmyto AD Benércs BI0JIb KacaresbHOU Ko A K OKpPYKHO-
CTH, YTO MOXKHO YBHUIETH IPEIEIbHBIM IEPEXOI0M, IPOEKTUPYS TOUKI
Ha OKPY KHOCTH, Oyin3kue K Ko). O6paTHOe TakKe BEPHO: T0JIsIPa €CTh
reoMeTpudeckKoe MecTo To4ek B, s koropsix derBépka (D, C; B, A)
rapMoHUYecKas (eCjM MPOBOJUTH BCEBO3MOXKHBIE Jiyun AD, mepeceka-
foIue OKpy»KHOCTH B Toukax C' u D).

ii. ITycte X' — nepeceuenne OX u nouspsl Touku X, a Y/ — ocHo-
Banne nepnenaukyaapa u3 X xk OY. Torna Tpeyrompaukn AY X'O n
AXY'O nonobusl, orkyga XO : OY' = OY : OX', uro u Tpe6oBaioch.

D10 yTBEpKAeHNe (DAKTHIECKH JIOKA3aHO B OJHON M3 3a]ad pasjesa
O IIPOEKTUBHbBIX IIpeO6paBOBaHI/IHX: BCE€ IIOJIZAPBI TOYEK, JieKallluX Ha
dbuKkcnpoBaHHON NPAMOI BHE Kpyra, MPOXOJAAT HYepe3 OIHy U Ty 7Ke
TOYKY BHYTpPHU KpyTa (Ipudem, 09€BH/IHO, UCXOHAS IPSMasi — HOJISIPa
[OJIyY€HHOI TOYKH).

[Tycts npsmast PR nepecekaer AD u BC B Toukax X um Y coor-
BercrBeHHO. [lo Teopeme o uernipéxpeprmunuke (A, D;Q,X) = —1
u (B,C;Q,Y) = —1. Ilosromy X u Y jiexkar Ha nojspe Touku Q.
Anajornyno mnokaswiBaercsi, uro QR — mossipa touku P. Haxownerr,
qTOOBI JOKa3aTh, YT0 P() — mojispa Touku R, IPUMEHUTE TEOpeMy U3
HNPEABIIYIIEro MyHKTA: IMOCKOIbKY R JIEXKUT W Ha MOJIApE TOUYKK (), 1
Ha nojstpe Touku P, 0be Touku P u () jexar Ha noJspe Touku R.

[IpoeenuTe mapy cekymmux depe3 TOUKy M, MOTydNB BIUCAHHBIN de-
teipexyroabink ABCD ¢ AB N CD = M. Ilocrpoiite Touku N =
= ACNBD u O = AD N BC. llpamasg NO — nonspa Touku M,
nockobKy (M, Q; A, B) =—1u (M,P;C,D) = —1.
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13.

14.

15.

16.

17.

18.

[IpuBesiéM noKazaTeIbCTBA /I BCEX TPEX CJAEJICTBUI.

AFE AB

2l

=]
o
%

i. (1,2 = 3): Ecm = -1, 0o — = Bo OTKYHR C
. AE AD AB AD
€TOM COOTHOIIE — —— noaydaeMm —— 039TO
YI8TOM COOTHOWCHUS -~ = = HONYTAeM 5= = &5, TO3TOMY

DB — buccekTpuca BHeIIHero yria Tpeyrojbanka ADC.

ii. (2,3 = 1): [Tockoapky BD — GucceKTpuca BHEIIHErO yTJa, JJIst

. AE  AD  AB ‘ _
e == = 55 = &g Torna (A,C;E,B) = —1 (31ech yduTeHs

COOTBETCTBYIOIIE HAIIPABJICHHUS ).

AE AB
iii. (3,1 = 2): U3 ycnosus 1 maxonum C = BC Iponomxum DE

3a Touky E no touku F' rtakoii, uro CF || AD. Ilycrs npsmas FC
nepecekaer BD B Touke G. U3 nonodbus AADE n ACFE cuenyer,

AD AE AB
qTZ? o A nomobust AADB u ACGB nonydaem B0 =
= relel orkyaa F'C = CG. B upsmoyrosbaom ADFG orpesok DC —

AE AD AD
EC ~ FC DC’
ABCD — rapmonnueckuit, E(A,C; B, D) = (A,C; AC N BE, o).
IIycte AD BTOPUYHO IepeceKaeT BIMCAHHYIO OKPYKHOCTH B TOYKe L.
Torna DELF — rapMOHUYECKHil YeTHLIPDEXYTOJLHUK, U IIO9TOMY Iie-
pecedenue ero auaronanu EF ¢ KacarelpbHOW B TOukKe FE jexxur Ha
repeceveHnn co BTOpoil KacarenpHOit. tak, KL — KacarejibHasi KO

mMemuana, nostomy DC = FC = GC. Torma —

BIHCAHHOM OKpy:kHOCTH, AD — mosisipa Toukn K.

Uctnionpayem 0b603HAYECHUS U CJACACTBUSI U3 PEIICHUS TPEIbIIYINEH 3a-
naan. Nmeem (K, D; B,C) = —1, KP 1 AD (K, P, I nexat Ha OJiHOIi
upsimoii). Ocraérest npuMeHuTs 3a1a4dy 13.

Hocrarouno pokazars, uro (Q, D; A, C') = —1 (cm. 3agauy 13). Ilo reo-
peMe 0 IeTBIPEXBEPITMHHNKE JOCTATOTHO YCTAHOBUTD, 910 Cl 4, Al 1
1D nepecekatorcst B ojiHOM Touke. [Ipumenute Teopemy YeBhl.

IIycrs muist onpenerénnocru M exxkur 6imxxe K A, wem N. VI3 mopobuii
AABN ~ AACM uw ABND ~ ACM D nonyuure, aro (A, D; M,N) =
= —1. Coryacuo 3amade 13 mpsamas M X — ouccekrpuca AAXD, a
MY — buccekrpuca tpeyronbauka AY D. Torna M — Touka nepece-
JeHns OMCCEKTPUC TpeyrobHuka AXY .
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19.

20.

21.

22.

23.

24.

[Tycrs E'F nepecekaet npsmyio BC' B Touke @), a npsimyio AA; B Touke
P.Torna (Q,P; F,E) = —1u A1 P 1 A;Q. Ocraércst BOCIOIB30BATHCS
3agadeit 13.

[Tposenure xopuy DF' || BX. Pacemorpure uerBépky (B, X;Y,00) =
= —1 u cpoekrupyiire eé u3 rouku D: D(B, X;Y,00) = (B,C; Z, F).
Yerwipéxyronpaunk BZCF rapmonundeckuit, mosromy F, Z, A nexar
Ha oznHON mpsimoii (cumeaumane). Ocraéres 3ameruth, yro LBXC =
= /ZFDC =90° orkyna LFZC =90° = LAZC.

Crenaiire IpoeKTUBHOE IIpeobpa30BaHme, [IEPEBOIsIIee OKPYKHOCTD B
OKPY?KHOCTb, & TOUKY M — B 1IeHTp 3TO# OKpyKHOCTH. [BOiiHbIE OTHO-
LIEHNUs] IPU 9TOM COXPAHMIIKNCH: 0 IPOEKTUBHOIO IPEOOPa3oBaHus Obl-
1o (P,Q; M,o00) = —1, a Tpebosasiocs nokazars, uro (K, N; M, 00) =
= —1. Ho nociie npoexTupHoro npeobpasopanust P nepexoauT B aua-
MeTp, IIo3ToMy 00pa3 Touku M — 310 cepenuia obpasa P(Q), a 3Ha4uT,
TOYKa 0O OCTaJach OECKOHEUHO yaajéHHoi. Termepb dpakTuuecku Tpe-
OyeTcst MoKa3aTh TeopeMy O 0abouke Juist ciiydas, korga M — meHTp
OKPY2KHOCTH, UTO HECJIOKHO U OCTABJISIETCS] IUTATEJIIO.

Mo2KHO BOCIOJIB30BATLCS MPEALILYINEH 3a0adeli U J10Ka3aTh, YTO XOP-
Jla, oTceKkaeMas oT nepneHaukyiaspa K OF B Touke E, mennrcst 3Toi
TOYKOI1 momojiaM. AjibrepHaTUBHBI 110ax0;: mpogoskure BD u AC 1o
mmepecedenns B Touke (G U paccMoTpute deTbipéxsepinuHauk ABCD.
[To reopeme Bpokapa (3aza4a 11) FG ecrb nosisipa Touku E, 1 mosToMmy
ona nepreraukyiaspaa OF. Ectu R = FGNCD, to F(C,D; E,R) =
=(L,K;FE,00) = —1.

Yeroipéxyromsankn ABCD u ACED rapmonndeckne (IuaroHaam —
cumenuanbl). [losromy (A,C; B, D) = —1u (A, E;C,D) = —1. Ilycts
X = BC N RD. U3 nepgoit gerBépku nonydaem, uro C(A,C; B, D) =
= (A,R;X,D) = 1, a u3 Bropoii, yro B(A,E;C,D) = (A,BE N
NRD;X,D)=—1. Torna R = BE N RD, uro u Tpe60BaJjoCh.

Yenosue Menenast §ﬁ @ ﬁ )
o¢ FA FB

C YYE€TOM JIBOMHBIX OTHOIIECHUH
5 Bx oF B
D <A, AE 4B,

i
I3

o
Q
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25.

26.

27.

HepeXO,ILI/IT B YCJIOBI/Ie qubI:
BA] CB; AC]
A,C BiA CiB

[Tycrs E'F unepecekaer AD B touke S. Tornma (A, H; S, D) = —1. Ilpo-
extupyem: P(A, H;S,D) = (oo, H;Q,R) = —1, orkyna HQ = HR.
PQ — nousipa rouku T, nosromy (A, B; N,T) = —1. Cupoekrupyem
9Ty rapMOHHYeCKy0 4eTBEPKY: Q(A, B; N,T) = (QANTP,M;T, P) =
= —1, otkyna QANTP = co.

IIycts PBNw = X, PCNw =Y, K = EFNBC. llockonbky K nexut
Ha noJisipe Touku A (npsivoit EF'), AD — nousipa Touku K. ITosromy

KD n KP xacarorcd w.
) YeTBIPEXBEPIINHHIKA, co

croponamu FEB, BC, CF u
FE wnaxommm (P,D;X)Y) =
= P(K,D;B,C) = —1, orkyua
PXDY — rapMOHUYECKHI YETHI-
péxyrombuuk. [pamas XY — cu-
meaunana APY D, nmostomy X, Y,
K nexxat Ha omHON TPIMOI.

[Mockonbky ZBPC = 90°, XY — nuametp 91oit okpyxkuoctu, /X DY =

=90°. U ) XD . YD —
= . Uz I‘apMOHI/I‘{HO;FlI/; qu;[]):xyPOJILHHKa HAXOMUM ——p & o =
= 1, 4T0 PaBHOCWJILHO YD - vP B cuny pasencrsa yrio ZX DY =

= /X PY = 90° zaxiirouaem, aro P u D — j1Be CUMMETPUYHBIE TOUKH
ornocurenabHo npsamoit XY . Tpeyronbauk PX D — paBHobeIpEeHHBIH ¢
BepmuHO# X.

I[Iyctb M — cepeauna DE. Torma PM — wmeanaHa TpeyroabHUKA
PED, a PX — cumeamana, orkyna APXD ~ APEM (/PXD =
= /PED = /PEM;, /XPD = /EPM = /EPD — /EPX =

1
LEPD—/MPD).onyuaem PE = EM = §ED. W3 nonobus AAED

AFE EP 1
u AAPFE caenyer, 4To 1D — ED :A% OTK}::L; AD = 2AFE. U3
AE? = AP - AD ciesiyer paBeHCTBO 1E — AD

AD
AD =2AFE = 4AP. Urak, FA+ AP =3AP = PD.

= —, U 3HAYUT,

27
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28. Yerwipéxyronbauk DM K R euucaunusbiit. [Ipogoskum BC u EF jo
nepecevenus B Touke T u 3amerum, uto T R-TK = T D-T' M. Tpebyercsa

nokas3arh, uro TR -TK = TB - TC, mo3ToMy I0CTATOYHO ITOKA3aTh,
yro TD -TM =TB-TC. Illycts C' = CINEF, B = BINEF.

5

Torna /BC'C = 90° u /BB'C = 90°. Yerbipéxyronmsuuk BC'B'C
Brucan, nosromy TC’ - TB' = TB - TC. Yerwvipéxyronsauk C' DM B’
srucan: eciu BC' N CB' = X, to I — oprouentp ABXC u (',
D, M, B’ — Toukn Ha OKpPY?KHOCTH JEBATH TOYEK 3TOTO TPEYTOJIb-
nuka. Urak, TC' - TB' = TD - TM. Hanee, uz (B,C;D,T) = —1
(c mpmMenermem sajgaan 3) sammmem M D - MT = M B?. Bopaxa-
em TD-TM = TM(TM — MD) = TM? —TM - MD = TM? —
—MB?=(TM + MB)(TM — MB) =TC -TB.
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KHura, koTopyto Bbl gepxuTe B pykax,
copepxut 6onee 800 3agay no naaHm-
METPUU, CTPYMNMUPOBAHHbIX MO TEMaM U
CHaOXEHHbIX YKasaHUAMMU UM Noppob-
HbIMW PEeLLUEHUAMMU.

[Tocobue noaxoomt ans yrnyOneHHoro
M3yYeHUa MJaHUMETPUMU B LOMOJSIHEHME
K OCHOBHOMY LLKOJ/IbHOMY KYPCY, MOXET
ObITb MCMOIb30OBAHO A1 BEOAEHMSA KPYX-
KOB W CMeuKypCOB A5 LWKOSbHUKOB,
a Takke [aa CaMOCTOATENIbHOW MOAro-
TOBKM K Pa3/IMYHbIM 3K3aMEeHaM U OJIUM-
MMagam No MaTeMaTuke.

A

\meTHn P

®OH/, PA3BUTMSA
MHHONpakKTHKa OU3TEX LLUKON
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